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t h e f o r m o r s h a p e o f t h e s a m p l e a n d i g n o r e t h e s a m p l e m o m e n t s . I t w a s 
c o n c l u d e d t h a t t h e s a m p l e m o m e n t s w i l l g e n e r a l l y b e a p p r o x i m a t e l y e q u a l 
t o t h e m o m e n t s o f t h e f i t t e d P D F w h e n t h e c o r r e c t , o r p a r e n t , P D F i s 
f i t t e d b y a s h a p e f i t t i n g m e t h o d s u c h a s L S o r M L . T h u s a c r i t e r i o n f o r 
s e l e c t i n g a n a p p r o p r i a t e p r o b a b i l i t y d e n s i t y f u n c t i o n f ( x ) f o r f i t t i n g a 
x i i 
r a n d o m s a m p l e ( X ^ ) o f s i z e n i s t o s e l e c t t h a t f ( x ) w h i c h m a k e s t h e 
s t a t i s t i c 
V a r ( X | f ( x ; 9 ) ) 
V a r ( X ± ) 
c l o s e s t t o u n i t y , w h e r e 
s . 2 
V a r ( X . ) = l(X. - X ) Z / ( n - l ) 1 i = l 1 
/•OO 
V a r ( X . | f ( x ; 9 ) ) = ( x - y ) 2 f ( x ; 9 ) d x 
1 J - o o 
a n d t h e p a r a m e t e r s o f f ( x ) , 9 , a r e e s t i m a t e d b y a s h a p e f i t t i n g m e t h o d 
s u c h a s m a x i m u m l i k e l i h o o d o r l e a s t s q u a r e s . ( T h i s c r i t e r i o n i s h e r e i n 
r e f e r r e d t o a s t h e v a r i a n c e r a t i o . ) O t h e r c r i t e r i a i d e n t i f i e d a s p o s s i b l e 
d i s c r i m i n a t o r s o f P D F ' s w e r e t h e s t a t i s t i c s o f c h i - s q u a r e a n d K o l o m o g o r o v -
S m i r n o v ( K - S ) g o o d n e s s - t o - f i t t e s t s , s u m o f s q u a r e d e r r o r s o f l e a s t 
s q u a r e s f i t . 
T h e v a r i a n c e r a t i o t e s t w h i c h w a s f o u n d t o b e t h e m o s t s a t i s f a c t o r y 
c r i t e r i o n f o r u s e i n i d e n t i f y i n g t h e p a r e n t P D F , w a s a p p l i e d t o 6 7 r e a l 
h y d r o l o g i c s a m p l e s ( a n n u a l p e a k f l o w s ) a n d a ' b e s t f i t ' t o e i t h e r a L N , 
G A o r G U P D F w a s d e t e r m i n e d . T h e G U w a s n e v e r f o u n d t o b e u n e q u i v o c a l l y 
s u p e r i o r t o b o t h G A a n d L N . N i n e t e e n s a m p l e s w e r e j u d g e d b y a c r i t e r i o n 
o u t l i n e d i n t h e s t u d y , t o c o n t a i n o u t l i e r s . N e i t h e r t h e L N o r G A d i s t r i ­
b u t i o n s p r o v i d e d a c c e p t a b l e f i t s f o r f o u r s a m p l e s . 
T h r o u g h o u t t h e s t u d y i t w a s n o t e d t h a t e r r o r s i n p r e d i c t i o n s i n t r o ­
d u c e d i n f r e q u e n c y a n a l y s i s b y n o t c h o o s i n g t h e ' b e s t ' p r o b a b i l i t y 
d e n s i t y f u n c t i o n a r e l a r g e r w h e n c o m p u t a t i o n s a r e m a d e b y t h e m a x i m u m 
l i k e l i h o o d o r l e a s t s q u a r e s m e t h o d t h a n w h e n t h e c o m p u t a t i o n s a r e m a d e b y 
t h e m e t h o d o f m o m e n t s . 
CHAPTER I 
INTRODUCTION 
M e a s u r e m e n t s o f h y d r o l o g i c a l e v e n t s , s u c h a s p r e c i p i t a t i o n and 
s t r e a m f l o w , p r o v i d e t h e raw d a t a f o r q u a n t i t a t i v e h y d r o l o g i c a n a l y s i s . 
One a n a l y t i c a p p r o a c h i s t o u s e t h e d a t a f o r q u a n t i t a t i v e e x p r e s s i o n 
o f h y d r o l o g i c p r o c e s s e s i n d e t e r m i n i s t i c m o d e l s . An a l t e r n a t i v e i s t o 
t r e a t t h e m e a s u r e d h y d r o l o g i c phenomena a s s t o c h a s t i c p r o c e s s e s , i . e . , 
p r o c e s s e s g o v e r n e d by t h e l a w s o f c h a n c e . Wi th t h i s a p p r o a c h , m e t h o d s 
b a s e d on t h e t h e o r i e s o f p r o b a b i l i t y and s t a t i s t i c s c a n b e u s e d t o 
a n a l y z e t h e s e h y d r o l o g i c d a t a s y s t e m a t i c a l l y and draw i n f e r e n c e s from 
t h e d a t a . 
One o f t h e c h i e f a p p l i c a t i o n s o f t h i s a p p r o a c h i s t o e s t i m a t e t h e 
p r o b a b i l i t y o f o c c u r r e n c e o f h y d r o l o g i c e v e n t s , t h e f r e q u e n c i e s o f 
phenomena s u c h a s f l o o d s , d r o u g h t s , s t o r a g e s , r a i n f a l l s , w a t e r q u a l i t i e s 
and w a v e s . A l t h o u g h e x t e n s i v e w o r k , b o t h t h e o r e t i c a l and a p p l i e d , h a s 
b e e n d o n e t o d e v e l o p a m e t h o d o l o g y f o r q u a n t i f y i n g t h e f r e q u e n c y o f 
h y d r o l o g i c e v e n t s ( s e e 137 r e f e r e n c e s g i v e n b y Chow, 1 9 6 4 ) , many i s s u e s 
s t i l l r e m a i n e l u s i v e and i n t r i g u i n g . At a r e c e n t I n t e r n a t i o n a l Symposium 
i n H y d r o l o g y ( S c h u l z , E. F . , e t a l . , 1 9 7 3 ) , a s p e c t s o f f l o o d f r e q u e n c y 
a n a l y s i s w e r e d i s c u s s e d a t l e n g t h , and t h e s e s s i o n c h a i r m a n ' s c o n c l u d i n g 
r e m a r k s w e r e " . . . [ t h e p r o c e e d i n g s s h o w ] t h a t t h e r e i s no a g r e e d o r 
u n i v e r s a l l y a p p l i c a b l e a p p r o a c h f o r a n a l y s i s o f f l o o d p r o b a b i l i t i e s . 1 1 
S i n c e n o u n i v e r s a l l y a c c e p t e d m e t h o d h a s b e e n d e m o n s t r a t e d , t h e m e t h o d 
o f a n a l y s i s c o n t i n u e s t o b e b a s e d on e n g i n e e r i n g j u d g m e n t and i n t u i t i o n . 
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w h e r e f ( x ^ ) i s t h e P D F e v a l u a t e d a t t h e s a m p l e v a l u e s , x ^ , a n d n 
i s t h e n u m b e r o f i t e m s i n t h e s a m p l e ( a d e t a i l e d d e s c r i p t i o n o f M L 
m e t h o d i s p r e s e n t e d i n C h a p t e r I I ) . S i n c e t h e v a l u e s o f f ( x ^ ) r e p r e s e n t 
t h e s a h p e o f t h e P D F , i t c a n b e s t a t e d t h a t t h e p a r a m e t e r s a r e s e l e c t e d 
b y d e t e r m i n i n g t h e s h a p e o f t h e P D F t h a t b e s t f i t s t h e s a m p l e d a t a , 
w h e r e " b e s t f i t " i s d e t e r m i n e d b y m a x i m i z i n g t h e p r o b a b i l i t y o f t h e 
s a m p l e . T h u s , t h e M L m e t h o d d o e s n o t i n s u r e t h a t t h e m o m e n t s o f t h e 
f i t t e d P D F a r e e q u a l t o t h e s a m p l e m o m e n t s . I n t h e L S m e t h o d , t h e 
p a r a m e t e r e s t i m a t e s a r e o b t a i n e d b y m i n i m i z i n g t h e s u m o f s q u a r e d 
e r r o r s ( S S E ) b e t w e e n o b s e r v e d f r e q u e n c i e s o f a h i s t o g r a m f o r m e d f r o m 
a d a t a s a m p l e a n d t h e f r e q u e n c i e s b a s e d o n t h e s e l e c t e d P D F . T h i s 
p r o c e d u r e i s e s s e n t i a l l y e q u a l t o f i t t i n g t h e s h a p e o f a s e l e c t e d P D F 
t o t h e s h a p e o f a h i s t o g r a m o f t h e s a m p l e , a n d w i l l n o t i n s u r e t h a t 
t h e s a m p l e m o m e n t s a n d t h e m o m e n t s o f t h e f i t t e d P D F a r e e q u a l . ( A n 
e x t e n s i o n o f t h e L S m e t h o d i s t h e m e t h o d o f m i n i m u m c h i - s q u a r e ( M C S ) 
i n w h i c h t h e o b j e c t i v e i s t o m i n i m i z e a s u m o f w e i g h t e d e r r o r s w h e r e 
t h e w e i g h t i s a f u n c t i o n o f t h e P D F . ) T h e a b o v e a n a l y s i s s h o w s t h a t 
e a c h o f t h e t h r e e s t a t i s t i c a l e s t i m a t i o n m e t h o d s , M O , M L a n d L S , i n 
f a c t , f i t s o n l y s o m e o f t h e c h a r a c t e r i s t i c s o f a s a m p l e ; t h e M O m e t h o d 
f i t s t h e s a m p l e b y m a t c h i n g o n l y t h e m o m e n t s o f t h e s e l e c t e d P D F a n d 
t h e M L a n d L S m e t h o d s f i t t h e s a m p l e b y m a t c h i n g o n l y t h e s h a p e o f t h e 
s e l e c t e d P D F . C o n s i d e r a t i o n o f t h i s b a s i c d i s t i n c t i o n s u g g e s t s t h a t 
i t m a y b e p o s s i b l e t o f i n d a P D F w h i c h w h e n f i t b y t h e M O m e t h o d 
m a t c h e s s h a p e a s w e l l a s m o m e n t s o r w h e n f i t b y t h e M L o r L S m e t h o d 
m a t c h e s m o m e n t s a s w e l l a s s h a p e . A c c o r d i n g l y , o n e o f t h e m a j o r 
o b j e c t i v e s o f t h i s r e s e a r c h b e c a m e t o t e s t t h e h y p o t h e s i s t h a t a n 
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a p p r o p r i a t e P D F t o b e u s e d f o r f i t t i n g a d a t a s a m p l e c a n b e s e l e c t e d b y 
c h o o s i n g t h a t P D F w h i c h a p p r o x i m a t e s t h e s h a p e o f t h e s a m p l e d i s t r i b u t i o n 
a n d , a t t h e s a m e t i m e , h a s i t s m o m e n t s a p p r o x i m a t e l y e q u a l t o t h e 
m o m e n t s o f t h e s a m p l e . T h e a p p r o a c h t o t e s t t h i s h y p o t h e s i s , a s w e l l 
a s t o e x a m i n e c e r t a i n o t h e r c r i t e r i a f o r t h e s e l e c t i o n o f a p p r o p r i a t e 
P D F ' s f o r f i t t i n g d a t a s a m p l e s , w a s t h r o u g h a s y s t e m a t i c s t u d y o f 
t h r e e P D F ' s i n g e n e r a l u s e i n h y d r o l o g i c a n a l y s i s , n a m e l y , t h e l o g n o r m a l 
( L N ) , t h e g a m m a ( G A ) , a n d t h e G u m b e l ( G U ) , e a c h a t w o - p a r a m e t e r P D F . 
T h e m e t h o d o f m o m e n t s i s q u i t e s i m p l e . T h e M L e q u a t i o n s a r e 
t o o c o m p l e x t o s o l v e i n s o m e c a s e s , a n d L S " ^ m e t h o d h a s , i n t h e p a s t , 
b e e n d i f f i c u l t t o a p p l y t o n o n l i n e a r P D F ' s . I t w a s o n l y r e c e n t l y t h a t 
a m e t h o d o f a p p l y i n g L S t e c h n i q u e t o e s t i m a t e p a r a m e t e r s o f P D F ' s w a s 
d e v e l o p e d b y S n y d e r ( 1 9 7 2 ) . 
O u t l i n e o f S t u d y 
T h e p l a n o f s t u d y w a s f i r s t t o a t t e m p t t o u n d e r s t a n d t h e s u b t l e 
d i f f e r e n c e s b e t w e e n t h e L N , G A a n d G U P D F ' s i n t h e i r m o m e n t s a n d i n 
t h e i r c h a r a c t e r i s t i c s h a p e s ( a d i m e n s i o n l e s s a p p r o a c h w a s a d o p t e d f o r 
t h i s p u r p o s e ) . F r o m t h i s k n o w l e d g e , s p e c i f i c d i s c r i m i n a t i n g c r i t e r i a 
w e r e d e v e l o p e d f o r c h o o s i n g a P D F t o f i t a s a m p l e . T o t e s t t h e 
v a l i d i t y o f t h e s e d i s c r i m i n a t i n g c r i t e r i a a n d t o q u a n t i f y c e r t a i n 
i n t u i t i v e e x p e c t a t i o n s a s t o w h a t w o u l d h a p p e n i f d a t a f r o m o n e P D F 
T h e o r i g i n a l i n t e n t o f t h i s r e s e a r c h w a s a d e t a i l e d i n v e s t i g a t i o n o f 
f r e q u e n c y a n a l y s i s b y t h e m e t h o d o f l e a s t s q u a r e s . A f t e r c o n s i d e r a b l e 
s t u d y o n t h i s t o p i c w a s c o m p l e t e d , t h e e m p h a s i s c h a n g e d t o t h a t o f 
e x a m i n i n g g o o d n e s s - o f - f i t c r i t e r i a . H o w e v e r , t h e r e s u l t s o f t h e s t u d y 
o n L S f i t t i n g w e r e p r e s e r v e d a n d a r e p r e s e n t e d i n A p p e n d i x A . 
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w e r e f i t b y a s s u m i n g a n o t h e r P D F , a s y s t e m a t i c s t u d y b a s e d o n n u m e r i c a l 
s i m u l a t i o n e x p e r i m e n t s w a s m a d e . 
T h e p r e s e n t a t i o n f o l l o w s t h e a b o v e o u t l i n e . C h a p t e r I I p r e s e n t s 
r e l e v a n t t h e o r e t i c a l a s p e c t s o f s t a t i s t i c a l p a r a m e t r i c e s t i m a t i o n 
m e t h o d s . C h a p t e r I I I d i s c u s s e s t h e c h a r a c t e r i s t i c s h a p e s o f t h r e e 
f a m i l i e s o f P D F ' s ( L N , G A , a n d G U ) . C h a p t e r I V d e s c r i b e s s o m e c r i t e r i a 
t o d i s c r i m i n a t e P D F ' s a n d o u t l i n e s n u m e r i c a l e x p e r i m e n t a t i o n u n d e r t a k e n 
t o t e s t t h e v a l i d i t y o f s e l e c t e d P D F d i s c r i m i n a t i n g c r i t e r i a . C h a p t e r V 
g i v e s d e t a i l e d a c c o u n t s o f t h e v a r i o u s n u m e r i c a l e x p e r i m e n t s a n d t h e i r 
r e s u l t s . T h e n u m e r i c a l e x p e r i m e n t s c o n s i s t e d o f g e n e r a t i n g s y n t h e t i c 
s a m p l e s a n d f i t t i n g t h e s a m p l e s t o d i f f e r e n t P D F ' s b y M O , M L , L S , a n d 
M C S . C h a p t e r V I r e c o u n t s t h e r e s u l t s o f f i t t i n g a l a r g e n u m b e r o f 
l o n g r e c o r d e d s e q u e n c e s o f a n n u a l f l o o d s i n a l l p a r t s o f t h e U n i t e d 
S t a t e s t o s e l e c t e d P D F ' s . C h a p t e r V I a l s o p r e s e n t s a n a n a l y s i s o f t h e 
i n f l u e n c e o f o u t l i e r s o n f i t s m a d e b y v a r i o u s e s t i m a t i o n m e t h o d s a n d 
a n a c c o u n t o f h o w f r e q u e n c y a n a l y s i s i s a f f e c t e d b y l a r g e r s a m p l e s 
( l o n g e r p e r i o d o f r e c o r d ) . C h a p t e r V I I s u m m a r i z e s t h e r e s u l t s o f t h i s 
s t u d y a n d l i s t s c e r t a i n c o n c l u s i o n s . 
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C H A P T E R I I 
E S T I M A T I O N O F P A R A M E T E R S O F P R O B A B I L I T Y D I S T R I B U T I O N S 
E s t i m a t i o n i s t h e p r o c e s s o f e x t r a c t i n g q u a n t i t a t i v e i n f o r m a t i o n 
o n a p a r a m e t e r o r s i g n a l f u n c t i o n f r o m n o i s e - c o r r u p t e d o b s e r v a t i o n s 
( N a h i , 1 9 6 9 ) . W h i l e e s t i m a t i o n t e c h n i q u e s a r e e x t e n s i v e l y d e a l t w i t h 
i n s t a n d a r d w o r k s o n i n f e r e n t i a l s t a t i s t i c s ( K e n d a l l a n d S t u a r t ( 1 9 7 3 ) , 
C r a m e r ( 1 9 4 5 ) , V o n M i s e s ( 1 9 6 4 ) , G r a y b i l l ( 1 9 6 1 ) , R a o ( 1 9 6 5 ) a m o n g 
o t h e r s ) a n d m o n o g r a p h s ( N a h i ( 1 9 6 9 ) , W a s s a n ( 1 9 7 0 ) , B a r d ( 1 9 7 4 ) ) , 
t h e i m p o r t a n t t h e o r e t i c a l c o n c e p t s f o r t h e p r e s e n t s t u d y a r e c o l l e c t e d 
a n d p r e s e n t e d i n t h i s C h a p t e r . 
T h e p r o p e r t i e s o f e s t i m a t o r s a r e u s u a l l y d e s c r i b e d b y t h e 
f o l l o w i n g t e r m i n o l o g y : ( H i n e s a n d M o n t g o m e r y , 1 9 7 2 ) 
U n b i a s e d n e s s : A n e s t i m a t o r 0 i s s a i d t o b e a n u n b i a s e d 
e s t i m a t o r o f 0 i f E ( 0 ) = 0 , w h e r e E 
denotes mathematical expectation. 
C o n s i s t e n c y : A n e s t i m a t o r 9 ( m o r e a c c u r a t e l y , a s e q u e n c e 
o f e s t i m a t o r s { 0 } ) i s s a i d t o b e c o n s i s t e n t 
n 
f o r 0 i f t h e l i m i t o f t h e p r o b a b i l i t y t h a t 
o f s i z e n . 
E f f i c i e n c y : I f 0 a n d 9 * a r e u n b i a s e d e s t i m a t o r s o f 9 , 
t h e n 9 i s r e l a t i v e l y m o r e e f f i c i e n t t h a n 9 * 
i f V ( 9 ) < V ( 9 * ) , w h e r e V d e n o t e s v a r i a n c e . 
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One g e n e r a l p r o c e d u r e o f f r e q u e n c y a n a l y s i s e s s e n t i a l l y c o n s i s t s 
of r e p r e s e n t i n g t h e d a t a , i n i t s o r i g i n a l f o r m o r b y a s u i t a b l e 
t r a n s f o r m a t i o n , b y a p r o b a b i l i t y d e n s i t y f u n c t i o n ( P D F ) . M a r k o v i c 
( 1 9 6 5 ) f i t t e d f i v e P D F ' s , n a m e l y , n o r m a l , l o g n o r m a l ( w i t h two and 
t h r e e p a r a m e t e r s ) , and gamma ( w i t h two and t h r e e p a r a m e t e r s ) t o 
d i s t r i b u t i o n s o f a n n u a l p r e c i p i t a t i o n and a n n u a l r u n o f f i n t h e w e s t e r n 
U n i t e d S t a t e s and s o u t h w e s t e r n C a n a d a . B a s e d o n a c h i - s q u a r e g o o d n e s s -
o f - f i t t e s t , h e c o n c l u d e d t h a t a l l f i v e P D F ' s s t u d i e d w e r e a p p l i c a b l e 
and n o n e w a s more s u i t a b l e t h a n any o t h e r . 
T h i s i n a b i l i t y t o c h o o s e on t h e b a s i s o f s t a t i s t i c a l v a l i d i t y , 
h o w e v e r , i s n o t v e r y u s e f u l t o t h e e n g i n e e r i n g h y d r o l o g i s t b e c a u s e o f 
t h e d i f f e r i n g r e s u l t s o b t a i n e d when t h e same d a t a s a m p l e i s f i t t e d t o 
d i f f e r e n t P D F ' s . F l o o d f r e q u e n c y a n a l y s e s c o n d u c t e d b y C r u f f and R a n t z 
( 1 9 6 5 ) i n d i c a t e d t h a t f o u r s t a t i s t i c a l d i s t r i b u t i o n s , l o g n o r m a l , 
Gumbel , gamma ( a l l t w o - p a r a m e t e r ) and P e a r s o n t y p e I I I , when a p p l i e d 
t o t h e same p e a k d i s c h a r g e d a t a , g a v e w i d e l y d i f f e r i n g r e s u l t s f o r 
i n d i v i d u a l s t a t i o n s . A l l t h e s e d i s t r i b u t i o n s h a v e b e e n e x t e n s i v e l y 
u s e d and e a c h h a s t h e s u p p o r t o f r e p u t a b l e s t a t i s t i c i a n - h y d r o l o g i s t s 
a s b e i n g t h e d i s t r i b u t i o n t h a t b e s t d e s c r i b e s t h e o c c u r r e n c e o f 
h y d r o l o g i c e v e n t s ( C r u f f and R a n t z , 1 9 6 5 ) . One may i n f e r f rom t h i s 
s i t u a t i o n e i t h e r t h a t t h e d i s t r i b u t i o n t h a t t r u l y d e s c r i b e s t h e 
o c c u r r e n c e o f h y d r o l o g i c e v e n t s i s n o t known o r t h a t no s i n g l e 
d i s t r i b u t i o n c o v e r s a l l o f t h e many w i d e l y v a r y i n g h y d r o l o g i c a l 
c o n d i t i o n s f o u n d a t d i f f e r e n t p l a c e s . N e v e r t h e l e s s , f o r i n t e r a g e n c y 
c o n s i s t e n c y i n w a t e r r e s o u r c e s p l a n n i n g , t h e U. S . Water R e s o u r c e s 
C o u n c i l h a s recommended u n i v e r s a l u s e b y F e d e r a l a g e n c i e s of t h e 
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l o g P e a r s o n t y p e I I I d i s t r i b u t i o n ( B u l l e t i n N o . 1 5 , s e e B i b l i o g r a p h y ) . 
W h i l e many d e n s i t y f u n c t i o n s a r e a v a i l a b l e and a p p l i c a b l e , o n e 
c a n ( w i t h t h e s p e c i f i c s d e p e n d i n g on t h e n a t u r e o f t h e h y d r o l o g i c 
v a r i a b l e s b e i n g e x a m i n e d ) e l i m i n a t e many d e n s i t y f u n c t i o n s a s 
u n s u i t a b l e f o r h y d r o l o g i c f r e q u e n c y a n a l y s i s l e a v i n g o n l y a l i m i t e d 
number w h i c h may b e c o n s i d e r e d s u i t a b l e . The d i s t r i b u t i o n s w h i c h a r e 
e x t e n s i v e l y a p p l i e d t o h y d r o l o g i c d a t a a r e n o r m a l , l o g n o r m a l , gamma 
( p a r t i c u l a r l y i t s f orm w i t h two p a r a m e t e r s and P e a r s o n t y p e I I I ) , 
d o u b l e e x p o n e n t i a l and s i m p l e e x p o n e n t i a l f u n c t i o n s o f e x t r e m e v a l u e s 
( Y e v j e v i c h , 1 9 7 2 ) . 
The c h a r a c t e r i s t i c s h a p e o f a PDF i s d e t e r m i n e d b y t h e g e n e r a l 
a l g e b r a i c f o r m o f t h e f u n c t i o n and b y t h e v a l u e s o f i t s p a r a m e t e r s , 
and t h e v a l u e f o r a p a r a m e t e r e s t i m a t e d f r o m a s a m p l e w i l l d e p e n d on 
t h e m e t h o d u s e d f o r t h e e s t i m a t i o n . The t h r e e p r i n c i p a l m e t h o d s a r e 
t h e m e t h o d o f moments (MO), t h e m e t h o d o f maximum l i k e l i h o o d (ML), and 
the method of l e a s t squares ( L S ) . I n t h e MO m e t h o d , m p o p u l a t i o n 
moments o f t h e s e l e c t e d PDF a r e s e t e q u a l t o m c o r r e s p o n d i n g s a m p l e 
m o m e n t s , w h e r e m i s t h e number o f p a r a m e t e r s i n t h e PDF. T h i s 
p r o c e d u r e p r o v i d e s m e q u a t i o n s w i t h m unknown p a r a m e t e r s . T h e s e 
e q u a t i o n s , when s o l v e d , y i e l d t h e r e q u i r e d p a r a m e t e r e s t i m a t e s . I n t h e 
ML m e t h o d , p a r a m e t e r e s t i m a t e s f o r a s e l e c t e d PDF a r e o b t a i n e d b y 
m a x i m i z i n g a f u n c t i o n ( H i n e s and M o n t g o m e r y , 1 9 7 2 ) 
L ( 0 ) = f ( x - ) f ( x _ ) . . . f ( x ) 
1 I n 
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Minimum V a r i a n c e : An e s t i m a t o r 9 i s s a i d t o b e a 
minimum v a r i a n c e e s t i m a t o r o f 9 i f 
E [ 9 - E ( 9 ) ] < _ E [ 6 * - E ( 6 * ) ] , w h e r e 9 * i s 
any o t h e r e s t i m a t o r f o r 9 . 
I n v a r i a n c e : An e s t i m a t o r 9 o f 9 i s s a i d t o b e an 
i n v a r i a n t e s t i m a t o r f o r a c e r t a i n c l a s s o f 
t r a n s f o r m a t i o n s g i f t h e e s t i m a t o r i s g ( 9 ) 
when t h e t r a n s f o r m a t i o n c h a n g e s t h e 
p a r a m e t e r t o g ( 9 ) . 
The S a m p l e , i t s Moments and i t s D i s t r i b u t i o n 
L e t f ( x ) and f ^Cx) b e two P D F ' s . L e t x - , x _ , . . . , x b e a 
U 1 Z n 
random s a m p l e f rom f ^ ( x ) . L e t ^ Q ( x ) a r *d f ( x ) b e e v a l u a t e d a t t h e x ^ ' s 
f rom t h e s a m p l e . I f , b y some c r i t e r i o n o f c l o s e n e s s , i t c a n b e 
d e t e r m i n e d t h a t t h e f ( x ^ ) ' s a r e c l o s e t o t h e v a l u e s f g ( x ^ ) , t h e n i t may 
b e s t a t e d t h a t t h e s h a p e s o f ^QCX) and f ( x ) a r e s i m i l a r . F o r e x a m p l e , 
c u r v e s ( a ) and ( b ) i n F i g u r e 2 . 1 m i g h t b e c o n s i d e r e d s i m i l a r w h i l e 
( c ) and ( d ) m i g h t b e d i s s i m i l a r . 
I t i s a l s o o f i n t e r e s t t o compare t h e moments o f ^ Q ( x ) t o t h e 
moments o f f ( x ) . The f i r s t moment a b o u t t h e o r i g i n , t h e mean ( x ) , and 
2 
t h e s e c o n d moment a b o u t t h e m e a n , t h e v a r i a n c e (S ) o f t h e s a m p l e , a r e 
g i v e n b y 
n 




n ( x . - x ) 2 
S 2 = I — ( 2 . 2 ) 
. , n - 1 i = l 
O t h e r h i g h e r s a m p l e moments may b e s i m i l a r l y f o r m u l a t e d . A l s o , t h e 
f i r s t moment a b o u t t h e o r i g i n , t h e mean ( y ) and t h e s e c o n d moment 
2 
a b o u t m e a n , t h e v a r i a n c e ( a ) , of f ( x ) a r e g i v e n b y 
y = J°° x f ( x ) d x ( 2 . 3 ) 
— oo 
a 2 = f°(x - y ) 2 f ( x ) d x ( 2 . 4 ) 
— CO 
O t h e r h i g h e r moments o f f ( x ) may b e s i m i l a r l y f o r m u l a t e d . 
I f , b y some c r i t e r i o n o f c l o s e n e s s , i t c a n b e shown t h a t 
x - / x f ( x ) d x ( 2 . 5 ) 
and 
S = / ( x - y ) f ( x ) d x ( 2 . 6 ) 
t h e n i t may b e s a i d t h a t t h e moments o f ^QCX) and f ( x ) a r e s i m i l a r . 
P a r a m e t r i c E s t i m a t i o n M e t h o d s 
The p a r a m e t r i c e s t i m a t i o n m e t h o d s u s e d i n t h i s s t u d y a r e : ( 1 ) t h e 
m e t h o d o f moments (MO), ( 2 ) t h e m e t h o d o f maximum l i k e l i h o o d (ML) , 
1 1 
( 3 ) t h e m e t h o d of l e a s t s q u a r e s ( L S ) , and ( 4 ) t h e m e t h o d o f minimum 
c h i - s q u a r e (MCS). B r i e f d e s c r i p t i o n s o f t h e s e m e t h o d s a r e g i v e n 
b e l o w . 
The Method o f Moments (MO) 
( H i n e s and M o n t g o m e r y , 1 9 7 2 ) and o f f e r s a v e r y s i m p l e p r o c e d u r e i n 
m o s t c a s e s . T h i s m e t h o d c o n s i s t s e s s e n t i a l l y o f e q u a t i n g m s a m p l e 
moments t o m c o r r e s p o n d i n g p o p u l a t i o n m o m e n t s , w h e r e m i s t h e number 
of p a r a m e t e r s i n PDF. 
L e t f ( x ; 9 ) b e a d e n s i t y f u n c t i o n c h a r a c t e r i z e d b y an unknown 
p a r a m e t e r 0 . The f i r s t p o p u l a t i o n moment a b o u t z e r o i s 
w h i c h w i l l , i n g e n e r a l , b e a f u n c t i o n of t h e unknown p a r a m e t e r 6 . L e t 
x , , x _ , . . . , x b e a random s a m p l e o f s i z e n f r o m t h e d e n s i t y f ( x ) , 1 2 n 
and d e f i n e t h e f i r s t s a m p l e moment t o b e 
The MO m e t h o d w a s f i r s t p r o p o s e d by K a r l P e a r s o n i n 1 8 9 4 
( 2 . 7 ) 
—oo 
( 2 . 8 ) 
Upon e q u a t i n g 2 . 7 and 2 . 8 , o n e o b t a i n s 
y = 
f rom w h i c h 9 c a n b e e s t i m a t e d . The p r o c e d u r e w i l l e a s i l y g e n e r a l i z e t o 
m unknown p a r a m e t e r s , 8 . ( N o t e t h a t 9 a r e n o t t h e s t a t i s t i c a l 
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p a r a m e t e r s , t h e y a r e t h e p a r a m e t e r s i n t h e PDF. ) I n t h i s c a s e , o n e 
n e e d s t h e f i r s t m p o p u l a t i o n moments a b o u t z e r o 
v't = Pxtf(x;6)dx, t = 1 , 2 , . . . , m ( 2 . 9 ) 
— C O ~ 
and t h e f i r s t m s a m p l e moments 
m' = - 7 x5, t = 1 , 2 , . . . , m ( 2 . 1 0 ) t n . ., l i = l 
E q u a t i n g 2 . 9 and 2 . 1 0 y e i l d s t h e m s i m u l t a n e o u s e q u a t i o n s i n v o l v i n g 
t h e m unknown p a r a m e t e r s 
= m^, t = 1 , 2 , . . . , m ( 2 . 1 1 ) 
The s o l u t i o n t o E q u a t i o n 2 . 1 1 y i e l d s e s t i m a t e s o f t h e G b y t h e m e t h o d 
o f m o m e n t s . 
I n t h e f o r e g o i n g p r o c e d u r e , i f t h e s a m p l e i s f r o m an unknown 
d e n s i t y and f ( x ) i s a h y p o t h e s i z e d d e n s i t y , t h e m e t h o d o f moments 
m e r e l y u s e s t h e k n o w l e d g e o f t h e s a m p l e moments and a s s i g n s t o t h e 
s a m p l e t h e h y p o t h e s i z e d d i s t r i b u t i o n w i t h p o p u l a t i o n moments e q u a l t o 
t h e s a m p l e m o m e n t s . T h u s , t h e moment e s t i m a t e s a r e n o t n e c e s s a r i l y 
o p t i m a l i n any s e n s e . 
The Method o f Maximum L i k e l i h o o d (ML) 
The ML m e t h o d o f g e n e r a t i n g e s t i m a t o r s o f unknown p a r a m e t e r s w a s 
f i r s t i n t r o d u c e d b y F i s h e r ( 1 9 2 1 ) . T h i s m e t h o d g e n e r a l l y l e a d s t o 
e f f i c i e n t and c o n s i s t e n t e s t i m a t o r s . ML e s t i m a t o r s a r e n o t a l w a y s 
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u n b i a s e d , b u t i n many c a s e s t h e y may b e e a s i l y m o d i f i e d t o make them 
u n b i a s e d . A l s o , t h e ML e s t i m a t o r s a r e i n v a r i a n t . I n g e n e r a l , ML 
e s t i m a t o r s a r e known t o h a v e v e r y d e s i r a b l e s t a t i s t i c a l p r o p e r t i e s 
( K e n d a l l and S t u a r t , 1 9 7 3 ) . 
L e t x b e a random v a r i a b l e h a v i n g p r o b a b i l i t y d e n s i t y f u n c t i o n 
f c h a r a c t e r i z e d b y m unknown p a r a m e t e r s 6 . L e t x _ , x _ , . . . , x b e 
1 2 n 
t h e o b s e r v e d v a l u e s i n a ramdom s a m p l e o f n . Then t h e l i k e l i h o o d 
f u n c t i o n o f t h e s a m p l e i s d e f i n e d t o b e 
L ( X l , x 9 , . . . , x ; 9 ) = f ( x - 0 ) f ( x . ; 9 ) . . . f ( x ; 9 ) ( 2 . 1 2 ) 
1 / n ~ 1 ^ 2 ~ n „ 
The ML e s t i m a t o r o f 9 i s d e f i n e d a s t h e v a l u e 9 s u c h t h a t 
L ( x , x , . . . , x ; 9 ) > L ( x 1 , x r ) , . . . , x ; 9 ) ( 2 . 1 3 ) 
I z n — 1 z n ^ 
T h a t i s , t h e maximum l i k e l i h o o d e s t i m a t e o f 6 i s t h e v a l u e , s a y 
6, t h a t m a x i m i z e s t h e l i k e l i h o o d f u n c t i o n when i t i s c o n s i d e r e d a s 
a f u n c t i o n o f 0 . I n o t h e r w o r d s , t h e ML e s t i m a t e m a x i m i z e s t h e 
p r o b a b i l i t y o f t h e j o i n t o c c u r r e n c e o f t h e s a m p l e r e s u l t s , f ( x _ ^ ) . 
T h i s i s an e x a m p l e o f f i t t i n g t h e s h a p e o f t h e s a m p l e d i s t r i b u t i o n 
( s e e F i g u r e 2 . 1 ) and i s t h u s i n t u i t i v e l y a n a p p e a l i n g a p p r o a c h . I t 
may , h o w e v e r , b e n o t e d t h a t t h e ML m e t h o d m a x i m i z e s t h e p r o b a b i l i t y 
o f t h e j o i n t o c c u r r e n c e o f t h e f ( x ^ ) a n d , t h u s , w i l l f i t o n l y t h e 
' o v e r a l l ' s h a p e o f t h e s a m p l e d i s t r i b u t i o n . 
The ML e s t i m a t i n g p r o c e d u r e c o n s i s t s e s s e n t i a l l y o f f o r m u l a t i n g 
t h e r i g h t hand s i d e o f E q u a t i o n 2 . 1 2 f o r a g i v e n PDF and e q u a t i n g t o 
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z e r o i t s d e r i v a t i v e s w i t h r e s p e c t t o e a c h p a r a m e t e r . 
I f t h e s a m p l e m e n t i o n e d i n t h e f o r e g o i n g d i s c u s s i o n i s f rom 
an unknown d i s t r i b u t i o n and t h e f r e q u e n c y f u n c t i o n f ( x ; 0 ) i s a 
h y p o t h e s i z e d d i s t r i b u t i o n , t h e ML e s t i m a t i o n m e t h o d w o u l d p r e s e n t a 
' f i t ' f rom toe f a m i l y o f t h e ' h y p o t h e s i z e d ' d e n s i t y t h a t w o u l d 
a p p r o x i m a t e t h e s a m p l e d i s t r i b u t i o n . H o w e v e r , t h e ML m e t h o d d o e s n o t 
i n s u r e t h a t t h e moments o f t h e f i t t e d PDF m a t c h t h e moments o f t h e 
s a m p l e . The ML e s t i m a t o r s , n e v e r t h e l e s s , a c c o m p l i s h a n i m p o r t a n t 
p r o p e r t y d e s i r e d i n t h e o p t i m a l s o l u t i o n , n a m e l y , f i t t i n g t h e s h a p e 
o f t h e s a m p l e d i s t r i b u t i o n . The moments o f t h e f i t t e d PDF may b e 
e a s i l y c o m p u t e d f rom t h e k n o w l e d g e o f ML e s t i m a t o r s o f 0 and t h e 
moments o f t h e s a m p l e may b e compared w i t h t h e moments o f t h e f i t . 
The Method o f L e a s t S q u a r e s (LS) 
The m e t h o d o f l e a s t s q u a r e s ( d u e t o G a u s s ) i s o n e o f t h e o l d e s t 
p r o c e d u r e s u s e d i n i n f e r e n t i a l s t a t i s t i c s . I t p r o d u c e s e s t i m a t o r s 
t h a t , i n many i m p o r t a n t c a s e s , a r e u n b i a s e d and c o n s i s t e n t and i n some 
c a s e s minimum v a r i a n c e u n b i a s e d ( H i n e s and M o n t g o m e r y , 1 9 7 2 ) . 
L e t a n o b s e r v a t i o n c o n s i s t o f two n - t u p l e s o f known d a t a 
x = ( x , x , . . . , x ) and y = ( y , y , . . . , y ) and l e t t h e 
~n 1 L n „n 1 z n 
n - t u p l e y^ b e r e l a t e d t o n - t u p l e b y e q u a t i o n 
Y± = f ( x _ . ; e ) = E ( y x ± ) ( 2 . 1 4 ) 
w h e r e t h e f o r m o f f i s known and 0 r e p r e s e n t s a v e c t o r o f m p a r a m e t e r s . 
I n t h e m e t h o d o f l e a s t s q u a r e s t h e e l e m e n t s w h i c h c o m p o s e t h e 
random o b s e r v a t i o n ( o f s i z e n ) a r e a s s u m e d t o b e o f t h e f o r m 
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y i = f ( x i ; ») + 
i = 1 , 2 , ( 2 . 1 5 a ) 
o r 
y . = Y . + e . ( 2 . 1 5 b ) 
I I I 
i n w h i c h t h e p a r a m e t e r s 9 a r e unknown. I t i s d e s i r e d t o e s t i m a t e 9 . 
The v a l u e s e ^ , c a l l e d r e s i d u a l s , may b e t h o u g h t o f a s "random e r r o r s " 
w h i c h o b s c u r e t h e t r u e v a l u e s o f t h e y ^ ' s * The l e a s t s q u a r e s e s t i m a t e s 
o f 9 a r e t h o s e v a l u e s o f 9 w h i c h m i n i m i z e t h e sum of s q u a r e d e r r o r s 
n n 
SSE = J e f = 7 ( y . - Y . ) ( 2 . 1 6 ) 
. , I . , l 1 1 = 1 1 = 1 
I n t h e m o s t g e n e r a l f orm a w e i g h t w may b e a s s i g n e d t o e a c h 
s q u a r e d e r r o r [ L e v e n b e r g ( 1 9 4 4 ) , Grant ( 1 9 7 3 ) ] and t h e w e i g h t e d 
r e s i d u a l s and t h e w e i g h t e d sum of s q u a r e d e r r o r s i s g i v e n a s : 
e . = w . 1 / 2 ( y . - Y . ) ( 2 . 1 7 ) 
l i l i 
n n 
S S E ( 9 ) = y e f = y w . ( y . - Y . ) ( 2 . 1 8 ) 
. , i l 
1 = 1 1 = 1 
The w e i g h t w may b e a f u n c t i o n o f x , 9 , or b o t h . 
The l e a s t s q u a r e s e s t i m a t o r s , s a y 9 , w i l l b e t h e s o l u t i o n t o 
t h e m s i m u l t a n e o u s e q u a t i o n s 
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l i f f I I - 0 ( 2 . 1 9 ) 
To u s e t h e m e t h o d o f l e a s t s q u a r e s i t i s n o t n e c e s s a r y t h a t 
t h e p r o b a b i l i t y d i s t r i b u t i o n o f e i t h e r t h e o b s e r v a t i o n s o r t h e random 
e r r o r s b e known. N e v e r t h e l e s s , a k n o w l e d g e o f t h e d i s t r i b u t i o n o f 
t h e r e s i d u a l s l e a d s t o b e t t e r e s t i m a t i o n o f t h e p r o p e r t i e s o f l e a s t 
s q u a r e s e s t i m a t o r s ( s e e K e n d a l l and S t u a r t , 1 9 7 3 , o r G r a y b i l l , 1 9 6 1 ) . 
When t h e m o d e l g i v e n by E q u a t i o n 2 . 1 5 i s l i n e a r o r i n t r i n s i c a l l y 
l i n e a r ( a n i n t r i n s i c a l l y l i n e a r m o d e l i s o n e i n w h i c h t h e m o d e l i s 
made l i n e a r by a s u i t a b l e t r a n s f o r m a t i o n , f r e q u e n t l y by a l o g a r i t h m i c 
t r a n s f o r m a t i o n ) i n p a r a m e t e r s 6 t h e e s t i m a t e s g i v e n by E q u a t i o n s 2 . 1 9 , 
known a s n o r m a l e q u a t i o n s , a r e r e l a t i v e l y e a s y t o s o l v e ( G r a y b i l l ( 1 9 6 1 ) 
D r a p e r and S m i t h ( 1 9 6 6 ) among o t h e r s ) . I f i t i s i m p o s s i b l e t o c o n v e r t 
a m o d e l i n t o a form l i n e a r i n t h e p a r a m e t e r s t h e m o d e l i s s a i d t o 
b e i n t r i n s i c a l l y n o n - l i n e a r ( D r a p e r and S m i t h , 1 9 6 6 ) . The t h r e e 
p r o b a b i l i s t i c m o d e l s u s e d i n t h i s s t u d y , n a m e l y , l o g n o r m a l , gamma, and 
Gumbel , a r e e x a m p l e s o f i n t r i n s i c a l l y n o n - l i n e a r m o d e l s . I n s u c h 
m o d e l s t h e n o r m a l e q u a t i o n s w i l l b e n o n - l i n e a r and o b t a i n i n g a s o l u t i o n 
c a n b e e x t r e m e l y d i f f i c u l t . I t e r a t i v e m e t h o d s m u s t be e m p l o y e d i n 
n e a r l y a l l c a s e s . A p p e n d i x A p r e s e n t s i n d e t a i l a m e t h o d o f e s t i m a t i n g 
p a r a m e t e r s o f n o n - l i n e a r m o d e l s by l e a s t s q u a r e s . 
I n t u i t i v e l y , t h e LS m e t h o d , l i k e t h e m e t h o d o f ML, may b e a s s u m e d 
t o f i t t h e s h a p e o f t h e m o d e l t o t h e s h a p e o f t h e s a m p l e a s shown i n 
A p p e n d i x A. H e n c e , t h e LS m e t h o d w i l l b e s a i d t o b e a " s h a p e f i t t i n g " 
m e t h o d . 
17 
The Method o f Minimum C h i - S q u a r e (MCS) 
I f t h e w e i g h t w^ i n E q u a t i o n 2 . 1 8 i s g i v e n a v a l u e e q u a l t o 
1/Y^ t h e w e i g h t e d SSE h a s a c h i - s q u a r e d i s t r i b u t i o n and i s g i v e n by 
X (9) . = I ( y - Y . ) 2 / Y . ( 2 . 2 0 ) 
i = l 1 i * 
2 
By m i n i m i z i n g x ( 6 ) w i t h r e s p e c t t o 9 an e s t i m a t e 9 , known a s 
a MCS e s t i m a t e , i s o b t a i n e d . I f u s e d t o f i t m o d e l s o f p r o b a b i l i t y 
d i s t r i b u t i o n s , ( s e e A p p e n d i x A) t h e m e t h o d i s a p p l i c a b l e t o c o n t i n u o u s 
d i s t r i b u t i o n s w i t h g r o u p e d d a t a e x p r e s s e d a s a v e r a g e f r e q u e n c i e s o v e r 
c l a s s i n t e r v a l s , o r t o a b s o l u t e f r e q u e n c i e s o f d i s c r e t e d i s t r i b u t i o n s . 
The e s t i m a t o r s o f b o t h MCS and ML m e t h o d s a r e known t o h a v e the same 
a s y m p o t o t i c p r o p e r t i e s ( K e n d a l l and S t u a r t , 1 9 7 3 ) . When d e a l i n g w i t h 
s a m p l e s f r o m a c o n t i n u o u s d i s t r i b u t i o n , o b s e r v a t i o n s mus t b e g r o u p e d 
i n o r d e r t o make u s e o f t h e MCS m e t h o d . T h i s c o n s t r a i n t i s n o t i m p o s e d 
when t h e ML m e t h o d i s e m p l o y e d . T h e r e f o r e , i t h a s become much more 
common t o e m p l o y ML m e t h o d s a s c o m p a r e d t o MCS when f i t t i n g s a m p l e d 
d a t a t o p r o b a b i l i t y d i s t r i b u t i o n s ( K e n d a l l and S t u a r t , 1 9 7 3 ) . 
The MCS m e t h o d may b e v i e w e d e s s e n t i a l l y a s a m e t h o d o f l e a s t 
s q u a r e s a n d , l i k e ML and LS m e t h o d s , c a n b e c o n s i d e r e d a s h a p e f i t t i n g 
m e t h o d . I n A p p e n d i x A t h e l e a s t s q u a r e s m e t h o d i s s t u d i e d i n a g e n e r a l 
f a s h i o n by u s i n g w e i g h t , w_̂  = (Y) ^ ( s e e E q u a t i o n 2 . 1 8 ) i n w h i c h <j> i s 
a w e i g h t e x p o n e n t . When t h e v a l u e o f (j> i s u n i t y t h e l e a s t s q u a r e s 
m e t h o d , a s s t u d i e d i n A p p e n d i x A, i s e q u i v a l e n t t o t h e m e t h o d o f 
minimum c h i - s q u a r e . 
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I l l u s t r a t i v e E x a m p l e s o f F i t t i n g b y D i f f e r e n t M e t h o d s 
I n o r d e r t o i l l u s t r a t e t h e f i t t i n g m e t h o d s o u t l i n e d a b o v e and 
t h e v a r i a t i o n i n r e s u l t s , t h i s s e c t i o n p r e s e n t s t h e r e s u l t s o b t a i n e d i n 
f i t t i n g two d a t a s a m p l e s b y MO, ML, LS and MCS t o a two p a r a m e t e r 
l o g n o r m a l (LN) and t o a two p a r a m e t e r gamma (GA) d i s t r i b u t i o n . T a b l e 
3 . 1 g i v e s t h e form of LN and GA P D F ' s . A p p e n d i x A g i v e s a d e t a i l e d 
d e s c r i p t i o n o f LS m e t h o d (MCS i s a s p e c i a l c a s e o f w e i g h t e d L S ) . 
A p p e n d i c e s B and C g i v e MO and ML e q u a t i o n s f o r p a r a m e t e r e s t i m a t e s and 
t h e e q u a t i o n s n e e d e d f o r LS s o l u t i o n f o r t h e LN and GU P D F ' s , 
r e s p e c t i v e l y . 
The d a t a , w h i c h a r e d e s i g n a t e d a s K^, a r e a n n u a l s e r i e s . 
S a m p l e 1 : Sample s i z e = 100 y = InK 
S a m p l e Mean, K = 0 . 9 8 5 
2 
Sample U n b i a s e d E s t i m a t e of V a r i a n c e , S = 0 . 6 2 8 
( B i a s e d E s t i m a t e = 0 . 6 2 2 ) 
D a t a : 
. 2 8 . 0 9 5 . 5 1 . 6 6 . 8 8 . 5 1 . 8 6 
. 2 3 1 . 4 2 2 . 7 4 1 . 0 8 1 . 2 5 . 3 4 . 7 7 
2 . 4 4 . 1 5 . 4 6 . 6 0 . 3 9 1 . 4 4 1 . 6 3 
. 6 8 1 . 1 9 . 2 0 2 . 5 2 . 5 8 . 9 4 . 3 0 
1 . 3 2 . 8 6 . 3 9 . 9 7 1 . 4 9 1 . 4 9 1 . 2 2 
. 5 2 . 8 1 . 7 5 . 4 3 . 8 3 2 . 0 0 1 . 1 8 
. 5 7 2 . 3 3 . 5 1 . 3 8 . 7 0 . 6 5 1 . 7 6 
. 5 7 . 5 6 . 9 7 . 2 7 . 2 4 . 7 3 . 6 1 
. 5 4 1 . 5 4 1 . 7 6 . 1 4 . 6 3 . 5 9 . 5 0 
. 7 9 . 4 7 . 3 5 1 . 1 5 . 9 3 2 . 4 4 . 4 7 
. 1 8 . 7 1 1 . 1 5 1 . 7 8 . 6 3 1 . 1 0 
. 6 6 1 . 3 6 1 . 2 2 . 5 2 . 7 3 . 7 2 
. 6 6 . 7 7 . 9 8 . 9 7 . 8 5 . 8 2 
. 5 7 1 . 3 2 1 . 5 4 . 7 7 . 5 2 1 . 4 5 
. 3 3 1 . 4 1 1 . 7 7 . 5 5 4 . 1 2 1 . 2 7 
19 
a ) R e s u l t s of L o g n o r m a l A n a l y s i s 
P a r a m e t e r e s t i m a t e o f y , y 
y y 
P a r a m e t e r e s t i m a t e o f a , a 
Mean o f t h e f i t t e d PDF, y p 
2 
V a r i a n c e o f t h e f i t t e d PDF, a 
E s t i m a t e o f 1 0 0 - y e a r e v e n t , k S 1 Q Q 
MO ML LS MCS 
- . 2 6 3 - . 2 6 1 - . 2 2 9 - . 2 4 8 
. 7 0 4 . 7 1 2 . 5 9 9 . 7 1 1 
. 9 8 5 . . 9 9 2 . 9 5 2 1 . 0 0 5 
. 6 2 2 . 6 4 8 . 3 9 1 . 6 6 4 
3 . 9 5 4 4 . 0 3 2 3 . 2 0 2 4 . 0 7 6 
(The mean and v a r i a n c e o f f i t t e d PDF a r e c o m p u t e d u s i n g e s t i m a t e d 
p a r a m e t e r s . S e e c o l u m n s ( 3 ) and ( 4 ) o f T a b l e 3 . 1 f o r t h e e q u a t i o n s o f 
mean and v a r i a n c e o f LN, GA P D F ' s ) . 
The a b o v e t a b l e s h o w s t h a t t h e mean and v a r i a n c e o f t h e f i t t e d 
2 
PDF, y and a , a r e e q u a l t o t h e s a m p l e v a l u e s f o r MO ( n o t e t h a t i n t h e r r 
2 
MO m e t h o d t h e b i a s e d e s t i m a t e of s a m p l e v a r i a n c e e q u a l s a ) and r 
a p p r o x i m a t e l y e q u a l t o t h e s a m p l e v a l u e s f o r ML and MCS. T h i s r e s u l t 
may b e e x p e c t e d i n MO, b u t t h i s r e s u l t i n ML and MCS i n d i c a t e s t h a t t h e 
ML and MCS m e t h o d s , w h i l e f i t t i n g t h e s h a p e o f t h e s a m p l e h a v e a l s o 
a p p r o x i m a t e l y f i t t e d t h e moments o f t h e s a m p l e . The a b o v e t a b l e a l s o 
s h o w s t h a t t h e p a r a m e t e r e s t i m a t e s (y and a ) b y MO a r e a p p r o x i m a t e l y 
y y 
e q u a l t o t h e p a r a m e t e r e s t i m a t e s o f ML and MCS. T h i s r e s u l t s h o w s t h a t 
t h e MO m e t h o d , w h i l e f i t t i n g t h e moments of t h e s a m p l e , a l s o f i t t e d t h e 
s h a p e o f t h e s a m p l e . 
The r e s u l t s o f LS i n t h e a b o v e t a b l e d i f f e r e d f r o m t h e r e s u l t s 
o f MO, ML and MCS. The LS m e t h o d u s e d i n t h i s s t u d y w a s f o u n d t o 
p r o d u c e b i a s e d r e s u l t s s o m e t i m e s ( s e e A p p e n d i x A ) . T h i s b i a s c o u l d b e 

2 1 
c o r r e c t e d b y a s s i g n i n g a w e i g h t t o e r r o r t e r m s i n L S m e t h o d . MCS m e t h o d 
i s a s p e c i a l c a s e of w e i g h t e d L S m e t h o d . The L S r e s u l t s i n t h e a b o v e 
t a b l e may b e v i e w e d e s s e n t i a l l y a s b i a s e d r e s u l t s due t o some p r o c e d u r a l 
d e f i c i e n c y and t h u s d i s r e g a r d e d . A c o m p l e t e d i s c u s s i o n a s t o how t o 
a p p l y t h e g e n e r a l i z e d L S m e t h o d i n f i t t i n g P D F ' s i s i n c l u d e d i n A p p e n d i x 
A. 
N o t e t h a t t h e v a l u e s o f K ^ Q Q a r e a p p r o x i m a t e l y e q u a l i n MO, ML 
and MCS m e t h o d s . 
b ) R e s u l t s of Gamma A n a l y s i s 
MO ML LS MCS 
P a r a m e t e r e s t i m a t e o f C, C 1 . 5 8 4 2 . 2 1 6 3 . 449 2 . 1 2 9 
P a r a m e t e r e s t i m a t e o f D , D 1 . 5 6 0 2 . 1 8 3 3 . 0 0 6 2 . 1 0 3 
Mean of t h e f i t t e d PDF,y 
F 
0 . 9 8 5 1 . 0 1 5 0 . 873 1 . 0 0 9 
2 
V a r i a n c e o f t h e f i t t e d PDF,a 
r 
o; 6 2 2 0 . 4 6 5 0 . 253 0 . 4 7 9 
E s t i m a t e o f 1 0 0 - y e a r e v e n t , K Q i n n 3 . 730 3 . 1 4 8 2 . 440 3 . 2 1 2 
The a b o v e t a b l e s h o w s t h a t t h e mean and v a r i a n c e o f t h e f i t t e d PDF a r e 
e q u a l t o t h e s a m p l e v a l u e s f o r MO, b u t d i f f e r f rom t h e s a m p l e v a l u e s 
2 2 f o r ML, LS and MCS. I n p a r t i c u l a r , a d i f f e r e d g r e a t l y f r o m S f o r ML, 
F k 
LS and MCS. T h i s s h o w s t h a t t h e ML, LS and MCS d i d n o t f i t t h e moments 
o f t h e s a m p l e . The a b o v e t a b l e a l s o s h o w s t h a t t h e p a r a m e t e r e s t i m a t e s 
o f MO d i f f e r e d g r e a t l y f r o m t h e p a r a m e t e r e s t i m a t e s o f ML, LS and MCS. 
T h i s s h o w s t h a t t h e MO m e t h o d d i d n o t f i t t h e s h a p e of t h e s a m p l e . 
The a b o v e r e s u l t s show t h a t when GA i s a p p l i e d t o S a m p l e 1 , e a c h 
o f t h e f o u r s t a t i s t i c a l e s t i m a t i o n m e t h o d s , MO, ML, LS and MCS, f i t t e d 
e i t h e r t h e moments o r t h e s h a p e , b u t n o t b o t h . N o t e t h a t k S ^ Q Q b y M 0 
22 
d i f f e r s g r e a t l y f rom K g l Q Q b y ML, LS and MCS. 
For t h i s s a m p l e F i g u r e 2 . 2 s h o w s t h e s a m p l e h i s t o g r a m , LN f i t b y 
ML, GA f i t b y MO and GA f i t b y ML. 
Sample 2 : Sample S i z e = 1 0 0 
Sample Mean, K = 0 . 9 5 8 
2 
S a m p l e V a r i a n c e ( U n b i a s e d E s t i m a t e ) , S^ = 0 . 3 3 4 
( B i a s e d E s t i m a t e = . 3 3 1 ) 
D a t a : 
1 . 0 1 1 . 5 4 . 9 4 . 3 8 1 . 2 5 . 7 2 . 4 7 
. 5 8 . 6 0 . 5 8 . 5 9 . 9 5 2 . 1 3 2 . 3 7 
. 9 1 1 . 1 2 . 6 4 . 4 3 . 9 4 . 6 2 1 . 2 5 
. 2 2 . 6 1 . 5 6 3 . 2 3 . 5 3 . 5 4 1 . 1 7 
. 5 1 . 8 8 . 9 8 . 3 0 1 . 4 5 . 9 4 . 8 1 
1 . 1 2 . 9 7 . 9 7 1 . 3 1 . 2 4 . 6 7 . 9 3 
. 4 5 2 . 2 3 . 5 5 2 . 1 9 1 . 8 2 1 . 2 0 . 4 7 
. 5 6 . 8 7 2 . 3 6 . 7 6 1 . 6 7 . 9 3 1 . 5 5 
. 4 8 . 6 7 . 8 9 . 7 3 1 . 1 7 . 8 2 . 3 6 
. 7 9 . 2 5 1 . 2 8 . 3 5 . 9 3 1 . 3 1 1 . 7 7 
. 6 5 . 8 5 . 5 5 1 . 9 4 . 1 3 . 7 6 
1 . 8 3 1 . 2 1 . 5 9 . 6 0 2 . 0 4 1 . 1 9 
. 3 7 . 4 9 . 3 9 . 2 1 1 . 2 8 . 9 2 
. 5 1 . 6 5 1 . 7 6 . 6 6 1 . 6 7 . 1 6 
1 . 1 6 1 . 6 2 1 . 1 5 . 8 4 1 . 1 4 . 1 4 
a) R e s u l t s o f L o g n o r m a l A n a l y s i s 
MO ML LS MCS 
- . 1 9 7 - . 2 2 7 - . 1 3 8 - . 1 7 8 
. 5 5 5 . 6 3 8 . 6 3 8 . 6 4 7 
. 9 5 8 . 9 7 7 1 . 0 6 8 1 . 0 3 2 
. 3 3 1 . 4 8 0 . 5 7 3 . 5 5 3 
2 . 9 8 6 3 . 5 1 7 3 . 8 4 2 3 . 7 7 5 
2 3 
The a b o v e t a b l e shows t h a t u and a a r e e q u a l t o t h e s a m p l e 
F F 
v a l u e s f o r MO, b u t t h e y d i f f e r f rom t h e s a m p l e v a l u e s f o r ML, LS and MCS. 
A l s o , t h e p a r a m e t e r e s t i m a t e s of MO, p a r t i c u l a r l y t h a t o f a , d i f f e r e d 
g r e a t l y f r o m t h e p a r a m e t e r e s t i m a t e s o f ML, LS and MCS. T h e s e r e s u l t s 
s h o w t h a t t h e ML, LS and MCS d i d n o t f i t t h e moments o f t h e s a m p l e and 
t h e MO d i d n o t f i t t h e s h a p e o f t h e s a m p l e . T h u s , when LN w a s a p p l i e d 
t o S a m p l e 2 , t h e MO, ML, LS and MCS m e t h o d s f i t t e d o n l y some of t h e 
c h a r a c t e r i s t i c s o f t h e s a m p l e , b u t n o t a l l . N o t e t h a t Kg^QQ b y MO 
d i f f e r s g r e a t l y f r o m K n _ b y ML, LS and MCS. 
b ) R e s u l t s o f Gamma A n a l y s i s 
MO ML LS MCS 
C 2 . 8 9 4 2 . 9 8 7 3 . 0 8 7 2 . 8 9 2 
D 2 . 7 7 3 2 . 8 6 3 2 . 9 3 7 2 . 8 4 1 
y F 0 . 9 5 8 0 . 9 5 8 0 . 9 5 1 0 . 9 8 2 
2 
a k 0 . 3 3 1 
0 . 3 2 1 0 . 3 0 8 0 . 3 4 0 
K S 1 0 0 2 . 7 7 0 2 . 7 3 5 
2 . 6 8 8 2 . 8 1 2 
The a b o v e t a b l e s h o w s t h a t c r_ and o a r e e q u a l t o t h e s a m p l e 
r F 
v a l u e s f o r M0 and t h e y a r e a p p r o x i m a t e l y e q u a l t o t h e s a m p l e v a l u e s . 
A l s o , t h e p a r a m e t e r e s t i m a t e s o f MO a r e a p p r o x i m a t e l y e q u a l t o t h e 
p a r a m e t e r e s t i m a t e s of ML, LS and MCS. T h e s e r e s u l t s show t h a t t h e 
f o u r s t a t i s t i c a l m e t h o d s f i t t e d , i n g e n e r a l , a l l t h e c h a r a c t e r i s t i c s o f 
t h e s a m p l e . N o t e t h a t t h e v a l u e s of Kg-̂ QQ a r e a p p r o x i m a t e l y e q u a l i n 
a l l f o u r m e t h o d s . 
24 
For Sample 2 , F i g u r e 2 . 3 s h o w s t h e s a m p l e h i s t o g r a m , GA f i t by 
ML, LN f i t b y MO and t h e LN f i t b y ML. 
F i g u r e 2 . 3 Sample 2 from I l l u s t r a t i v e Example 
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CHAPTER I I I 
DIMENSIONLESS FREQUENCY ANALYSIS 
C o m p a r i s o n o f t h e s t a t i s t i c a l p r o p e r t i e s o f h y d r o l o g i c d a t a a t 
d i f f e r e n t s t a t i o n s i s f a c i l i t a t e d by n o r m a l i z i n g i n t o d i m e n s i o n l e s s 
v a r i a b l e s by d i v i d i n g d a t a i t e m s by t h e s a m p l e mean ( M a r k o v i c , 1 9 6 4 ) . 
I n t h i s C h a p t e r , d i m e n s i o n l e s s v a r i a b l e s a r e u s e d i n a d e t a i l e d s t u d y 
o f t h r e e d i s t r i b u t i o n s : t h e t w o - p a r a m e t e r l o g n o r m a l ( L N ) , t h e t w o -
p a r a m e t e r gamma (GA) and t h e t w o - p a r a m e t e r Gumbel (GU) ( t h e Type I 
a s y m p t o t i c e x t r e m e v a l u e d i s t r i b u t i o n o f t h e l a r g e s t v a l u e s ) . The 
s t u d y s h o w s t h a t f o r a l l t h r e e d i s t r i b u t i o n s a s i n g l e s t a t i s t i c a l 
p a r a m e t e r , n a m e l y , t h e v a r i a n c e , a f f o r d s a means o f c l a s s i f y i n g and 
v i s u a l i z i n g t h e s h a p e s o f t h e d e n s i t y f u n c t i o n s and e v a l u a t i n g 
p e r c e n t i l e s o f t h e d i s t r i b u t i o n . 
L e t Q. b e t h e o b s e r v e d h y d r o l o g i c d a t a a t a g i v e n s t a t i o n and Q 
b e t h e s a m p l e m e a n . The Q^ may b e e x p r e s s e d a s d i m e n s i o n l e s s v a r i a b l e s , 
K . , by t h e r e l a t i o n 
1 
L 
K. = ( 3 . 1 ) 
L 
Q 
The s a m p l e m e a n , K, o f d i m e n s i o n l e s s v a r i a b l e s K. g i v e n by 
K ( 3 . 2 ) 
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w i l l b e u n i t y f o r any s a m p l e . A l s o , i t c a n b e e a s i l y shown t h a t t h e 
2 2 
v a r i a n c e o f K . , S, , e q u a l s C , w h e r e C i s t h e c o e f f i c i e n t o f v a r i a t i o n 
l k v v 
o f t h e o b s e r v e d d a t a and i s g i v e n b y , 
C = — ( 3 . 3 ) 
V Q 
i n w h i c h S = s a m p l e s t a n d a r d d e v i a t i o n o f Q_̂ . 
S t a t i s t i c a l P r o p e r t i e s o f t h e S e l e c t e d D i s t r i b u t i o n s 
The t h r e e d e n s i t y f u n c t i o n s u s e d i n t h i s s t u d y a r e g i v e n by 
T a b l e 3 . 1 . Four s t a t i s t i c a l p a r a m e t e r s , n a m e l y , t h e mean ( u x ) > t h e 
2 
v a r i a n c e (a ) , t h e s k e w n e s s c o e f f i c i e n t (y ) and t h e k u r t o s i s 
c o e f f i c i e n t (Y2^ a r e u s u a l l y a l l t h a t a r e u s e f u l i n p r o v i d i n g i n s i g h t 
i n t o t h e c h a r a c t e r i s t i c s o f a f r e q u e n c y d i s t r i b u t i o n . The mean s h o w s 
t h e c e n t r a l t e n d e n c y ( o r t h e v a l u e a b o u t w h i c h a l l o t h e r v a l u e s a r e 
c l u s t e r e d ) . The v a r i a n c e i n d i c a t e s t h e d i s p e r s i o n o r t h e s p r e a d o f 
t h e v a l u e s a b o u t a c e n t r a l v a l u e , and i t s s q u a r e r o o t i s known a s 
t h e s t a n d a r d d e v i a t i o n (a ) . The s k e w n e s s c o e f f i c i e n t ( y 1 ) , w h i c h i s 
d e f i n e d a s t h e r a t i o o f t h e t h i r d c e n t r a l moment ( v ^ ) t o t h e s t a n d a r d 
d e v i a t i o n c u b e d , o r 
Y l = 3 / 2 
( 3 . 4 ) 
d e s c r i b e s t h e a s y m m e t r y o f a f r e q u e n c y d i s t r i b u t i o n . 
Table 3 . 1 . P r o p e r t i e s o f t h e P r o b a b i l i t y Dens i ty Funct ions Selected f o r Study 
P r o b a b i l i t y 





My and Cy 
Form o f E q u a t i o n , f ( x ) 
(2) 
Skewness K u r t o s i s 
Mean(// X) Var iance C o e f f i c i e n t C o e f f i c i e n t 
(3) (4? (5) 
Gamma(GA) 
Gumbel(GU) 
1 e 2 
l n x - 1 2 
XOy/27T 
x > 0 , l n x = Y 
u = Mean o f Y 
a = Standard D e v i a t i o n o f Y 
C° x 0 - 1 e 
Parameters: r(D) 
C and D 
D/C 
x >0 
C = Scale Parameter > 0 
D = Shape Parameter > 0 
Parameters: ae 
a and u 
- a ( x - u L 
t - a ( x - u ) - e J 
— CD < x < 0 3 
a = D i s p e r s i o n Parameter 
u = Mode 
K (e y - 1) *73 + 3« 
D/C' 




rfi + 6/76 + 
15n 4 + 16»72 
+ 3 
6/D + 3 
4 .5 
(x = Randan V a r i a b l e ) 
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The k u r t o s i s c o e f f i c i e n t (y0) g i v e n b y 
Y 2 2 3 . 5 
i n w h i c h a n d V^ a r e t h e p o p u l a t i o n s e c o n d and t h e f o u r t h c e n t r a l 
moments r e s p e c t i v e l y , i n d i c a t e s t h e f l a t n e s s of a d i s t r i b u t i o n . I f t h e 
d e v i a t i o n s o f v a r i a b l e v a l u e s f rom t h e mean d e c r e a s e , t h e f o u r t h c e n t r a l 
moment t e n d s t o z e r o f a s t e r t h a n t h e s q u a r e o f t h e s e c o n d c e n t r a l moment , 
i n w h i c h c a s e t h e k u r t o s i s t e n d s r a p i d l y t o z e r o . T h i s e x t r e m e 
c o r r e s p o n d s t o a s h a r p p e a k e d n e s s . I f t h e d e v i a t i o n s f rom t h e mean 
i n c r e a s e , t h e f o u r t h moment t e n d s t o i n f i n i t y f a s t e r t h a n t h e s q u a r e o f 
t h e s e c o n d moment , i n w h i c h c a s e t h e k u r t o s i s t e n d s r a p i d l y t o i n f i n i t y . 
T h i s e x t r e m e c o r r e s p o n d s t o a v e r y p r o n o u n c e d f l a t n e s s . 
d i s t r i b u t i o n s s e l e c t e d i n t e r m s o f d i s t r i b u t i o n p a r a m e t e r s . 
For d i m e n s i o n l e s s v a r i a b l e s t h e p o p u l a t i o n m e a n , y^> i s u n i t y . 
By u s i n g t h e r e l a t i o n y = y = 1 . 0 i n e q u a t i o n s g i v e n b y c o l u m n 3 o f 
T a b l e 3 . 1 t h e f o l l o w i n g r e l a t i o n s may b e e s t a b l i s h e d b e t w e e n t h e two 
p a r a m e t e r s f o r e a c h o f t h e d i s t r i b u t i o n s s e l e c t e d . 
T a b l e 3 . 1 g i v e s t h e e q u a t i o n s of y 
x 
, a , y 1 and y f o r t h e t h r e e 
L o g n o r m a l ( L N ) : y v = -o2/2 y y 3 . 6 
Gamma (GA): C=D 3 . 7 
Gumble (GU) : a = 
. 5 7 7 2 
1 - u 
3 . 8 
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T a b l e 3 . 2 . Moments o f D i m e n s i o n l e s s LN, GA, and GU P D F ' s 
Mean , m u «=1.0 
V a r i a n c e C o e f f i c i e n t o f Skewness, y^* C o e f f i c i e n t o f K u r t o s i s , y^* 
a 2 
k LN GA GU LN GA GU 
0 . 0 5 .682 .447 1 .140 3 .838 3 .300 4 . 5 
0 . 1 0 .980 .632 4 . 7 5 6 3 . 6 0 0 
( 0 . 1 3 2 2 ) 1 - ( 1 . 1 4 0 ) .727 ( 5 . 3 9 4 ) 3 .793 
0 . 2 0 1 . 4 3 1 .894 6 .850 4 . 2 0 0 
0 . 3 0 1 .807 1 .095 9 . 3 2 0 4 . 8 0 0 
( 0 . 3 2 4 7 ) 2 1.894 ( 1 . 1 4 0 ) 9 .993 4 . 9 4 8 
0 . 4 0 2 . 1 5 0 1 .265 12 .210 5 .400 
0 . 5 0 2 .475 1.414 15 .562 6 .000 
0 . 6 0 2 .789 1 .549 19 .426 6 .600 
0 . 7 0 3 .096 1 .673 23 .848 7 . 2 0 0 
0 . 8 0 3 .399 1 .789 28 .882 7 .800 
0 . 9 0 3 .700 1.897 3 4 . 5 8 0 8 .400 
1 . 0 0 * * 4 . 0 0 0 4 1 . 0 0 0 
1 .50 5 . 5 1 1 8 6 . 0 6 2 
2 . 0 0 7 . 0 7 1 159 .000 
2 . 5 0 8 .696 269 .562 
3 . 0 0 1 0 . 3 9 2 4 2 9 . 0 0 0 
* 
Y^ and Y2 a r e d i m e n s i o n l e s s and t h u s a p p l y t o any d a t a . 
* * 2 
The b e l l shape i s n o t r e t a i n e d by Gamma d i s t r i b u t i o n when _> 1 .0 
1 The f i r s t t h r e e moments o f LN a r e e q u a l t o t h e f i r s t t h r e e moments , 
r e s p e c t i v e l y , o f GU, 
2 The f i r s t t h r e e moments o f GA a r e e q u a l t o t h e f i r s t t h r e e moments , 
r e s p e c t i v e l y , o f GU. 
3 1 
The Moments and t h e S h a p e s o f D i m e n s i o n l e s s D i s t r i b u t i o n s 
2 
The mean ( y ) and t h e v a r i a n c e (a ) a r e s u f f i c i e n t t o d e t e r m i n e 
t h e p a r a m e t e r s o f LN, GA and GU P D F ' s s i n c e t h e y a r e t w o - p a r a m e t e r P D F ' s . 
I n d i m e n s i o n l e s s f o r m , t h e mean y ^ o f t h e P D F ' s b e c o m e s u n i t y and t h u s 
2 
t h e v a l u e o f t h e v a r i a n c e , a , d e t e r m i n e s t h e m a g n i t u d e o f t h e h i g h 
K. 
moments o f t h e t h r e e P D F ' s . T a b l e 3 . 2 p r e s e n t s t h e s e moments o f 
2 
d i m e n s i o n l e s s LN, GA and GU P D F ' s f o r a w i d e r a n g e o f a^ . 
T a b l e 3 . 2 s h o w s t h a t b o t h s k e w n e s s and k u r t o s i s c o e f f i c i e n t s 
r a p i d l y i n c r e a s e w i t h an i n c r e a s e o f v a r i a n c e f o r t h e l o g n o r m a l 
d i s t r i b u t i o n w h i l e t h e i n c r e a s e i s n o t s o l a r g e f o r t h e Gamma 
d i s t r i b u t i o n . The Gumbel d i s t r i b u t i o n , a s a p r o p e r t y , h a s a c o n s t a n t 
s k e w n e s s and c o n s t a n t k u r t o s i s . Gamma d i s t r i b u t i o n h a s , f o r a l l v a l u e s 
o f v a r i a n c e , a l o w e r s k e w n e s s and l o w e r k u r t o s i s compared t o t h e 
l o g n o r m a l d i s t r i b u t i o n . F o r no v a l u e o f v a r i a n c e a r e t h e s k e w n e s s and 
k u r t o s i s c o e f f i c i e n t s o f any o n e d i s t r i b u t i o n s i m u l t a n e o u s l y e q u a l t o 
t h o s e of a n o t h e r d i s t r i b u t i o n . T h i s s h o w s t h a t no two d i s t r i b u t i o n s a r e 
e x a c t l y i d e n t i c a l a t a n y v a l u e o f v a r i a n c e . H o w e v e r , s k e w n e s s o f gamma 
and Gumbel d i s t r i b u t i o n s a r e e q u a l when t h e v a r i a n c e i s 0 . 3 2 4 7 and 
s k e w n e s s o f l o g n o r m a l and Gumbel d i s t r i b u t i o n s a r e e q u a l when t h e 
v a r i a n c e i s 0 . 1 3 2 2 ( s e e T a b l e 3 . 2 ) . A t t h e s e v a l u e s o f v a r i a n c e t h e 
v a l u e s o f k u r t o s i s a r e n o t w i d e l y d i f f e r e n t f o r t h e s e p a i r s o f 
d i s t r i b u t i o n s . H e n c e t h e LN and GU and t h e GA and GU may b e e x p e c t e d 
2 
t o h a v e s i m i l a r s h a p e s and a p p r o x i m a t e l y e q u a l p e r c e n t i l e s when 
e q u a l s 0 . 1 3 2 2 and 0 . 3 2 4 7 , r e s p e c t i v e l y . 
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To e x a m i n e how t h e s h a p e s o f f r e q u e n c y d i s t r i b u t i o n s c h a n g e w i t h 
* I n T a b l e 3 . 3 t h e p e r c e n t i l e s f o r gamma d i s t r i b u t i o n w e r e e v a l u a t e d 
by u s i n g t h e s u b - p r o g r a m PIGAMA from m a t h - s c i e n c e l i b r a r y o f CDC 
CYBER 74 c o m p u t e r . E v a l u a t i o n o f p e r c e n t i l e s f o r l o g n o r m a l and t h e 
Gumbel d i s t r i b u t i o n s i s e a s i l y p r o g r a m m a b l e . 
v a r i a n c e , p r o b a b i l i t y d e n s i t y c u r v e s a r e drawn v a r y i n g t h e v a l u e o f 
from . 1 0 t o 3 . 0 f o r t h e t h r e e P D F ' s ( s e e F i g u r e s 3 . 1 t h r o u g h 3 . 3 ) . I n 
t h e s e c u r v e s t h e p r o b a b i l i t y d e n s i t y f u n c t i o n ( P D F ) , f ( k ) , i s shown 
a g a i n s t t h e d i m e n s i o n l e s s v a r i a t e k = ( Q / Q ) . T a b l e 3 . 3 * p r e s e n t s t h e 
n u m e r i c a l v a l u e s o f v a r i a b l e k ( p e r c e n t i l e s ) f o r t h e t h r e e d i s t r i b u t i o n s 
a t s e l e c t e d v a l u e s o f t h e c u m u l a t i v e d i s t r i b u t i o n f u n c t i o n (CDF) , F ( k ) , 
, 2 
o f e a c h d i s t r i b u t i o n , a, = 0 . 1 3 2 2 i s t h e c a s e f o r w h i c h t h e f i r s t 
k 
t h r e e moments o f l o g n o r m a l a r e n u m e r i c a l l y e q u a l t o t h e f i r s t t h r e e 
m o m e n t s , r e s p e c t i v e l y , o f t h e Gumbel d i s t r i b u t i o n , and t h u s t h e two 
d i s t r i b u t i o n s a r e p r a c t i c a l l y i n d i s t i n g u i s h a b l e ( s e e F i g u r e 3 . 4 ) . 
S i m i l a r l y , a t a 2 = 0 . 3 2 4 7 t h e f i r s t t h r e e moments o f t h e gamma 
d i s t r i b u t i o n a r e n u m e r i c a l l y e q u a l t o t h e f i r s t t h r e e m o m e n t s , 
r e s p e c t i v e l y , o f t h e Gumbel d i s t r i b u t i o n . Thus t h e gamma and Gumbel 
d i s t r i b u t i o n s b e c o m e p r a c t i c a l l y i n d i s t i n g u i s h a b l e a t a 2 = 0 . 3 2 4 7 ( s e e 
F i g u r e 3 . 5 ) , a l t h o u g h t h e r e i s a s l i g h t s h i f t i n t h e modes w h i c h o c c u r s 
s i n c e t h e l o w e r l i m i t o f t h e Gumbel d i s t r i b u t i o n i s a t n e g a t i v e i n f i n i t y . 
B a s e d on F i g u r e s 3 . 1 t h r o u g h 3 . 7 and t h e r e s u l t s p r e s e n t e d i n 
T a b l e 3 . 3 , t h e c h a r a c t e r i s t i c f e a t u r e s o f l o g n o r m a l , gamma, and t h e Gumbel 
d i s t r i b u t i o n s a r e s u m m a r i z e d i n t h e f o l l o w i n g p a r a g r a p h s . 
C h a r a c t e r i s t i c S h a p e s 
The s h a p e s o f t h e d i s t r i b u t i o n s c a n b e c h a r a c t e r i z e d a s f o l l o w s : 
2 
T a b l e 3 . 3 . N u m e r i c a l V a l u e s o f V a r i a b l e K a t S e l e c t e d F r e q u e n c i e s 
•** RETURN PERIOD IN YEARS **• 
1.01 1.05 1.11 1.25 2.P0 5. DO 10.00 25.00 50.00 100.00 200.00 500.00 1000.CO 
VAR PDF • 010 .050 .100 • 200 .500 
- C 
• 8 00 
0 f • 
.900 .960 • 980 .990 .995 .998 .999 
Q500 LN .58* • 679 .735 • 810 .976 1 .175 1.295 1.437 1.536 1.631 1.724 1 .843 1.971 
GA .554 .663 .726 .809 .983 1 .1*2 1.295 1.424 1.511 1,592 1.669 1.765 1.835 
GU • 633 • 70b .754 .816 .963 1.161 1.292 1.457 1.580 1.701 1.823 1.983 2.104 
1000 LN • 465 .574 .642 .735 .953 1.236 1.416 1.637 1.797 1.955 2.112 2.319 2.476 
GA • 413 .543 .622 • 729 .967 1.252 1.421 1.616 1.751 1.878 2.000 2.154 2.2£f 
GU .481 .587 .652 .740 .948 1.228 1.413 1.646 1.820 1.992 2.163 2.390 2.561 
1322 LN .414 .526 • 59P .699 .940 1.2&4 1.476 1.742 1.938 2.133 2.329 2.591 2.792 
GA .351 • 486 • 571 ,6P8 .956 1,286 1.485 1.718 1.880 2.033 2.181 2.368 2.505 
GU .403 .525 .600 .701 .940 1.262 1.474 1.743 1.943 2.140 2.338 2.598 2.795 
2C00 LN .33U .452 • 528 .637 .913 1.308 1.578 1.928 2.194 2.465 2.742 3.120 3.412 
GA .256 .304 ,4«7 .618 .934 1.344 1.599 1.902 2.116 2.321 2.519 2.772 2.958 
GU .266 .416 • 508 .633 .927 1.322 1.593 1.914 2.159 2.403 2.645 2.965 3.207 
3000 LN .266 • 37B • 455 .570 .877 1.350 1.691 2.150 2.511 2.888 3.281 3.831 4.2*9 
GA .167 .298 • 393 .535 .902 1.409 1.734 2.131 2.415 2.689 2.956 3.300 3.5E6 
GU .101 .285 • 307 .550 .910 1.394 1.715 2.119 2.420 2.718 3.015 3.407 3.703 
3247 LN .253 .363 .440 .556 .869 1.358 1.71* 2.198 2.592 2.983 3.405 3.997 4.470 
GA .151 • 273 .374 .518 .894 1.422 1 .764 2.182 2.482 2.773 3,056 3.422 3.694 
GU .065 .256 .373 • 532 • 906 1.410 1.743 2.165 2.477 2,787 3.096 3.504 3.812 
40C0 LN .219 • 326 .40? • 519 .8*5 1.377 1.777 2.333 2.782 3,258 3,765 4.487 5.075 
GA .111 .229 .322 • 469 .870 1.458 1.847 2.329 2.678 3,017 3.350 3.781 4.C99 
GU -.038 .174 .304 • 4B1 .896 1.455 1.825 2.293 2.640 2.984 3,327 3.779 4.122 
5000 LN .186 • 286 • 361 .478 »816 1.395 1.846 2.489 3.019 3.592 4.210 5.102 5.841 
GA .074 .178 .266 .412 .839 1.497 1.945 2.506 2.917 3.319 3.715 4.230 4.617 
GU -.160 .077 .222 .4 19 .684 1.509 1.922 2.445 2.833 3.218 3.602 4.108 4.45C 
T a b l e 3 . 3 . N u m e r i c a l V a l u e s o f V a r i a b l e K a t S e l e c t e d F r e q u e n c i e s - C o n t i n u e d 
• * * RETURN PERIOD I N YEARS * • * 
1 . 0 1 1 .05 1.25 £ . 0 0 5 .00 10 .00 25 .00 5 0 . 0 0 100 .00 2 0 0 . 0 0 500 .00 1000 .00 




.900 .960 • 980 .990 .995 .998 .999 
.6000 LN • 160 .256 .328 • 444 . 7 9 1 1.408 1.903 2 .625 3 . 2 3 1 3 .896 4 .622 5 .694 6 .576 
GA .050 .138 .220 .364 .809 1.529 2 , 0 3 1 2 .669 3 .139 3 .602 4 . 0 5 9 4 .655 5 .106 
- . 2 7 1 - . 0 1 1 .148 • 364 .873 1.557 2 . 0 1 1 2 . 5 3 3 3 .008 3 .430 3,e50 4.404 4 .823 
. 7 0 0 0 LN • m . 2 3 1 • 30.2 .415 .767 1.416 1 .951 2 . 7 4 5 3 .423 4 . 1 7 6 5 .008 6 .237 7 .284 
GA .034 .10f i • 183 .322 . 7 7 9 1.555 2 . 1 0 9 2 .819 3 .347 3 .869 4 . 3 8 7 5 .066 5 .576 
0U - . 3 7 3 - . 0 9 2 . 079 • 313 . 8 6 3 1 .602 2 . 0 9 1 2 . 7 1 0 . 3 .169 3 .624 4 .078 4 .677 5 .129 
• 8000 LN • 125 . 2 1 1 • 279 . 3 9 1 . 745 1 .421 1 .991 2 .853 3 .599 4 . 4 3 5 5 .370 6.765 7 .966 
r>A • 022 .152 • 2P5 .750 1 .577 2 .179 2 .960 5 .544 4 . 1 2 4 4 . 7 0 1 5 .461 6 . 0 3 1 
"=U - . 4 6 9 - . 1 6 0 . 016 • 266 . 8 5 3 1.644 2 . 1 6 7 2 .828 3 .319 3 .806 4 . 2 9 1 4 . 9 3 1 5 .414 
. 9 0 0 0 LN .113 .194 .260 • 370 .725 1.424 2 .025 2 .950 3 .760 4 . 6 7 7 5 .713 7 .271 8 .625 
GA .015 .066 . 127 .252 . 7 2 1 1 .595 2 . 2 4 3 3 .093 3 .732 4 .369 5 . 0 0 5 5 .843 6 .473 
OU - . 5 5 7 - . 2 3 9 - . 0 4 4 • 221 .844 1 .683 . 2 . 2 3 8 2 .939 3 .459 3 .976 4 .490 5 .169 5 .682 
1 .0000 LN . 1 0 2 • i e o • 243 . 3 5 1 . 7 0 7 1.425 2 . 0 5 5 3 .037 3 .909 4 . 9 0 4 6 . 0 3 7 7 .756 9 . 2 6 3 
GA .010 . 0 5 1 .105 • 223 . 6 9 3 1.G09 2 .303 •*.219 3 .912 4 .605 5 .298 6 .214 6 .904 
CU - . 6 4 1 - . 3 0 6 - . 1 0 0 .179 . 336 1.719 2 .305 3 .044 3 .592 4 . 1 3 7 4 . 6 7 9 5 .395 5 .936 
1 .5000 LN . 068 . 1 3 1 .185 .283 .632 . 1.415 2 . 1 5 7 3 .379 4 . 5 1 7 5 .862 7 .445 9 .943 12 .178 
GA . 0 0 1 • 014 • 041 .121 . 565 1 .646 2 . 5 3 9 3 .767 4 . 7 1 8 5 .682 6 .655 7.954 8 .936 
GU - 1 . 0 1 0 - . 5 9 9 - . 3 4 8 - . 0 0 6 .799 1 .881 2 .598 3 .503 4 . 1 7 5 4 -842 5 .506 6 .382 7 .045 
2 . 0 0 0 0 LN . 050 . 103 • 151 • 2 39 . 577 1.395 2 .212 3 .617 4 .970 6 . 6 1 2 8 .589 11.773 1 4 . 7 2 3 
GA .000 .004 • 016 .064 . 4 5 5 1 .64? 2.7C6 4 .218 5 . 4 1 2 6 . 6 3 5 7 .879 9 .549 1 0 . 8 2 1 
GU - 1 . 3 2 0 - . 8 4 6 - . 5 5 6 - . 1 6 1 . 768 2 .017 Z .845 3 .890 4 . 6 6 6 5 .4 36 6 . 2 0 3 7 .215 7 .980 
2 . 5 0 0 0 LN • 040 . 0 * 5 .127 . 2 0 * .535 1 .371 2 . 2 4 3 3 .793 5 . 3 2 4 7 . 2 2 3 9 . 5 5 1 . 13 .376 16.9ei 
GA .000 . 0 0 1 • 006 .033 . 363 1.614 2 .825 « . 6 0 1 6 . 0 2 7 7 .500 9 .008 11 .043 12 .600 
GU - 1 . 5 9 4 - 1 . 0 6 4 - . 7 4 0 - . 2 9 8 .740 2.13S 3 .063 4 .232 5 .099 5 . 9 6 0 6 .817 7 .949 8 .804 
3 . 0 0 0 0 LN . 032 . 0 7 2 • 111 • 186 .500 1.347 2 . 2 6 1 3.928 5 .612 7 .735 10 .378 14 .791 1 9 . 0 1 1 
GA - . 0 0 0 .000 • 002 .017 . 2£7 1.569 2 .909 4 . 9 3 1 6 . 5 8 1 8 .295 10 .065 12 .459 14 .298 
UU - 1 . 8 4 2 - 1 . 2 6 1 - . 9 " 6 - . 4 2 2 .715 2 . 2 4 6 3 .260 4 .540 5 .490 6 .433 7 .372 8 .612 9 , 5 4 9 
I . 6 r 
. 0 . 4 . 8 1.2 1.6 2 . 0 . 2 . 4 2 . 8 3 . 2 3 . 6 4 . 0 








1 . The modes o f t h e t h r e e d i s t r i b u t i o n s s h i f t t o w a r d s t h e 
2 
o r i g i n a s a i n c r e a s e s ( s e e F i g u r e s 3 . 1 t o 3 . 3 ) . 
2 2 
2 . At l o w e r v a l u e s o f ( i . e . , up t o = 0 . 2 ) , t h e 
c h a r a c t e r i s t i c s h a p e s o f t h e t h r e e d e n s i t y f u n c t i o n s a r e 
s i m i l a r e x c e p t f o r d i f f e r e n c e s i n t h e p r o b a b i l i t y d e n s i t y 
a t mode ( s e e F i g u r e 3 . 6 ) . 
2 
3 . A t = 0 . 1 3 2 2 t h e l o g n o r m a l and t h e Gumbel d i s t r i b u t i o n s 
a r e p r a c t i c a l l y i n d i s t i n g u i s h a b l e ( s e e F i g u r e 3 . 4 ) . 
2 
4 . At = 0 . 3 t o 0 . 4 t h e l o g n o r m a l d i s t r i b u t i o n b e c o m e s 
s i g n i f i c a n t l y d i f f e r e n t from t h e gamma and Gumbel 
2 
d i s t r i b u t i o n s . I n t h i s r a n g e o f a ^ , t h e gamma and t h e Gumbel 
d i s t r i b u t i o n s r e s e m b l e e a c h o t h e r c l o s e l y and b e c o m e q u i t e 
2 
s i m i l a r a t a, = 0 . 3 2 4 7 . The t a i l s o f GA and GU a r e t h i c k e r 
k 
and t h e p r o b a b i l i t y d e n s i t y a t modes l o w e r compared t o t h e 
LN ( s e e F i g u r e 3 . 5 ) . 
2 
5 . A t a > 0 . 5 a l l t h r e e d i s t r i b u t i o n s b e c o m e m a r k e d l y d i f f e r e n t 
K. 
f rom e a c h o t h e r e v e n a t t h e same mean and t h e same v a r i a n c e 
( s e e F i g u r e s 3 . 7 and 3 . 1 t h r o u g h 3 . 3 ) . The l a r g e d i f f e r e n c e s 
b e t w e e n s k e w n e s s c o e f f i c i e n t s and b e t w e e n k u r t o s i s c o e f f i c i e n t s 
( s e e T a b l e 3 . 2 ) a r e i n d i c a t i v e o f t h e d i f f e r e n c e s i n t h e 
c h a r a c t e r i s t i c s h a p e s o f t h e t h r e e d i s t r i b u t i o n s when 
o f > 0 . 5 . 
k -
Gamma D i s t r i b u t i o n 
The gamma d i s t r i b u t i o n h a s , i n g e n e r a l , a t h i c k e r l o w e r t a i l , i . e . , 
t h e c u r v e r i s e s m o r e s t e e p l y n e a r t h e o r i g i n and t h e mode g e n e r a l l y 
43 
2 
o c c u r s a t a l o w e r v a l u e o f k , compared t o t h e LN and a s i n c r e a s e s 
f r o m 0 . 4 i t s l o w e r t a i l g r o w s t h i c k e r and t h i c k e r and t h e mode s h i f t s 
t o w a r d s t h e o r i g i n . The gamma b e c o m e s an e x p o n e n t i a l d i s t r i b u t i o n a t 
2 
cr̂  = 1 . 0 ( s e e F i g u r e 3 . 2 ) . T h u s , t h e gamma d i s t r i b u t i o n d o e s n o t r e t a i n 
2 
a b e l l s h a p e when a > 1 . 0 and may n o t b e s u i t a b l e f o r many i m p o r t a n t 
c l a s s e s o f d a t a s u c h a s f l o o d p e a k s and s t o r m r a i n f a l l . ( H o w e v e r , f o r 
2 
a h y d r o l o g i c s a m p l e w i t h many v a l u e s n e a r z e r o and S > 1 . 0 GA may b e 
rv "~~ 
2 
a p p l i e d ) . The t h i c k e r l o w e r t a i l o f GA i n t h e r a n g e of a, = 0 . 4 t o 
k 
a b o u t 1 . 0 i n d i c a t e s i t s p a r t i c u l a r a d a p t a b i l i t y t o s a m p l e s w h i c h h a v e 
2 
q u i t e a f e w l o w v a l u e d v a r i a t e s i n t h i s r a n g e o f a ^ . 
Gumbel D i s t r i b u t i o n 
S i n c e t h e l o w e r l i m i t of i t s random v a r i a b l e k i s a p o r t i o n of 
t h e Gumbel d e n s i t y c u r v e a l w a y s e x t e n d s i n t o t h e n e g a t i v e r a n g e of k. 
H o w e v e r , a h y d r o l o g i s t n e e d n o t b e c o n c e r n e d a b o u t t h i s f a c t a s l o n g a s 
t h e a r e a of t h e GU d e n s i t y c u r v e i n t h e n e g a t i v e r a n g e o f k i s 
i n s i g n i f i c a n t . T a b l e 3 . 4 p r e s e n t s t h e v a l u e s o f CDF, F ( k ) , a t k = 0 . 0 
2 
f o r d i f f e r e n t v a l u e s o f a . T h e s e CDF v a l u e s r e p r e s e n t t h e p r o p o r t i o n 
IV 
o f t h e t o t a l a r e a o f t h e d e n s i t y c u r v e i n t h e n e g a t i v e r a n g e o f k a t 
2 
e a c h v a l u e of a, . T a b l e 3 . 4 s h o w s t h a t t h e a r e a o f Gumbel c u r v e i n t h e 
k 
2 
n e g a t i v e r a n g e o f k b e c o m e s more and m o r e s i g n i f i c a n t a s i n c r e a s e s 
a b o v e a v a l u e o f 0 . 5 . S i n c e n e g a t i v e d a t a do n o t e x i s t i n h y d r o l o g y , 
( u n l e s s made n e g a t i v e b y some t r a n s f o r m ) u s e o f t h e Gumbel d i s t r i b u t i o n 
i n f r e q u e n c y a n a l y s e s f o r s a m p l e s w i t h s u c h v a r i a n c e may n o t b e 
m e a n i n g f u l . F i g u r e 3 . 3 , i n f a c t , s h o w s t h e Gumbel d e n s i t y c u r v e s w i t h 
t h e n e g a t i v e s i d e t r u n c a t e d . I f a 5% l i m i t i s s e t on p e r m i s s i b l e 
T a b l e 3 . 4 . Gumbel d i s t r i b u t i o n - CDF a t k=o 
V a r i a n c e F ( k = 0 ) * = p o r t i o n o f t o t a l a r e a 
2 2 u n d e r t h e c u r v e l y i n g i n t h e n e g a t i v e 
r a n g e o f k . 
. 0 5 . 0 
. 1 0 . 0 
. 2 0 . 5 1 x 1 0 
. 3 0 . 2 9 x 1 0 
. 4 . 0 1 4 
. 5 . 0 3 2 
. 6 . 0 5 3 
. 7 . 0 7 4 
. 8 . 0 9 5 
. 9 . 1 1 4 
1 . 0 . 1 3 2 
2 . 0 . 2 4 9 
3 . 0 . 3 0 8 
5 . 0 . 3 6 9 
1 0 . 0 . 4 3 0 
oo . 5 7 0 
l 1 
* F ( k = 0 ) - e e , and au = 0 . 5 7 7 2 ) 
is- ™ 
45 
n e g a t i v e a r e a o f GU c u r v e f o r i t s a o n l i c a b i l i t v . i t i s n o t d e s i r a b l e 
2 
t o u s e a GU d i s t r i b u t i o n f o r d a t a h a v i n e a S, l a r e e r t h a n 0 . 6 , a n d w i t h 
k 
2 
a 10% l i m i t o n e m i g h t u s e i t f o r d a t a s a m p l e s h a v i n g i t s up t o a b o u t 
2 
0 . 8 t o 0 . 9 . At a, = 0 . 5 t o 0 . 9 GU d i s t r i b u t i o n h a s a d i s t i n c t l y 
k 
d i f f e r e n t c h a r a c t e r i s t i c s h a p e . I t i s a r e l a t i v e l y f l a t d i s t r i b u t i o n 
compared t o LN and GA. 
L o g n o r m a l D i s t r i b u t i o n 
2 
Of t h e t h r e e d i s t r i b u t i o n s LN h a s a l a r g e r s k e w n e s s a t o > 0 . 2 
( s e e T a b l e 3 . 2 ) . As a r e s u l t t h e v a l u e o f t h e PDF a t t h e mode i s l a r g e r 
and i t h a s t h i n n e r r i s i n g and f a l l i n g l i m b s compared t o GA and GU f o r a 
2 
w i d e r a n g e o f cr ( s e e F i g u r e s 3 . 6 and 3 . 7 ) . I n t h e f o r e g o i n g p a r a g r a p h s , 
i t h a s b e e n p o i n t e d o u t t h a t b o t h GA and GU d i s t r i b u t i o n s b e c o m e 
u n s u i t a b l e f o r a p p l i c a t i o n i n many i n s t a n c e s i n h y d r o l o g y due t o t h e i r 
2 
i n h e r e n t c h a r a c t e r i s t i c s when cr, h a s a v a l u e o f a b o u t 1 . 0 and a b o v e . 
k 
A l s o , t h e h i g h s k e w n e s s o f l o g n o r m a l d i s t r i b u t i o n s a t s u c h h i g h 
v a r i a n c e s c a u s e s a l a r g e p r o p o r t i o n o f a r e a u n d e r t h e p r o b a b i l i t y 
d e n s i t y c u r v e t o s h i f t t o w a r d s t h e o r i g i n ( f o r e x a m p l e , t h e CDF = 0 . 5 
2 
when t h e d i m e n s i o n l e s s v a r i a b l e K = 0 . 7 1 , 0 . 5 8 and 0 . 5 f o r cr = 1 . 0 , 2 . 0 
k 
and 3 . 0 , r e s p e c t i v e l y ) . T h i s i n d i c a t e s t h a t f o r a l o g n o r m a l d i s t r i b u t i o n 
t o b e a p p l i c a b l e t o a s e t o f d a t a h a v i n g h i g h v a r i a n c e i t i s a l s o 
r e q u i r e d t h a t t h e d a t a c o n t a i n a h i g h p r o p o r t i o n o f l o w v a l u e d 
2 
v a r i a b l e s . T h i s w o u l d r e q u i r e t h a t f o r d a t a s e t s h a v i n g t h e i r = 1 . 0 , 
2 . 0 and 3 . 0 a b o u t 50% o f t h e v a r i a t e s s h o u l d h a v e t h e i r v a l u e s l e s s t h a n 
0 . 7 , 0 . 6 and 0 . 5 o f t h e m e a n , r e s p e c t i v e l y , f o r s a t i s f a c t o r y a p p l i c a t i o n 
of t h e l o g n o r m a l d i s t r i b u t i o n . I f t h i s c o n d i t i o n i s f u l f i l l e d , l o g n o r m a l 
46 
i s t h e o n l y o n e o f t h e t h r e e d i s t r i b u t i o n s w h i c h a p p e a r s t o b e u s a b l e 
2 
when S, o f t h e g i v e n d a t a i s 1 . 0 o r a b o v e , 
k 
G r a p h i c a l C o m p a r i s o n 
The p r o b a b i l i t y d e n s i t y c u r v e s shown b y F i g u r e s 3 . 1 t h r o u g h 3 . 3 
may a l s o b e p l o t t e d a s p r o b a b i l i t y d i s t r i b u t i o n c u r v e s on l o g - p r o b a b i l i t y 
2 
p a p e r u s i n g d a t a g i v e n i n T a b l e 3 . 3 f o r d i f f e r e n t v a l u e s o f a, . F i g u r e 
k 
3 . 8 s h o w s LN, GA and GU d e n s i t i e s a s d i s t r i b u t i o n c u r v e s on l o g -
2 
p r o b a b i l i t y p a p e r f o r = 0 . 1 , 0 . 5 and 1 . 0 ^ r e s p e c t i v e l y . ( I t may b e 
n o t e d t h a t h y d r o l o g i s t s o f t e n p l o t t h e i r d a t a on l o g - p r o b a b i l i t y p a p e r 
and compare how w e l l t h e i r d a t a f i t a s e l e c t e d d i s t r i b u t i o n ) . F i g u r e 
3 . 8 s h o w s t h a t , when p l o t t e d on a l o g - p r o b a b i l i t y p a p e r , t h e t h r e e 
d i s t r i b u t i o n s a p p e a r t o d i f f e r o n l y s l i g h t l y and t h e n a t t h e t a i l s 
2 
when t h e v a r i a n c e i s l o w ( F i g u r e 3 . 8 a , = . 1 ) and show marked 
2 
d i f f e r e n c e s a t h i g h v a r i a n c e ( F i g u r e 3 . 8 b , o = 1 . 0 ) . Even t h o u g h 
F i g u r e 3 . 7 s h o w s c o n s i d e r a b l e d i f f e r e n c e b e t w e e n GA and GU d e n s i t y 
2 
c u r v e s a t O — 0 . 5 , t h e y a r e a l m o s t i n d i s t i n g u i s h a b l e on F i g u r e 3 . 8 c 
e x c e p t a t t h e l o w e r t a i l ( t h e l o w e r t a i l of GU d i s t r i b u t i o n may n o t 
b e e x p e c t e d t o compare w e l l s i n c e k e x t e n d s t o -°°). T h u s , a v i s u a l 
c o m p a r i s o n may n o t b e a d e q u a t e t o d i s t i n g u i s h t h e d i f f e r e n c e s o n a 
l o g - p r o b a b i l i t y p l o t . 
P e r c e n t i l e s ( P r e d i c t i o n s f o r V a r i o u s R e t u r n P e r i o d s ) 
One of t h e m a i n u s e s h y d r o l o g i s t s make of p r o b a b i l i t y d e n s i t y 
f u n c t i o n s i s t o p r e d i c t t h e m a g n i t u d e o f some h y d r o l o g i c v a r i a b l e 
a s s o c i a t e d w i t h some e x c e e d e n c e p r o b a b i l i t y e . g . , t h e 1 0 0 - y e a r f l o o d 
47 
F i g u r e 3 . 8 L o g - p r o b a b i l i t y p l o t s o f LN, GA, and Gumbel 
D i s t r i b u t i o n ; a ) a 2 = 0 . 1 0 , b ) a. 2 = 1 . 0 

49 
f l o w . T a b l e 3 . 3 p r e s e n t s s e l e c t e d p e r c e n t i l e s o f LN, GA and GU 
2 ' 
d i s t r i b u t i o n s f o r s r a n g i n g f rom 0 . 0 5 t o 3 . 0 0 . To p o r t r a y how t h e 
2 
p r e d i c t i o n s g i v e n by t h e t h r e e d i s t r i b u t i o n s v a r y w i t h cr ,̂ t h e d a t a 
2 
s h o w i n g how v a r i e s w i t h p r e s e n t e d i n T a b l e 3 . 3 may b e p l o t t e d 
a s shown i n F i g u r e 3 . 9 . The c u r v e s show t h e p a t t e r n s i n t h e p r e d i c t i o n s 
g i v e n b y t h e t h r e e d i s t r i b u t i o n s . The d i f f e r e n c e s among t h e p r e d i c t i o n s 
g i v e n b y t h e t h r e e d i s t r i b u t i o n s a t a g i v e n v a r i a n c e c h a n g e w i t h t h e 
r e t u r n p e r i o d s ( t ) . When t = 2 y e a r s ( i . e . , CDF = 0 . 5 ) , K d e c r e a s e s 
2 
w i t h an i n c r e a s e o f a ( F i g u r e 3 . 9 a ) b e c a u s e t h e i n c r e a s i n g p o s i t i v e 
s k e w n e s s ( s e e T a b l e 3 . 2 ) s h i f t s more and more a r e a o f t h e d e n s i t y 
c u r v e s t o w a r d s t h e o r i g i n . P r e d i c t i o n s g i v e n b y t h e l o g n o r m a l 
d i s t r i b u t i o n ' a r e h i g h e r t h a n t h o s e g i v e n b y t h e gamma and Gumbel 
2 
d i s t r i b u t i o n s when t > 50 y e a r s and a e x c e e d s 0 . 1 5 , and Gumbel g i v e s 
2 
t h e l o w e s t p r e d i c t i o n s o f t h e t h r e e when a i s l a r g e r t h a n a b o u t 0 . 4 . 
( S e e F i g u r e 3 . 9 ) . L o g n o r m a l p r e d i c t i o n s a r e t h e l o w e s t o f t h e t h r e e 
2 
f o r a w i d e r a n g e o f o f o r t < 25 y e a r s . 
T a b l e 3 . 5 p r e s e n t s t h e p e r c e n t a g e s b y w h i c h t h e LN p r e d i c t i o n s 
e x c e e d t h e GA and GU p r e d i c t i o n s f o r r e t u r n p e r i o d s o f 5 0 , 1 0 0 , 200 and 
2 
1 0 0 0 y e a r s a s a, v a r i e s f rom 0 . 2 t o 3 . 0 . 
k 
T h i s c h a p t e r p r o v i d e s q u a n t i t a t i v e i n f o r m a t i o n on how t h e 
s e l e c t e d p r o b a b i l i t y d e n s i t y f u n c t i o n a f f e c t s f r e q u e n c y a n a l y s i s . As 
t h e v a r i a n c e o f t h e p o p u l a t i o n i n c r e a s e s , t h e s h a p e s o f t h e d e n s i t y 
f u n c t i o n s and t h e r e s u l t i n g p r e d i c t i o n s v a r y more and more among t h e 
d e n s i t y f u n c t i o n s commonly u s e d . I f an a p p r o p r i a t e c h o i c e o f P D F ' s i s 
2 
n o t made when t h e d a t a s a m p l e s h a v e a S^ l a r g e r t h a n 0 . 2 , e r r o n e o u s 
p r e d i c t i o n s w i l l r e s u l t . 
50 
T a b l e 3 . 5 . P e r c e n t b y Which L o g n o r m a l P r e d i c t i o n s a r e H i g h e r 
Than Gamma and Gumbel P r e d i c t i o n s 
R e t u r n P e r i o d Y e a r s 
2 50 1 0 0 2 0 0 1 0 0 0 
K 
GA GU GA GU GA GU GA GU 
0 . 2 3 . 7 1 . 6 6 . 2 2 . 6 8 . 8 3 . 6 1 5 . 4 6 . 5 
0 . 3 4 . 0 3 . 8 7 . 4 6 . 2 1 1 . 0 8 . 8 2 0 . 0 1 5 . 3 
0 . 4 3 . 9 5 . 4 8 . 0 9 . 2 1 2 . 4 1 3 . 2 2 3 . 6 2 3 . 1 
0 . 5 3 . 5 6 . 6 8 . 2 1 1 . 6 1 3 . 3 1 6 . 7 2 6 . 5 3 0 . 1 
0 . 6 2 . 9 7 . 4 8 . 1 1 3 . 6 1 3 . 8 2 0 . 0 2 8 . 7 3 6 . 3 
0 . 7 2 . 3 8 . 0 7 . 9 1 5 . 2 1 4 . 1 2 2 . 8 3 0 . 5 4 1 . 9 
0 . 8 1 . 5 8 . 4 7 . 5 1 6 . 5 1 4 . 2 2 5 . 1 3 2 . 0 4 7 . 1 
0 . 9 0 . 7 8 . 7 7 . 0 1 7 . 6 1 4 . 1 2 7 . 2 3 3 . 1 5 1 . 7 
1 . 0 * - 0 . 1 8 . 8 6 . 5 1 8 . 5 1 3 . 9 2 9 . 0 3 4 . 2 5 6 . 0 
1 . 5 * - 4 . 3 8 . 2 3 . 2 2 1 . 1 1 1 . 9 3 5 . 2 3 6 . 3 7 2 . 8 
2 . 0 * - 8 . 2 6 . 5 - 0 . 3 2 1 . 6 9 . 0 3 8 . 4 3 6 . 1 8 4 . 4 
2 . 5 * - 1 1 . 7 4 . 4 - 3 . 7 2 1 . 2 6 . 0 4 0 . 0 3 4 . 8 9 2 . 8 
3 . 0 * - 1 4 . 7 2 . 2 - 6 . 8 2 0 . 2 3 . 1 4 0 . 7 3 3 . 0 9 9 . 0 








SOME CRITERIA TO SELECT THE PROBABILITY DENSITY FUNCTION 
OF "BEST FIT lit 
I t h a s b e e n shown i n C h a p t e r I I I t h a t t h e s h a p e s of d e n s i t y 
f u n c t i o n s v a r y w i t h t h e m a g n i t u d e s of s t a t i s t i c a l m o m e n t s . The 
d i m e n s i o n l e s s f o r m s o f LN, GA and GU d i s t r i b u t i o n s ( C h a p t e r I I I ) d i s p l a y 
2 
d i f f e r e n t s h a p e s a t d i f f e r e n t v a l u e s o f , and t h e p u r p o s e o f t h i s 
c h a p t e r i s t o show how t h e r e l a t i o n s h i p b e t w e e n t h e s h a p e s o f t h e d e n s i t y 
f u n c t i o n s and t h e moments c a n b e u s e d t o f o r m u l a t e an a n a l y t i c a l c r i t e r i o n 
t o s e l e c t a p r o b a b i l i t y d e n s i t y f u n c t i o n o f t h e " B e s t F i t " . O t h e r 
c r i t e r i a w h i c h c a n a l s o h e l p d i s c r i m i n a t e among t h e P D F ' s a r e a l s o 
d i s c u s s e d , and a s c h e m e of n u m e r i c a l e x p e r i m e n t s t o v e r i f y t h e v a l i d i t y 
o f t h e s e l e c t i o n " B e s t F i t " c r i t e r i o n i s o u t l i n e d . 
Some s y m b o l s u s e d i n t h i s c h a p t e r and s u b s e q u e n t c h a p t e r s a r e a s 
f o l l o w s : 
NO. SYMBOL MEANING 
1 u_ Mean o f f i t t e d d i s t r i b u t i o n ( i . e . , mean b a s e d on t h e e s t i m a t e d p a r a m e t e r s , s e e T a b l e 
3 . 1 ) 
2 2 V a r i a n c e of f i t t e d d i s t r i b u t i o n ( i . e . , 
v a r i a n c e b a s e d on e s t i m a t e d p a r a m e t e r s ) 
3 K, 
S 1 0 0 
1 0 0 - y e a r v a l u e b a s e d on t h e PDF f i t t e d t o t h e 
s a m p l e 
4 LN. GA LN d a t a a r e f i t t o GA PDF. LN.GA may b e 
r e p l a c e d b y any p a i r o f P D F ' s t o g i v e t h e 
c o r r e s p o n d i n g m e a n i n g 
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NO. SYMBOL MEANING 
5 LN.GA/LS S y n t h e t i c LN d a t a a r e f i t t o GA b y L S . 
(LN.GA may b e r e p l a c e d b y a n y p a i r o f P D F ' s 
and LS may b e r e p l a c e d b y MO, ML o r MCS t o 
g i v e t h e c o r r e s p o n d i n g m e a n i n g ) 
6 (LN) .GA/LS R e a l d a t a j u d g e d t o b e b e s t f i t b y LN PDF 
a r e f i t t o a GA b y L S . ( ( L N ) . G A may b e 
r e p l a c e d b y any p a i r o f P D F ' s and LS may 
b e r e p l a c e d b y MO, ML o r MCS t o g i v e t h e 
c o r r e s p o n d i n g m e a n i n g . ) 
C r i t e r i o n B a s e d on S i m u l t a n e o u s F i t o f Moments 
and S h a p e o f Sample D i s t r i b u t i o n 
S i n c e t h e h y d r o l o g i s t g e n e r a l l y h a s a v e r y l i m i t e d s a m p l e o f t h e 
p o p u l a t i o n of a h y d r o l o g i c v a r i a b l e , h e c a n n o t know t h e c o r r e c t 
p r o b a b i l i t y d e n s i t y f u n c t i o n f o r r e p r e s e n t i n g t h e p o p u l a t i o n w i t h 
c e r t a i n t y . He m u s t do t h e b e s t h e c a n b y t r y i n g t o m a t c h h i s 
s e l e c t i o n t o known p r o p e r t i e s o f t h e e m p i r i c a l d a t a . Two p r o p e r t i e s 
t h a t s e e m p a r t i c u l a r l y i m p o r t a n t f o r t h i s p u r p o s e a r e t h e s h a p e o f t h e 
s a m p l e d i s t r i b u t i o n and i t s m o m e n t s . 
Assume t h a t a s a m p l e i s t a k e n f r o m a known PDF, f . The moments 
o f t h e s a m p l e w i l l b e , on t h e a v e r a g e , e q u a l t o t h e moments o f f and 
f r e q u e n c i e s o f t h e s a m p l e e v e n t s r e p r e s e n t , on t h e a v e r a g e , t h e s h a p e o f 
f . I f f i s f i t t o t h e s a m p l e , t h e p a r a m e t e r e s t i m a t e s g i v e n b y MO, ML 
and LS ( s e e C h a p t e r I I f o r a d e s c r i p t i o n o f t h e s e m e t h o d s ) can b e 
e x p e c t e d t o b e a p p r o x i m a t e l y e q u a l . For e x a m p l e , t h e MO m e t h o d , w h i l e 
f i t t i n g t h e moments of f t o t h e s a m p l e may w e l l a l s o r e p r o d u c e t h e s h a p e 
o f f. S i m i l a r l y , t h e ML and LS m e t h o d s , i n a d d i t i o n t o f i t t i n g t h e 
s h a p e o f f t o t h e s a m p l e d i s t r i b u t i o n , may w e l l a l s o r e p r o d u c e i t s 
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m o m e n t s . 
What w i l l h a p p e n i f a s a m p l e f rom o n e PDF i s f i t t o a d i f f e r e n t 
PDF b y t h e a b o v e t h r e e s t a t i s t i c a l e s t i m a t i o n m e t h o d s ? The m e t h o d o f 
moments w i l l p r e s e n t a f i t o f t h e h y p o t h e s i z e d PDF w i t h i t s moments 
( a t l e a s t t h e f i r s t m number , w h e r e m i s number o f p a r a m e t e r s o f PDF) 
e q u a l t o s a m p l e moments b u t w i t h t h e s h a p e o f t h e s a m p l e d i s t r i b u t i o n 
a l t o g e t h e r i g n o r e d . On t h e o t h e r h a n d , t h e ML and LS m e t h o d s w i l l 
p r e s e n t a " f i t " w h i c h w i l l a p p r o x i m a t e t h e s h a p e o f s a m p l e d i s t r i b u t i o n 
b u t h a v e moments t h a t may ( g r e a t l y ) d i f f e r from t h e s a m p l e m o m e n t s . 
T h i s , i n t u r n , w i l l r e s u l t i n o v e r o r u n d e r e s t i m a t e s o f p r e d i c t e d 
e v e n t s when e s t i m a t e s a r e b a s e d on ML o r LS m e t h o d s . 
2 
To i l l u s t r a t e , a l o g n o r m a l s y n t h e t i c s a m p l e o f s i z e 1 0 0 and S^ = 
0 . 6 2 8 w a s f i t t o LN b y ML and t o GA b y ML and MO m e t h o d s , and t h e s h a p e s 
o f t h e f i t t e d d i s t r i b u t i o n s a r e p l o t t e d w i t h t h e s a m p l e h i s t o g r a m i n 
F i g u r e 4 . 1 . F i g u r e 4 . 1 s h o w s t h a t a 3,, LN.LN/ML i s a p p r o x i m a t e l y e q u a l 
R 
2 
t o S^ and t h e LN d i s t r i b u t i o n a p p r o x i m a t e s t h e s a m p l e h i s t o g r a m . 
(LN.LN/MO a l s o w i l l b e p r a c t i c a l l y e q u a l t o LN.LN/ML s i n c e t h e v a r i a n c e s 
o f t h e two f i t s a r e a p p r o x i m a t e l y e q u a l . ) The LN.GA/MO f i t g r e a t l y 
d i f f e r s i n s h a p e f rom b o t h t h e LN f i t and t h e s a m p l e h i s t o g r a m , b u t h a s 
2 
i t s v a r i a n c e e q u a l t o S^. On t h e o t h e r h a n d , t h e LN.GA/ML f i t a p p r o x i m a t e s 
t h e s h a p e o f t h e s a m p l e d i s t r i b u t i o n ; b u t a £ , LN.GA/ML w a s f o u n d t o b e 
R 
2 
o n l y 72% o f S^. P r e d i c t i o n s b y LN.GA/MO w o u l d b e l a r g e r t h a n p r e d i c t i o n s 
b y LN.GA/ML, b u t p r e d i c t i o n s b y LN.LN/MO and LN.LN/ML w o u l d b e a p p r o x i m a t e l y 
e q u a l ( v a l u e s o f a r e shown i n F i g u r e 4 . 1 ) . 
F i g u r e 4 . 2 s h o w s t h e r e s u l t s o f f i t t i n g a l o w v a r i a n c e GA s a m p l e 
F i g u r e 4 . 1 LN Sample F i t t o LN and GA 
I.I r 
F i g u r e 4 . 2 GA Sample F i t t o GA and LN 
00 
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( S k = 0 . 3 3 4 ) t o GA and LN. GA.LN/ML b e t t e r a p p r o x i m a t e d b o t h t h e l i m b s 
2 
o f s a m p l e d i s t r i b u t i o n t h a n GA.LN/MO. a , GA.LN/ML w a s f o u n d t o b e 1 . 4 4 
r 
2 
t i m e s S , and t h i s w o u l d r e s u l t i n l a r g e r p r e d i c t i o n s b y GA.LN/ML 
K-
compared t o p r e d i c t i o n s b y GA.LN/MO. F i g u r e 4 . 2 s h o w s t h e v a l u e s of 
K S 1 0 0 k y d i f f e r e n t f i t s . 
One may w o n d e r w h a t w i l l h a p p e n when t h e s h a p e of s a m p l e d o e s n o t 
c o n f o r m w i t h s h a p e o f p a r e n t p o p u l a t i o n . The a n s w e r may b e f o u n d i n t h e 
GA s a m p l e o f F i g u r e 4 . 2 . The h i s t o g r a m o f t h e s a m p l e s h o w s t h a t t h e 
s a m p l e , a f t e r a l l , d o e s n o t w e l l c o n f o r m w i t h t h e s h a p e o f p a r e n t 
p o p u l a t i o n , w h i c h i s , i n t h i s c a s e , a p p r o x i m a t e l y r e p r e s e n t e d b y GA.GA/ML 
2 2 
d e n s i t y c u r v e . N e v e r t h e l e s s , i t was f o u n d t h a t a , GA.GA/ML - S 1 . I n 
r K 
g e n e r a l , s a m p l e s may b e r e g a r d e d a s n o i s e - c o r r u p t e d a s shown b y F i g u r e 
4 . 3 ; a n d , i n f a c t , e s t i m a t i o n i s d e f i n e d a s e x t r a c t i n g i n f o r m a t i o n 
c o n c e r n i n g a p a r a m e t e r f rom n o i s e - c o r r u p t e d o b s e r v a t i o n s ( s e e C h a p t e r I I ) . 
Some s a m p l e s may b e more n o i s e - c o r r u p t e d t h a n o t h e r s . S i n c e t h e ML 
method attempts to maximize the probability of joint occurrence of f(x^) 
( s e e C h a p t e r I I ) , i t may b e r e g a r d e d t h a t ML m e t h o d , i n g e n e r a l , f i t s a 
p r o p o s e d PDF t o t h e o v e r a l l s h a p e o f t h e s a m p l e a l t h o u g h t h e s a m p l e i s 
n o i s e - c o r r u p t e d . H o w e v e r , a n o m a l o u s o b s e r v a t i o n s may b e e x p e c t e d t o 
i n f l u e n c e t h e f i t b y a s h a p e f i t t i n g m e t h o d . F o r e x a m p l e , F i g u r e s 3 . 1 
2 
and 3 . 2 show t h a t a s i n c r e a s e s t h e r i s i n g l i m b s o f LN and GA d e n s i t y 
c u r v e s s h i f t c l o s e r and c l o s e r t o t h e o r i g i n . Due t o t h e a b o v e phenomenon 
i f a s a m p l e c o n t a i n i n g a l a r g e number o f l o w v a l u e d v a r i a b l e s , b u t h a v i n g 
a r e l a t i v e l y l o w s a m p l e v a r i a n c e , i s f i t t o LN o r GA b y ML/LS/MCS i t 
2 2 
w i l l r e s u l t i n l a r g e r a compared t o S , . S i m i l a r l y , i f a s i n g l e 
F i g u r e 4 . 3 N o i s e C o r r u p t e d Sample 
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o b s e r v a t i o n i s f a r r e m o v e d from t h e t r e n d o f t h e o t h e r o b s e r v a t i o n s 
l y i n g way i n t h e u p p e r t a i l ( i . e . , an o u t l i e r ) a f i t by ML/LS/MCS 
m e t h o d s may i g n o r e g r e a t l y t h e p r e s e n c e o f s u c h an o b s e r v a t i o n i n t h e 
s a m p l e . A d e t a i l e d d i s c u s s i o n on s a m p l e s w i t h s u c h a n o m a l o u s 
o b s e r v a t i o n s i s d e f e r r e d t o C h a p t e r V I . 
The f o r e g o i n g d i s c u s s i o n i n d i c a t e s t h a t when c o m p u t a t i o n s a r e made 
by t h e s h a p e f i t t i n g e s t i m a t i o n m e t h o d s l i k e ML, LS o r MCS t h e moments o f 
t h e f i t w o u l d b e e q u a l t o t h e s a m p l e moments o n l y when t h e h y p o t h e s i z e d 
PDF i s a p p r o x i m a t e l y t h e same a s t h e s a m p l e d i s t r i b u t i o n . I n s u c h c a s e 
t h e moments o f t h e s a m p l e a s w e l l a s t h e d i s t r i b u t i o n o f t h e s a m p l e a r e 
f i t , h e n c e t h e h y p o t h e s i z e d PDF i s o p t i m a l . The ' B e s t F i t 1 c r i t e r i o n 
b a s e d on s i m u l t a n e o u s f i t o f moments and s h a p e o f s a m p l e d i s t r i b u t i o n may 
b e s t a t e d a s : The PDF of ' B e s t F i t ' i s t h a t PDF w h o s e moments of f i t b y 
ML/LS/MCS w o u l d b e a p p r o x i m a t e l y e q u a l t o t h e s a m p l e m o m e n t s . 
C r i t e r i a B a s e d on G o o d n e s s - o f - F i t T e s t s and L e a s t S q u a r e s F i t 
H y d r o l o g i c d a t a s u c h a s f l o o d p e a k s and p r e c i p i t a t i o n h a v e b e e n 
f i t b y a v a r i e t y o f p r o b a b i l i t y d e n s i t y f u n c t i o n s a n d , i n g e n e r a l , no 
d i s t r i b u t i o n h a s b e e n p r o v e d t o b e g e n e r a l l y b e t t e r t h a n t h e o t h e r s b y 
s t a t i s t i c a l t e s t s o f g o o d n e s s - o f - f i t ( s e e M a r k o v i c ( 1 9 6 5 ) , S c h u l z e t . a l . 
( 1 9 7 3 ) ) . I n a p p l y i n g t h e g o o d n e s s - o f - f i t t e s t s t o s e l e c t a PDF, t h e 
p r o c e d u r e h i t h e r t o h a s b e e n ' t o r e j e c t or f a i l t o r e j e c t ' t h e h y p o t h e s i s 
t h a t t h e s a m p l e i s from a h y p o t h e s i z e d PDF. T h i s p r o c e d u r e , i n g e n e r a l , 
l e d t o a v a r i e t y o f P D F ' s b e i n g f o u n d a p p l i c a b l e t o t h e same s a m p l e . I n 
t h i s s e c t i o n , p a r a m e t e r s of s e v e r a l g o o d n e s s - o f - f i t t e s t s a r e s u g g e s t e d 
f o r e x a m i n a t i o n a s p o s s i b l e c r i t e r i a f o r d i s c r i m i n a t i n g b e t w e e n P D F ' s . 
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i n w h i c h c i s a c r i t i c a l v a l u e f o r a g i v e n s i g n i f i c a n c e l e v e l . V a l u e s 
o f c a r e f u r n i s h e d i n m o s t s t a n d a r d b o o k s on s t a t i s t i c s ( s e e , f o r e x a m p l e , 
B e n j a m i n and C o r n e l l , 1 9 7 0 ) . 
On t h e b a s i s o f E q u a t i o n 4 . 3 o n e may i n t u i t i v e l y e x p e c t t h a t D Q 
w i l l b e a minimum f o r a c l o s e f i t . I n f a c t , D w i l l b e z e r o f o r a 
o 
p e r f e c t f i t . When d a t a s a m p l e s b e l o n g i n g t o a p a r t i c u l a r PDF a r e f i t t o 
v a r i o u s P D F ' s , i n c l u d i n g t h e p a r e n t PDF, t h e v a l u e s o f D q m i g h t b e 
e x p e c t e d t o b e t h e s m a l l e s t , o n t h e a v e r a g e , f o r t h e p a r e n t f i t . T h u s , 
t h e s m a l l e s t v a l u e o f D w i l l b e e x a m i n e d a s a p o s s i b l e c r i t e r i o n t o 
o 
d i s c r i m i n a t e PDF' s b y K-S t e s t . 
The Sum o f t h e S q u a r e d E r r o r s (SSE) R e s i d u a l t o L e a s t S q u a r e s F i t 
The l e a s t s q u a r e s m e t h o d o f e s t i m a t i n g t h e p a r a m e t e r s o f a 
p r o b a b i l i t y d e n s i t y f u n c t i o n ( s e e A p p e n d i x A) a i m s a t m i n i m i z i n g t h e sum 
o f s q u a r e d d i f f e r e n c e s b e t w e e n t h e f r e q u e n c y o f e a c h c l a s s o f a d a t a 
h i s t o g r a m and t h e a v e r a g e o f t h e h y p o t h e s i z e d d i s t r i b u t i o n f o r t h a t c l a s s . 
A f t e r t h e f i t t i n g p r o c e s s i s c o m p l e t e d , o n e may e x p e c t t h e r e s i d u a l sum 
o f s q u a r e s t o b e s m a l l f o r a c l o s e f i t . When d a t a s a m p l e s b e l o n g i n g t o 
a p a r t i c u l a r PDF a r e f i t t o d i f f e r e n t P D F ' s , i n c l u d i n g t h e p a r e n t PDF, 
t h e v a l u e o f t h e r e s i d u a l SSE m i g h t b e e x p e c t e d t o b e t h e s m a l l e s t , on 
t h e a v e r a g e , f o r t h e p a r e n t PDF. 
L i m i t a t i o n s on 6, D and SSE a s I d e n t i f i e r s o f P D F ' s o 
6, D q and SSE r e p r e s e n t t h e e r r o r s b e t w e e n t h e s a m p l e and t h e f i t . 
I f t h e v a l u e s o f t h e s e s t a t i s t i c s do n o t d i f f e r g r e a t l y when d a t a a r e f i t 
t o d i f f e r e n t P D F ' s t h e y may n o t s e r v e a s e f f e c t i v e PDF i d e n t i f i e r s . T h i s 
w i l l b e v e r i f i e d b y s i m u l a t i o n e x p e r i m e n t s . 
6 3 
The C h i - S q u a r e G o o d n e s s - o f - F i t T e s t 
2 
The t e s t s t a t i s t i c , x Q > ° f t h e c h i - s q u a r e g o o d n e s s - o f - f i t t e s t 
i s g i v e n b y , 
2 N - 2 
X = Z ( 0 . - n P . ) ( 4 . 1 ) 
o . - 1 1 
i = l — 
n P . 
I 
i n w h i c h 0 \ = O b s e r v e d f r e q u e n c y i n t h e i t h c l a s s 
n P . = e x p e c t e d f r e q u e n c y o f i t s c l a s s i n t e r v a l g i v e n _ b y t h e 
p r o d u c t o f s a m p l e s i z e n and t h e p r o b a b i l i t y , P . , f o r t h e 
i t h c l a s s i n t e r v a l ( s e e F i g u r e A . 1 ) 
N = t h e number o f c l a s s i n t e r v a l s o f d a t a h i s t o g r a m 
2 
I t can b e shown t h a t t h e x 0 a p p r o x i m a t e l y f o l l o w s c h i - s q u a r e 
d i s t r i b u t i o n w i t h N - y - 1 d e g r e e s o f f r e e d o m when t h e s a m p l e i s , i n f a c t , 
f rom t h e h y p o t h e s i z e d d i s t r i b u t i o n . The number o f p a r a m e t e r s o f t h e 
h y p o t h e s i z e d d i s t r i b u t i o n e s t i m a t e d b y s a m p l e s t a t i s t i c s i s g i v e n b y y 
2 2 
w h i c h i s 2 i n t h e p r e s e n t c a s e . When 6 = P ( x : L X Q ) » t n e p r o b a b i l i t y 
2 
o f e x c e e d i n g t h e o b s e r v e d c o e f f i c i e n t x Q » f a l l s b e l o w a c e r t a i n v a l u e 
a ( u s u a l l y 0 . 0 5 ) , t h e h y p o t h e s i s t h a t t h e random v a r i a b l e c o n f o r m s t o 
t h e h y p o t h e s i z e d d e n s i t y i s r e j e c t e d . B a s e d on t h i s p r o c e d u r e , o n e may 
e x p e c t t h a t 6 i s a m e a s u r e o f c l o s e n e s s o f f i t and t h a t t h e l a r g e r t h e 
v a l u e o f 6 ( t h e maximum v a l u e i s o f c o u r s e u n i t y ) t h e c l o s e r t h e 
2 
h y p o t h e s i z e d d e n s i t y i s e x p e c t e d t o f i t t h e d a t a s a m p l e . I n f a c t , x 
( s e e E q u a t i o n 4 . 1 ) w i l l b e z e r o f o r a p e r f e c t f i t and t h e v a l u e o f 6 w i l l 
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b e u n i t y . When d a t a s a m p l e s b e l o n g i n g t o a p a r t i c u l a r PDF a r e f i t t o 
v a r i o u s P D F ' s , i n c l u d i n g t h e p a r e n t PDF, t h e v a l u e s o f 5 m a y , on t h e 
a v e r a g e , b e e x p e c t e d t o b e t h e l a r g e s t f o r t h e p a r e n t f i t . T h u s , t h e 
l a r g e s t v a l u e o f 5 w i l l b e e x a m i n e d a s a p o s s i b l e c r i t e r i o n t o 
d i s c r i m i n a t e P D F ' s . 
The K o l m o g o r o v - S m i r n o v ( K - S ) G o o d n e s s - o f - F i t T e s t 
The K-S g o o d n e s s - o f - f i t t e s t c o n c e n t r a t e s on t h e d e v i a t i o n s 
b e t w e e n t h e h y p o t h e s i z e d CDF, F ( x ) , a n d t h e o b s e r v e d o r e m p i r i c a l CDF 
g i v e n b y 
F* ( X ( ± ) ) = i ( 4 . 2 ) 
n 
i n w h i c h X i s t h e i t h l a r g e s t o b s e r v e d v a l u e i n t h e random s a m p l e 
o f s i z e n . C o n s i d e r t h e s t a t i s t i c 
D q = m a x ( l F * ( X C ± ) ) - F ( X ( i ) ) | ) = n ( ] - - F ( X ( ± ) ) | ) ( 4 . 3 ) 
i = l max 
i = l 
D i s t h e l a r g e s t o f t h e a b s o l u t e v a l u e s o f t h e n d i f f e r e n c e s o 
b e t w e e n t h e h y p o t h e s i z e d CDF and t h e e m p i r i c a l CDF e v a l u a t e d a t t h e 
o b s e r v e d v a l u e s i n t h e s a m p l e . D i s t r i b u t i o n o f D q i s i n d e p e n d e n t o f t h e 
h y p o t h e s i z e d d i s t r i b u t i o n and t h e h y p o t h e s i s t h a t X h a s a s p e c i f i e d 
d i s t r i b u t i o n i s a c c e p t e d i f 
D < c o — ( 4 . 4 ) 
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C r i t e r i o n B a s e d on T o l e r a n c e L i m i t s 
S t a t i s t i c a l t o l e r a n c e l i m i t s a r e b o u n d a r i e s b e t w e e n w h i c h a 
s t a t e d p r o p o r t i o n o f t h e p o p u l a t i o n i s e x p e c t e d t o l i e w i t h r e s p e c t t o 
some m e a s u r a b l e c h a r a c t e r i s t i c ( N a t r e l l a , 1 9 6 3 ) . F o r a g i v e n d a t a s a m p l e 
w h o s e p o p u l a t i o n i s unknown, i f t o l e r a n c e l i m i t s a r e e v a l u a t e d b y f i t t i n g 
v a r i o u s P D F ' s , i t i s h y p o t h e s i z e d t h a t t o l e r a n c e l i m i t s b a s e d o n t h e 
p a r e n t PDF may show some d i s t i n c t c h a r a c t e r i s t i c s . For e x a m p l e , t h e 90% 
u p p e r t o l e r a n c e l i m i t o f an e s t i m a t e o f t h e 1 0 0 - y e a r h y d r o l o g i c e v e n t 
b a s e d on t h e " b e s t " PDF may b e t h e h i g h e s t ( o r t h e l o w e s t ) of a l l s u c h 
v a l u e s c o m p u t e d compared t o o t h e r P D F ' s . Such c h a r a c t e r i s t i c s may b e 
e v a l u a t e d f r o m s i m u l a t i o n e x p e r i m e n t s and t h e p o s s i b i l i t y o f d e v e l o p i n g 
s u c h a c r i t e r i o n t o d i s c r i m i n a t e P D F ' s may b e e x a m i n e d . 
A D e s c r i p t i o n o f N u m e r i c a l E x p e r i m e n t s 
I t w a s f o r t h i s p u r p o s e t h a t a s e r i e s o f n u m e r i c a l s i m u l a t i o n 
e x p e r i m e n t s w e r e c o n d u c t e d . The f i v e P D F - d i s c r i m i n a t i n g c r i t e r i a 
p r e s e n t e d a b o v e w e r e a p p l i e d t o s i m u l a t e d d a t a s a m p l e s t o e v a l u a t e t h e i r 
e f f e c t i v e n e s s i n d i s t i n g u i s h i n g t h e p a r e n t p r o b a b i l i t y d e n s i t y f u n c t i o n . 
The s e c o n d o b j e c t i v e o f t h e n u m e r i c a l e x p e r i m e n t s was t o s e a r c h f o r t r e n d s 
i n d i s c r e p a n c i e s b e t w e e n s a m p l e moments ( p a r t i c u l a r l y , t h e v a r i a n c e ) and 
t h e moments o f t h e d e n s i t y f u n c t i o n f i t by ML/LS/MCS m e t h o d s when s a m p l e s 
f r o m some s p e c i f i c PDF a r e f i t t o o t h e r P D F ' s . The s p e c i f i c q u e s t i o n s 
a d d r e s s e d w e r e 
1 . W i l l t h e v a r i a n c e o f a PDF f i t t e d t o a s a m p l e b y a s h a p e 
f i t t i n g m e t h o d b e , on t h e a v e r a g e , c l o s e r t o t h e s a m p l e 
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v a r i a n c e when t h e f i t i s b a s e d on t h e p a r e n t PDF a s o p p o s e d 
t o some o t h e r PDF? 
2 . What i s t h e n a t u r e o f d i s c r e p a n c i e s b e t w e e n t h e v a r i a n c e o f 
a PDF f i t t e d b y ML/LS/MCS and t h e s a m p l e v a r i a n c e w h e n , a) 
LN s a m p l e s a r e f i t t o GA and GU, b ) GA s a m p l e s a r e f i t t o LN 
and GU and c ) GU s a m p l e s a r e f i t t o LN and GA? How do s u c h 
d i s c r e p a n c i e s a f f e c t p r e d i c t i o n s b a s e d on ML/LS/MCS? 
3 . W i l l t h e s t a t i s t i c s o f c h i - s q u a r e and K o l m o g o r o v - S m i r n o v 
g o o d n e s s - o f - f i t t e s t s o r t h e sum o f s q u a r e d e r r o r s (SSE) o f 
a l e a s t s q u a r e s f i t s e r v e a s a d e v i c e t o i d e n t i f y t h e p a r e n t 
d i s t r i b u t i o n i f s a m p l e s f rom a s p e c i f i c p o p u l a t i o n a r e f i t t o 
v a r i o u s d i s t r i b u t i o n s ? 
4 . How do t h e s t a t i s t i c a l t o l e r a n c e l i m i t s a t a c e r t a i n c o n f i d e n c e 
l e v e l ( s e e A p p e n d i x A f o r a d e s c r i p t i o n o f t h e m e t h o d ) v a r y i f 
t h e d a t a o f a s p e c i f i c p o p u l a t i o n a r e f i t t o v a r i o u s 
d i s t r i b u t i o n s ? W i l l t h e y , i n any w a y , i d e n t i f y t h e p a r e n t 
d i s t r i b u t i o n ? 
S e l e c t i o n o f D e n s i t y F u n c t i o n s f o r N u m e r i c a l E x p e r i m e n t a t i o n 
The l o g n o r m a l ( L N ) , gamma (GA) and t h e Gumbel (GU) ( a l l t w o -
p a r a m e t e r ) d i s t r i b u t i o n s w e r e s e l e c t e d f o r u s e i n t h e n u m e r i c a l s i m u l a t i o n . 
L o g n o r m a l and Gumbel d i s t r i b u t i o n s a r e w i d e l y u s e d b y h y d r o l o g i s t s 
i n f r e q u e n c y a n a l y s e s . The gamma d i s t r i b u t i o n i s a l s o b e i n g i n c r e a s i n g l y 
u s e d f o r s t u d y i n g t h e p r o b a b i l i t y o f o c c u r r e n c e o f h y d r o l o g i c e v e n t s 
( C r u f f and R a n t z , 1 9 6 5 , Y e v j e v i c h , 1 9 7 2 ) . Though t h e t h r e e d i s t r i b u t i o n s 
may b e made more f l e x i b l e b y i n c l u d i n g a s o - c a l l e d " s h i f t i n g p a r a m e t e r " , 
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two p a r a m e t e r d i s t r i b u t i o n s w e r e r e t a i n e d i n t h i s s t u d y t o a v o i d p o s s i b l e 
n u m e r i c a l d i f f i c u l t i e s w h i c h m i g h t a r i s e i n h i g h e r d i m e n s i o n a l p a r a m e t e r 
m o d e l s . M o r e o v e r , M a r k o v i c ( 1 9 6 5 ) showed t h e t h r e e p a r a m e t e r gamma and 
l o g n o r m a l d i s t r i b u t i o n s t o h a v e no s i g n i f i c a n t a d v a n t a g e when d e a l i n g 
w i t h h y d r o l o g i c v a r i a t e s s u c h a s r a i n f a l l o r r u n o f f o v e r t h e two 
p a r a m e t e r d i s t r i b u t i o n s . 
The e s s e n t i a l p r o p e r t i e s o f t h e two p a r a m e t e r l o g n o r m a l , t h e two 
p a r a m e t e r gamma and t h e two p a r a m e t e r Gumbel d i s t r i b u t i o n s ( h e n c e f o r t h 
r e f e r r e d t o s i m p l y a s l o g n o r m a l or LN, gamma or GA, and Gumbel or GU 
d i s t r i b u t i o n s ) a r e s u m m a r i z e d i n A p p e n d i c e s B , C and D r e s p e c t i v e l y . 
A p p e n d i x E d e s c r i b e s t h e s c h e m e s b y w h i c h l o g n o r m a l , gamma and 
Gumbel p s e u d o r a n d o m v a r i a t e s w e r e g e n e r a t e d . 
I n d e v e l o p i n g s i m u l a t i o n r u n s , t h e p o p u l a t i o n p a r a m e t e r s o f t h e 
d i s t r i b u t i o n s w e r e a l w a y s c h o s e n t o g e n e r a t e t h e e q u i v a l e n t 
d i m e n s i o n l e s s v a r i a t e s K^, g i v e n b y E q u a t i o n 3 . 1 . I n o t h e r w o r d s , t h e 
p o p u l a t i o n mean o f t h e random v a r i a t e s g e n e r a t e d was a l w a y s u n i t y . T h i s 
w a s a c h i e v e d s i m p l y b y c h o o s i n g t h e v a l u e o f o n e o f t h e p a r a m e t e r s and 
c o m p u t i n g t h e o t h e r b y u s i n g E q u a t i o n s 3 . 6 , 3 . 7 , and 3 . 8 f o r l o g n o r m a l , 
gamma and Gumbel d i s t r i b u t i o n s , r e s p e c t i v e l y . To c h o o s e an a p p r o p r i a t e 
p a r a m e t e r r a n g e f o r d e v e l o p i n g t h e s i m u l a t i o n r u n s , s t r e a m f l o w d a t a 
g a t h e r e d from 67 g a u g i n g s t a t i o n s l o c a t e d t h r o u g h o u t t h e U n i t e d S t a t e s 
( s e e A p p e n d i x H) w e r e f i t t o t h e t h r e e d i s t r i b u t i o n s c h o s e n f o r t h i s 
2 
s t u d y . The v a r i a n c e S, o f t h e d i m e n s i o n l e s s d a t a ( K . ) a t t h e 67 s t a t i o n s 
k l 
r a n g e d f r o m . 0 5 8 t o 2 . 4 9 4 . H o w e v e r , 5 8 o f t h e 67 s t a t i o n s h a v e a 
v a r i a n c e l e s s t h a n 0 . 7 and t h e r e w e r e o n l y two s t a t i o n s w i t h a v a r i a n c e 
l a r g e r t h a n 1 . 0 . The program w i l l n o t e v a l u a t e l e a s t s q u a r e p a r a m e t e r s 
68 
b i a s was e l i m i n a t e d when t h e w e i g h t e d LS w a s u s e d ( s e e t h e r e s u l t s o f 
MCS m e t h o d w h i c h i s e q u i v a l e n t t o LS m e t h o d w i t h a w e i g h t e x p o n e n t o f 
1 . 0 . S e e A p p e n d i x A f o r a d e s c r i p t i o n of LS m e t h o d ) . 
2 
The means of Gumbel S a m p l e s a t h i g h e r v a r i a n c e ( a ^ = 0 . 4 1 and 
0 . 7 3 ) w e r e p o s i t i v e l y b i a s e d ( s e e c o l u m n ( 2 ) , T a b l e 5 . 2 ) b e c a u s e 
n e g a t i v e v a r i a t e s w e r e a l w a y s d i s c a r d e d . Such a p o s i t i v e b i a s i n t h e 
mean of t h e s a m p l e s and t h e h i g h d i s s i m i l a r i t i e s i n GU and LN/GA P D F ' s 
2 
a t = 0 . 7 3 ( s e e F i g u r e s 3 . 1 t h r o u g h 3 . 3 ) c a u s e d a v e r y h i g h p o s i t i v e 
b i a s i n ^ F j G U . L N / ( M L / L S / M C S ) a n d ^F,GU.GA/(ML/LS/MCS)" 
D i s c r e p a n c i e s i n t h e S e c o n d Moment 
I n C h a p t e r I I I i t w a s shown t h a t t h e GA-PDF was a l w a y s d i f f e r e n t 
2 
f rom t h e LN w h i l e t h e GU-PDF r e s e m b l e d LN when a, = 0 . 1 3 and GA when 
k 
2 
a, = 0 . 3 2 . The d i f f e r e n c e s i n t h e s h a p e s o f v a r i o u s P D F ' s c a n b e u s e d k 
2 2 
t o e x p l a i n t h e d i s c r e p a n c i e s b e t w e e n S and a „ ( m o s t of t h e s e k r 
d i f f e r e n c e s a r e d i s c u s s e d i n C h a p t e r I I I ) . 
GA a n d GU P F D ' s F i t t o LN D a t a 
F i g u r e s 3 . 1 t h r o u g h 3 . 3 show t h a t , i n g e n e r a l , t h e m a i n p o r t i o n 
o f t h e GA d e n s i t y c u r v e s a r e l o c a t e d c l o s e r t o t h e o r i g i n t h a n LN 
2 
d e n s i t y c u r v e s a t g i v e n a, = 0 . 2 t o 0 . 7 . GU d e n s i t y c u r v e s i n t h e 
2 
r a n g e o f = 0 . 2 t o 0 . 7 a l s o a r e l o c a t e d c l o s e r t o t h e o r i g i n t h a n LN 
d e n s i t i e s e x c e p t f o r t h e f a c t t h a t a p o r t i o n of t h e r i s i n g l i m b s o f 
GU d e n s i t i e s l i e s i n t h e n e g a t i v e r a n g e o f K. H e n c e , w i t h r e f e r e n c e 
t o t h e o r i g i n , t h e p o s i t i o n o f h i g h v a r i a n c e LN d e n s i t i e s i s o c c u p i e d 
by r e l a t i v e l y l o w v a r i a n c e GA and GU d e n s i t i e s . S i n c e s h a p e f i t t i n g 
m e t h o d s f i t t h e o v e r a l l s h a p e o f t h e s a m p l e d i s t r i b t u i o n , f r o m t h e 
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a b o v e o c c u r r e n c e s o n e m i g h t , i n g e n e r a l , e x p e c t t h a t i f LN d a t a a t any 
2 2 
a w e r e f i t t o GA, or i f LN d a t a a t a o f a b o u t 0 . 2 o r g r e a t e r w e r e 
f i t t o GU b y ML/LS/MCS, t h e r e s u l t i n g f i t s w o u l d h a v e a v a r i a n c e l o w e r 
t h a n t h e s a m p l e v a r i a n c e . T h i s phenomenon i s e v i d e n t f rom T a b l e 5 . 2 . 
2 —2 
T a b l e 5 . 2 s h o w s t h a t , w i t h t h e e x c e p t i o n of ^ GU/(LS/MCS) 3 t = 
° - ° 9 6 ' a F , L N . G U / ( L S / M C S ) a n d °F ,LN.GA/(ML/LS/MCS) * V e a l w a y S l e S S t h a n 
—2 
t h e v a r i a n c e of t h e d a t a . At S = 0 . 6 3 , w h i c h i s t h e l a r g e s t v a r i a n c e 
f o r LN d a t a i n v e s t i g a t e d , < £ L N . G A ( M L / L S / M C S ) and ^ . L N . G U / M C S W e r e 
f o u n d t o b e a b o u t 65% o f t h e s a m p l e v a r i a n c e . The LS f i t ((J) = 0 . 0 0 ) , 
i n g e n e r a l , showed a l a r g e r d i s c r e p a n c y t h a n ML/MCS f o r s a m p l e s w i t h 
—2 
S^ = 0 . 1 8 9 and a b o v e . H o w e v e r , s u c h l a r g e d i s c r e p a n c i e s i n LN f i t s 
w i l l , i f a n y t h i n g , s e r v e t o b e t t e r d i s c r i m i n a t e t h e p a r e n t PDF; 
2 2 
Q F LN GA/LS a n < * ° F LN GU/LS a r e ^ o u n c * t o ^ e l e s s t h a n 50% o f t h e s a m p l e 
—2 
v a r i a n c e when S, = 0 . 6 3 . 
k 
A t s£ = 0 . 0 9 6 , ° p > L N . G u / a s / M C S ) d i d n o t show a n y a p p r e c i a b l e 
d i s c r e p a n c y f rom t h e s a m p l e v a r i a n c e . T h i s i s b e c a u s e t h e LN and GU 
2 
d i s t r i b u t i o n s do n o t d i f f e r much i n s h a p e s a t - 0 . 1 ( s e e F i g u r e s 3 . 1 
and 3 . 3 ) . 
The f o r e g o i n g d i s c r e p a n c i e s s u g g e s t t h e f o l l o w i n g c o n c l u s i o n s : 
a ) When t h e d a t a s a m p l e i s f rom a LN PDF and t h e s a m p l e w a s f i t 
t o a GA PDF, t h e ML/LS/MCS p r e d i c t i o n s w e r e , on t h e a v e r a g e , 
s m a l l e r t h a n t h e p r e d i c t i o n s by t h e method o f moments ( s e e 
T a b l e 5 . 3 f o r d i s c r e p a n c i e s i n 1 0 0 - y e a r p r e d i c t i o n s ) . The 
v a l u e s o f K^i^^ T ^ w e r e f o u n d t o b e 96% and 86% o f t h e S100,LN.GA/ML 
2 
MO p r e d i c t i o n s a t S = 0 . 1 7 3 and 0 . 6 3 0 , r e s p e c t i v e l y . 
7 0 
f o r a gamma f i t i f t h e d i s t r i b u t i o n b e c o m e s e x p o n e n t i a l , i . e . , when 
2 
i s l a r g e r t h a n o r e q u a l t o 1 . 0 . For a b o u t 6 0 s t a t i o n s t h e LN 
p a r a m e t e r had a r a n g e o f a b o u t 0 . 2 5 t o 0 . 7 , p a r a m e t e r s o f t h e gamma 
d i s t r i b u t i o n had a r a n g e o f a b o u t 2 t o 1 1 and t h e d i s p e r s i o n p a r a m e t e r 
a o f t h e Gumbel d i s t r i b u t i o n had a r a n g e o f a b o u t 1 . 5 t o 4 . 0 . P a r a m e t e r 
v a l u e s o f t h e s e r a n g e s w e r e u t i l i z e d i n d e v e l o p i n g t h e s i m u l a t i o n r u n s . 
I n an a t t e m p t t o a n s w e r q u e s t i o n s 1 t h r o u g h 3 , t h r e e h u n d r e d 
random s a m p l e s , e a c h o f s i z e 1 0 0 , w e r e e x a m i n e d . T h e s e s a m p l e s w e r e 
drawn from LN, GA and GU p o p u l a t i o n s ( 1 0 0 s a m p l e s f rom e a c h p o p u l a t i o n ) 
2 
and c o v e r e d a w i d e r a n g e o f . A l l 3 0 0 s a m p l e s w e r e f i t t o LN, GA and 
GU P D F ' s b y t h e m e t h o d s o f MO, ML ( e x c e p t GU f i t ) , LS and MCS. To 
a n s w e r q u e s t i o n 4 , o n e s a m p l e o f s i z e 100 was s e l e c t e d f rom e a c h o f t h e 
t h r e e p o p u l a t i o n s and t h e 90% u p p e r t o l e r a n c e l i m i t s o f t h e 1 0 0 - y e a r 
e v e n t s (K g^; s e e A p p e n d i x A) w e r e e v a l u a t e d . C h a p t e r V r e p r e s e n t s 
and a n a l y z e s t h e r e s u l t s . 
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CHAPTER V 
ANALYSIS OF RESULTS OF NUMERICAL EXPERIMENTS 
T h i s c h a p t e r d e s c r i b e s t h e n u m e r i c a l s i m u l a t i o n e x p e r i m e n t s 
o u t l i n e d i n C h a p t e r IV. The p r o c e d u r e c o n s i s t e d o f t h e f o l l o w i n g 
s t e p s : 
1 . For a g i v e n s e t of p a r a m e t e r v a l u e s ( a , $ ) ( t h e two p a r a m e t e r s 
i n a PDF w i l l b e d e s i g n a t e d a s a and 3 , i . e . , 8^ = a, = 6 ) 
g e n e r a t e on a d i g i t a l c o m p u t e r 25 s a m p l e s o f s i z e 100 f r o m 
a LN d i s t r i b u t i o n . 
2 . F i t e a c h s a m p l e f rom S t e p 1 t o a ) a LN PDF, b ) a GA PDF, and 
c ) a GU PDF. Each t y p e o f PDF w a s f i t b y f o u r m e t h o d s (MO, 
L S , ML and MCS), and e a c h f i t y i e l d e d e s t i m a t e s (A, B) o f 
t h e p a r a m e t e r s ( a , 3 ) . Each f i t a l s o y i e l d e d v a l u e s of t h e 
2 
mean and v a r i a n c e ( y „ , o_ ) of t h e f i t t e d P D F ' s . ( T h e 
r r 
e x e p t i o n was t h a t ML e s t i m a t e s o f t h e GU p a r a m e t e r s w e r e n o t 
made b e c a u s e o f l i m i t e d c o m p u t e r t i m e ) . C h i - s q u a r e and K-S 
g o o d n e s s - o f - f i t t e s t s w e r e made o f t h e LS f i t . 
3 . The v a l u e s o f K c o r r e s p o n d i n g t o CDF(K^) = 0 . 9 0 , 0 . 9 6 , 0 . 9 8 , 
0 . 9 9 , 0 . 9 9 5 , 0 . 9 9 8 , and 0 . 9 9 9 w e r e d e t e r m i n e d f o r e a c h PDF 
f i t t e d i n S t e p 2 . ( I f t h e random v a r i a t e s a r e a s s u m e d t o 
r e p r e s e n t an a n n u a l s e r i e s , t h e s e K^ w o u l d b e a s s o c i a t e d 
w i t h r e t u r n p e r i o d s of 1 0 , 2 5 , 5 0 , 1 0 0 , 2 0 0 , 500 and 1 0 0 0 
y e a r s , r e s p e c t i v e l y ) . 
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4 . Compute t h e mean v a l u e s ( A , B) o f 25 s a m p l e e s t i m a t e s i n 
S t e p 2 f o r e a c h f i t by e a c h m e t h o d ( i . e . , (A , B) f o r LN PDF 
b y ML, e t c . ) 
5 . Compute t h e mean and v a r i a n c e of e a c h d e t e r m i n e d i n S t e p 
3 . 
6 . R e p e a t S t e p s 1 - 5 f o r 3 a d d i t i o n a l p a r a m e t e r s ( a , 3 ) . 
7 . R e p e a t S t e p s 1 - 6 u s i n g s a m p l e s f rom GA d i s t r i b u t i o n s . 
8 . R e p e a t S t e p s 1 - 6 u s i n g s a m p l e s f rom GU d i s t r i b u t i o n s . 
The c o m p u t e r program w h i c h w a s o r i g i n a l l y f o r m u l a t e d f o r s t u d y 
o f LS m e t h o d ( s e e A p p e n d i x A) e v a l u a t e s t h e f o l l o w i n g m a j o r s t e p s : 
a . For a g i v e n s e t o f p a r a m e t e r v a l u e s ( a , 3 ) g e n e r a t e a s a m p l e 
o f s p e c i f i e d s i z e f rom LN, GA or GU d i s t r i b u t i o n . 
b . A r r a n g e d a t a i n t o a h i s t o g r a m . 
c F i t t h e s a m p l e t o t h e s p e c i f i e d PDF (LN, GA or GU) b y MO, 
ML (GU e x c e p t e d ) and w e i g h t e d LS ( u s i n g t h e g i v e n w e i g h t 
e x p o n e n t <j>. S e e S e c t i o n I I , A p p e n d i x A, f o r m e a n i n g o f cj>) . 
d . P e r f o r m c h i - s q u a r e and K-S t e s t f o r n o r m a l i t y o n LS e r r o r s . 
e . P e r f o r m c h i - s q u a r e and K-S g o o d n e s s - o f - f i t t e s t s o n LS f i t . 
f . D e t e r m i n e t h e v a l u e s of c o r r e s p o n d i n g t o CDF (K_) = 0 . 9 0 , 
0 . 9 6 , 0 . 9 8 , 0 . 9 9 , 0 . 9 9 5 , 0 . 9 9 8 , and 0 . 9 9 9 f o r f i t by LS and 
ML (MO i n c a s e o f GU) . 
g . R e p e a t S t e p s a . t h r o u g h f. t w e n t y t i m e s . 
h . Summarize a l l r e s u l t s . 
I n t h i s s t u d y a s a m p l e s i z e of 100 ( S t e p a ) w a s c h o s e n . <f> = 0 . 0 
i n S t e p c i s e q u i v a l e n t t o LS m e t h o d and <J> = 1 . 0 i s e q u i v a l e n t t o MCS 
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m e t h o d . S t e p s a ) t h r o u g h h ) a r e c a l l e d a ' c o m p u t e r r u n . ' H o w e v e r , 
t h e r e a d e r may n o t e t h a t b e c a u s e of l i m i t a t i o n s i n S t e p c , i f d a t a 
s a m p l e s w e r e r e q u i r e d t o b e f i t t o a l l t h r e e P D F ' s (LN, GA and GU) by 
MO, ML, LS and MCS, 6 ' c o m p u t e r r u n s ' w o u l d b e n e c e s s a r y . T h e s e 6 r u n s 
w i l l h a v e t h e same d a t a s a m p l e s . 
I n a l l , 72 ' c o m p u t e r r u n s ' w e r e made f o r t h e v a r i o u s a n a l y s e s 
p r e s e n t e d i n t h i s s t u d y . H o w e v e r , f o r c o n v e n i e n c e t h e s e t s o f 6 
' c o m p u t e r r u n s ' w h i c h h a v e t h e same d a t a s a m p l e s i n e a c h r u n ( o n e r u n 
f o r e a c h o f t h r e e P D F ' s , e a c h f i t w i t h <f> = 0 . 0 and <$> = 1 . 0 ) w e r e 
d e s i g n a t e d by a s i n g l e r u n number i n t h e s u b s e q u e n t p a g e s . ( S e e a l s o 
A p p e n d i x G f o r a d e s c r i p t i o n o f c o m p u t e r r u n s . A p p e n d i x G l i s t s a l l 
c o m p u t e r r u n s made f o r t h i s s t u d y and t h e s t u d y on LS m e t h o d . The 
t o t a l number o f r u n s made f o r t h e two s t u d i e s was 2 1 4 . The f i n d i n g s 
o f t h e s t u d y on LS m e t h o d a r e s u m m a r i z e d s e p a r a t e l y i n A p p e n d i x A . ) 
T a b l e 5 . 1 s u m m a r i z e s t h e v a l u e s o f t h e p a r a m e t e r s u s e d i n t h e 
s i m u l a t i o n r u n s and t h e p o p u l a t i o n K v a l u e s f o r v a r i o u s r e t u r n p e r i o d s 
f o r e a c h p a r a m e t e r s e t c h o s e n . A p p e n d i x G l i s t s f o r e a c h s i m u l a t i o n 
r u n t h e p a r a m e t e r v a l u e s , s a m p l e s i z e , p a r e n t PDF, and t h e PDF t o 
w h i c h t h e d a t a w e r e f i t . 
S t u d y N o . 1 : D i s c r e p a n c i e s i n Moments o f t h e 
F i t t e d D i s t r i b u t i o n and P r e d i c t i o n s 
The mean and v a r i a n c e o f a f i t t e d PDF d e p e n d s on t h e c h o i c e s o f 
t y p e o f PDF and t h e p a r a m e t e r e s t i m a t i o n m e t h o d a s w e l l a s on t h e 
c h a r a c t e r i s t i c s o f t h e s a m p l e . The v a l u e o f t h e random v a r i a b l e 
Table 5.1. Population Parameters used for Simulation Experiments 
Run Distribution and 2 Population Q/Q = K for Return Periods (yrs) 
Series Population Parameters °K 10 25 50 100 200 500 1000 
Log Normal* 
a «= u 
y 
6 - o y 
1LN -.045 0.3 .0942 1.404 
2LN -.080 0.4 .1735 1.541 
3LN -.125 0.5 .2840 1.675 
4LN -.245 0.7 .6323 1.919 
Gamma* 
a « C 8 = D 
1GA 3 3 .33331 1.774 
2GA 5 5 .2000 1.599 
3GA J 7 .1429 1.505 
4GA 10 10 .1000 1.421 
Gumbel* 
a » a B - u 
1GU 1.5 .6152 .7311 2.115 
2GU 2 .0 .7114 .4112 1.837 
3GU 3.0 .8076 .1828 1.558 
4GU 4.0 .8569 .1028 1.420 
1. .616 1. .770 1, .921 2. ,070 2.267 2, .415 
1, .859 2. .099 2, .341 2. 586 2.918 3, .177 
2, .117 2. ,464 2 .824 3. 199 3.720 4, .136 
2. .663 3. ,295 3. .488 4. 748 5.867 6, .805 
CM .200 2. ,505 2. .802 3. 091 3.465 3. .743 
1. ,90?. 2. ,116 2. .321 2.519 2.772 2. .959 
1. ,74? 1. 919 2. .082 2. 237 2.435 2. .580 
1. ,616 1. 751 1.878 2. 000 2.154 2. ,266 
2. 74f. 3. 216 3. ,682 4. 146 4.758 5. ,220 
2. 311 2. 662 3. 011 3. 359 3.818 4. 165 
1. 874 2. 108 2. .341 2. 573 2.879 3. ,110 
1.657 1. 832 2. 007 2. 181 2.410 2. ,584 
* See Table 3-1 for the equations of LN, GA, and GU distributions. 
* The choice of parameter values was based on fitting of PDF's to real data for which 
(a, 6) of GA varied from 2 to 11. For simulation, values of 3, 5, 7, and 10 were 
arbitrarily chosen for a and 0 of GA. This resulted in a variance range of 0.100 
to 0.333. 
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F i g u r e 5 . 1 E r r o r s i n K ^ Q Q when GA and GU PDF's a r e f i t t o LN s a m p l e s 
76 
F i g u r e 5 . 2 E r r o r s i n K n when LN and GU P D F 's a r e f i t t o GA s a m p l e s 
7 7 
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c o r r e s p o n d i n g t o g i v e n p e r c e n t i l e o f t h e CDF l i k e w i s e d e p e n d s on t h e 
same c h o i c e s and c h a r a c t e r i s t i c s . To s t u d y s y s t e m a t i c a l l y t h e e f f e c t s 
on mean and v a r i a n c e and o n t h e K - v a l u e s f o r v a r i o u s p e r c e n t i l e s , d a t a 
f rom a s p e c i f i c PDF a r e f i t t o v a r i o u s PDFs b y ML, L S , MCS, and MO. 
S i m u l a t i o n r u n s w e r e d e s i g n e d i n w h i c h s a m p l e s f rom a g i v e n p o p u l a t i o n 
(LN, GA o r GU) w e r e f i t t o t h e t h r e e PDFs b y MO, L S , ML and MCS 
e s t i m a t i o n m e t h o d s . (The t e r m " p r e d i c t i o n s " i s u s e d h e r e a f t e r t o mean 
t h e e s t i m a t e d v a l u e of t h e random v a r i a b l e a s s o c i a t e d w i t h a g i v e n 
p r o b a b i l i t y o f e x c e e d e n c e ) . 
The a v e r a g e v a l u e s of t h e p a r a m e t e r s (A, B) w e r e d e t e r m i n e d from 
e a c h r u n ( o f 25 s a m p l e s ) and t h e s e v a l u e s w e r e u s e d t o d e t e r m i n e u_ and 
r 
2 — 0^. The a v e r a g e v a l u e of t h e s a m p l e mean M^ and t h e a v e r a g e of t h e 
—2 
s a m p l e v a r i a n c e , S , w e r e a l s o c o m p u t e d . T h e s e a v e r a g e v a l u e s a r e 
K 
compared i n T a b l e 5 . 2 . 
T a b l e 5 . 2 s h o w s t h a t , i n g e n e r a l , t h e moments o f t h e P D F ' s f i t 
by ML/LS/MCS a r e c l o s e r t o t h e s a m p l e moments when d a t a a r e f i t t o t h e 
p a r e n t d i s t r i b u t i o n t h a n when t h e d a t a a r e f i t t o o t h e r d i s t r i b u t i o n s 
and t h a t t h e d i f f e r e n c e s a r e more p r o n o u n c e d a s t h e v a r i a n c e of t h e 
d a t a i n c r e a s e s . The p r i n c i p a l d i s c r e p a n c i e s may b e s u m m a r i z e d a s 
f o l l o w s : 
D i s c r e p a n c i e s i n t h e F i r s t Moment 
The f i r s t moment i s n o t a f f e c t e d much b y t h e f i t t i n g m e t h o d o r 
b y t h e t y p e o f d i s t r i b u t i o n ( w i t h t h e e x c e p t i o n o f Gumbel d a t a a t h i g h 
2 
v a r i a n c e , cr^ > 0 . 3 ) . T h i s i s p a r t i c u l a r l y t r u e w i t h t h e ML m e t h o d . 
H o w e v e r , ^ > l n x a / l s and P F , L N . G U / L S s h o w e d a n e g a t i v e b i a s , b u t t h e 
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T a b l e 5 . 2 . C o m p a r i s o n o f t h e Sample Moments and Moments o f t h e F i t t e d 
PDF When D a t a o f a G i v e n P o p u l a t i o n a r e F i t t o D i f f e r e n t P D F ' s 
(Population Mean u = 1.0; 
K 
Sample Size = 100) 
M 
K 




Moments of the Fitted PDF Based on Mean Parameters A&B Run 
No. LS ML MCS 
MF a
2 
F ^F ^F 'I 1.000 .094 .096 LN 1.003 .094 .999 .093 1.010 .101 1LN5 
GA .997 .080 .996 .088 1.001 .089 
GU 1.013 .102 4c * 1.013 .105 
1.012 .173 .189 LN 1.002 .168 1.010 .181 1.021 .195 2LN5 
GA .958 .127 1.008 .160 1.010 .164 
GU .984 .154 * 1.010 .169 
1.016 .284 .315 LN 1.005 .275 1.014 .299 1.030 .331 3LN4 
GA , .937 .182 1.010 .247 1.013 .256 
GU .946 .205 * * 1.003 .243 
.984 .63> .630 LN .973 .571 .978 .577 1.006 .646 4LN4 
GA .868 .289 .974 .411 .980 .416 
GU .808 .265 * .923 .413 
.994 .100 .099 LN 1.030 .115 .995 .111 1.016 .128 4GA5 
GA 1.000 .095 .993 .099 1.001 .105 
GU 1.038 .125 * * 1.020 .131 
.989 .143 .143 LN 1.037 .188 .992 .168 1.031 .208 3GA6 
GA .989 .141 .989 .142 1.000 .153 
GU 1.019 .173 * * 1.015 .175 
.984 .200 .194 LN 1.052 .287 .991 .254 1.056 .344 2GA5 
GA .986 .194 .986 .195 1.004 .218 
GU .998 .222 * 1.010 .231 
.978 • 33i) .326 LN 1.100 .636 1.000 .518 1.101 .727 1GA5 
GA .970 .318 .973 .321 .996 .351 
GU .935 .318 * * .980 .343 
1.000 .10.1 .104 LN .985 .093 .999 .099 1.007 .105 4GU5 
GA .966 .080 .997 .094 1.000 .095 
GU .994 .098 * 1.007 .105 
1.014 .18:; .191 LN 1.041 .217 1.018 .222 1.046 .253 3GU5 
GA .993 .162 1.012 .179 1.022 .189 
GU 1.012 .188 * * 1.025 .203 
1.031 .411 .398 LN 1.221 .833 1.100 .952 1.244 1.324 2GU4 
GA 1.050 .389 1.023 .426 1.064 .481 
GU 1.006 .388 * 1.031 .449 
1.146 .731 .682 LN 1.529 2.501 1.302 2.549 1.554 3.884 1GU5 
GA 1.224 .799 1.143 .760 1.200 .864 
GU 1.038 .658 * * 1.072 .772 
* Not e v a l u a t e d 
8 0 
b i a s w a s e l i m i n a t e d when t h e w e i g h t e d LS was u s e d ( S e e t h e r e s u l t s o f 
MCS m e t h o d w h i c h i s e q u i v a l e n t t o LS m e t h o d w i t h a w e i g h t e x p o n e n t o f 
1 . 0 . S e e A p p e n d i x A f o r a d e s c r i p t i o n o f LS m e t h o d ) . 
The m e a n s o f Gumbel s a m p l e s a t h i g h e r v a r i a n c e ( a 2 = 0 . 4 1 and 
0 . 7 3 ) w e r e p o s i t i v e l y b i a s e d ( s e e c o l u m n ( 2 ) , T a b l e 5 . 2 ) b e c a u s e n e g a ­
t i v e v a r i a t e s w e r e a l w a y s d i s c a r d e d . Such a p o s i t i v e b i a s i n t h e mean 
o f t h e s a m p l e s and t h e h i g h d i s s i m i l a r i t i e s i n GU and LN/GA P D F ' s a t 
a 2 = 0 . 7 3 ( S e e F i g u r e s 3 . 1 t h r o u g h 3 . 3 ) c a u s e d a v e r y h i g h p o s i t i v e b i a s 
± n P F,GU.LN/ (ML/LS/MCS) a n d U F,GU.GA/ (ML/LS/MCS)* 
D i s c r e p a n c i e s i n t h e S e c o n d Moment 
I n C h a p t e r I I I i t was shown t h a t t h e GA-PDF w a s a l w a y s d i f f e r e n t 
from t h e LN w h i l e t h e GU-PDF r e s e m b l e d LN when a 2 - 0 . 1 3 and GA when 
k 
a 2 - 0 . 3 2 . The d i f f e r e n c e s i n t h e s h a p e s o f v a r i o u s P D F ' s c a n b e u s e d 
2 2 
t o e x p l a i n t h e d i s c r e p a n c i e s b e t w e e n S^ and ( m o s t o f t h e s e d i f f e r e n c e s 
a r e d i s c u s s e d i n C h a p t e r I I I ) . 
GA and GU P D F ' s f i t t o LN D a t a 
F i g u r e s 3 . 1 t h r o u g h 3 . 3 show t h a t , i n g e n e r a l , t h e m a i n p o r t i o n o f 
t h e GA d e n s i t y c u r v e s a r e l o c a t e d c l o s e r t o t h e o r i g i n t h a n LN d e n s i t y 
c u r v e s a t g i v e n *X* a 2 d e n s i t y c u r v e s i n t h e r a n g e o f 0 . 2 t o 0 . 7 a l s o a r e 
l o c a t e d c l o s e r t o t h e o r i g i n t h a n LN d e n s i t i e s e x c e p t f o r t h e f a c t t h a t a 
p o r t i o n o f t h e r i s i n g l i m b s o f GU d e n s i t i e s l i e s i n t h e n e g a t i v e r a n g e o f 
K. H e n c e , w i t h r e f e r e n c e t o t h e o r i g i n , t h e p o s i t i o n o f h i g h v a r i a n c e 
LN d e n s i t i e s i s o c c u p i e d by r e l a t i v e l y l o w v a r i a n c e GA and GU d e n s i t i e s . 
S i n c e s h a p e f i t t i n g m e t h o d s f i t t h e o v e r a l l s h a p e o f t h e s a m p l e d i s t r i b u ­
t i o n , f rom t h e a b o v e o c c u r r e n c e s o n e m i g h t , i n g e n e r a l , e x p e c t t h a t i f LN 
8 1 
d a t a a t any a 2 w e r e f i t t o GA, o f i f LN d a t a a t a 2 o f a b o u t 0 . 2 o r g r e a t e r 
w e r e f i t t o GU by ML/LS/MCS, t h e r e s u l t i n g f i t s w o u l d h a v e a v a r i a n c e 
l o w e r t h a n t h e s a m p l e v a r i a n c e . T h i s phenomenon i s e v i d e n t f rom T a b l e 
5 . 2 . T a b l e 5 . 2 s h o w s t h a t , w i t h t h e e x c e p t i o n o f a 2 , ^ N GU/(LS/MCS) a t 
S R = 0 . 0 9 6 , o * L N . G U / a s / M C S ) and a* LN.GA/(ML/LS/MCS) a r e a l w a y s l e s s 
_2 
t h a n t h e v a r i a n c e o f t h e d a t a . At S^ = 0 . 6 3 , w h i c h i s t h e l a r g e s t v a r i -
a n c e f o r LN d a t a i n v e s t i g a t e d , L N . G A / ( M L / L S / M C S ) a n d ° F . LN.GU/MCS 
w e r e f o u n d t o b e a b o u t 65% o f t h e s a m p l e v a r i a n c e . The LS f i t (<f> = 0 . 0 0 ) , 
_ 2 
i n g e n e r a l , s h o w e d a l a r g e r d i s c r e p a n c y t h a n ML/MCS f o r s a m p l e s w i t h S^ = 
0 . 1 8 9 and a b o v e . H o w e v e r , s u c h l a r g e d i s c r e p a n c i e s i n LN f i t s w i l l , i f 
a n y t h i n g s e r v e t o b e t t e r d i s c r i m i n a t e t h e p a r e n t PDF; a 2 ^ GA/LS a n d 
° F LN GU/LS a r e ^ o u n c * t o ^ e ^ e s s t n a n 50% o f t h e s a m p l e v a r i a n c e when 
S, = 0 . 6 3 . 
k 
At l\ = 0 . 0 9 6 , L N > G U / ( L S / M C S ) d i d n o t show a n y a p p r e c i a b l e 
d i s c r e p a n c y f rom t h e s a m p l e v a r i a n c e . T h i s i s b e c a u s e t h e LN and GU d i s ­
t r i b u t i o n s do n o t d i f f e r much i n s h a p e s a t a 2 - 0 . 1 ( s e e F i g u r e s 3 . 1 and 
3 . 3 ) . 
The f o r e g o i n g d i s c r e p a n c i e s s u g g e s t t h e f o l l o w i n g c o n c l u s i o n s : 
a ) When t h e d a t a s a m p l e i s f rom a LN PDF and t h e s a m p l e w a s f i t 
t o a GA PDF, t h e ML/LS/MCS p r e d i c t i o n s w e r e , on t h e a v e r a g e , 
s m a l l e r t h a n t h e p r e d i c t i o n s b y t h e m e t h o d o f moments ( s e e 
T a b l e 5 . 3 f o r d i s c r e p a n c i e s i n 1 0 0 - y e a r p r e d i c t i o n s ) . The 
v a l u e s o f K 0 1 / , A _._ w e r e f o u n d t o b e 96% and 86% o f t h e S 1 0 0 , LN.GA/ML 
2 
MO p r e d i c t i o n s a t S = 0 . 1 7 3 and 0 . 6 3 0 , r e s p e c t i v e l y . 
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b ) When t h e d a t a s a m p l e was f r o m a LN PDF and t h e s a m p l e was 
2 
f i t t o a GU PDF, a t l o w v a r i a n c e s , s a y up t o a b o u t 0 . 1 5 , 
t h e M L / L S / M C S p r e d i c t i o n s w e r e a p p r o x i m a t e l y same a s MO 
p r e d i c t i o n s . At h i g h e r v a r i a n c e s t h e M L / L S / M C S p r e d i c t i o n s 
w e r e s m a l l e r t h a n t h e MO p r e d i c t i o n s . The v a l u e s o f 
K r 1 f t n T X T ~ . l / x t r % e , w e r e f o u n d t o b e 98% and 88% o f t h e MO S 1 0 0 , L N . GU/MCS 
p r e d i c t i o n s a t s a m p l e v a r i a n c e s o f 0 . 1 7 3 and 0 . 6 3 0 , 
r e s p e c t i v e l y . The L S p r e d i c t i o n s w e r e much l o w e r . 
LN and GU P D F ' s F i t t o GA D a t a 
I n t h e f o r e g o i n g s e c t i o n i t w a s m e n t i o n e d t h a t t h e p o s i t i o n o f 
h i g h v a r i a n c e LN d e n s i t i e s , w i t h r e f e r e n c e t o o r i g i n , was o c c u p i e d b y 
r e l a t i v e l y l o w v a r i a n c e GA d e n s i t i e s . Under s u c h c i r c u m s t a n c e s , i f 
LN i s f i t t o GA d a t a by s h a p e f i t t i n g m e t h o d s , t h e LN f i t , i n o r d e r t o 
a p p r o x i m a t e t h e GA d i s t r i b u t i o n , may b e e x p e c t e d t o h a v e a l a r g e r 
v a r i a n c e t h a n t h e GA d a t a . The r e s u l t s p r e s e n t e d i n T a b l e 5 . 2 
corroborate the above. ^ J G A . L N / ( M L / L S / M C S ) W & S ' ° N T H E A V E R A § E ' F O U N D 
2 2 —2 
t o b e l a r g e r t h a n S i n t h e r a n g e o f S, i n v e s t i g a t e d ( S = 0 . 0 9 9 t o K K K 
2 
0 . 3 2 6 ) , and ^ L N / L S W A S ^ O U N D t 0 ^ e e v e n l a r g e r s t i l l . The a b o v e 
t r e n d i n t h e v a r i a n c e o f LN f i t t o GA d a t a i s e x p e c t e d t o p e r s i s t f o r 
—2 
h i g h e r v a l u e s o f S ^ b e c a u s e t h e n o t e d d i f f e r e n c e s i n t h e s h a p e s o f 
t h e s e d i s t r i b u t i o n s i n c r e a s e s w i t h i n c r e a s e i n v a r i a n c e ( s e e F i g u r e s 
3 . 1 and 3 . 2 ) . 
The GU d i s t r i b u t i o n i s s i m i l a r t o LN d i s t r i b u t i o n a t l o w 
2 
v a r i a n c e s ( a < 0 . 2 s e e F i g u r e s 3 . 1 t h r o u g h 3 . 5 ) and t h e n a t t a i n s a 
c l o s e r e s e m b l a n c e w i t h GA i n t h e v a r i a n c e r a n g e o f 0 . 3 t o 0 . 4 ( s e e 
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2 
F i g u r e s 3.2, 3.3 and 3.6). When = 0.5 or a b o v e GU b e c o m e s f l a t t e r 
w i t h t a i l s t h i c k e r compared t o LN o r GA d e n s i t i e s . Due t o t h e a b o v e 
m e n t i o n e d d i f f e r e n c e s i n t h e s h a p e s o f t h e GA and GU d e n s i t y c u r v e s , 
2 2 
a F GA GU/(LS/MCS) i S e x P e c t e d t o b e l a r g e r when < 0 .3 , a p p r o x i m a t e l y 
2 2 
t h e same when = 0.3 t o 0 . 4 and s m a l l e r when > 0 . 4 . (The l a s t 
m e n t i o n e d o c c u r r e n c e may b e e x p e c t e d b e c a u s e t h e d i s s i m i l a r i t i e s b e t w e e n 
t h e GA and GU d e n s i t i e s a r e s i m i l a r t o t h e d i s s i m i l a r i t i e s b e t w e e n LN 
2 
and GA ( o r GU) when > 0 . 4 ) . The r e s u l t s shown b y T a b l e 5.2 c o n f i r m 
t h e a b o v e e x p e c t a t i o n s . T a b l e 5.2 s h o w s t h a t t h e v a r i a n c e o f t h e f i t t e d PDF, 
2 —2 
CTF GA GU/LS' * S a n d l a r g e r t h a n t h e s a m p l e v a r i a n c e a t = 0 . 0 9 9 
—2 
and 0 . 1 9 4 , r e s p e c t i v e l y , b u t t h e y b e c o m e e q u a l a t S = 0.326. (The 
v a r i a n c e s o f MCS m e t h o d w e r e s l i g h t l y l a r g e r t h a n b y LS b e c a u s e MCS 
g i v e s more w e i g h t t o t h e t a i l o f t h e d i s t r i b u t i o n a s e x p l a i n e d i n 
A p p e n d i x A ) . 
The f o r e g o i n g d i s c r e p a n c i e s b e t w e e n t h e v a r i a n c e o f t h e f i t t e d 
PDF and t h e s a m p l e v a r i a n c e s u g g e s t t h e f o l l o w i n g c o n c l u s i o n s : 
a ) When t h e d a t a s a m p l e i s f r o m a GA d i s t r i b u t i o n and t h e s a m p l e 
i s f i t t o a LN d i s t r i b u t i o n t h e ML/LS/MCS p r e d i c t i o n s o f 
f u t u r e o c c u r r e n c e s w i l l , on t h e a v e r a g e , b e l a r g e r t h a n t h e 
MO p r e d i c t i o n s ( s e e T a b l e 5.3 f o r d i s c r e p a n c i e s i n 1 0 0 - y e a r 
p r e d i c t i o n s ) . The
 K
s l o o GA LN/ML w e r e f o u n a t o b e 4% and 25% 
—2 
l a r g e r t h a n t h e LN-moment p r e d i c t i o n s a t S^ = 0 . 0 9 9 and 0.326, 
r e s p e c t i v e l y . The K s l 0 0 f G A - L N / ( L S / M C S ) w e r e f o u n d t o b e much 
l a r g e r . 
b ) When t h e s a m p l e i s f rom a GA d i s t r i b u t i o n and t h e s a m p l e i s 
84 
T a b l e 5 . 3 . D i s c r e p a n c i e s i n L S , ML, MC and MO P r e d i c t i o n s 
When Da ta o f G i v e n P o p u l a t i o n A r e F i t t o D i f f e r e n t P D F ' s 
Sample S i z e = 100 
D a t a SP F i t t e d K 1 0q 
PDF 
( F i g 3 . 9 f ) MO LS ML MCS LS/MO ML/MO MCS/MO Run No. 




.094 LN 1.92 1.92 1 . ,93 1 .92 l . « 7 1 .005 1 .000 1.026 1LN5 
GA 1 .85 1.84 1 . ,77 1 .83 1 .84 .962 .995 1 .000 
GU 1 .97 1 .96 2. ,03 * 2 .04 1 .036 * 1 .041 
. 173 LN 2 . 3 4 2 . 4 0 2. ,33 2 .39 2 .47 . 9 7 1 .996 1.029 2LN5 
GA 2 . 2 0 2 .27 2. ,01 2 .18 2 .10 .885 .960 .969 
GU 2 .30 2 .36 2. ,23 * 2 . 3 1 .945 * .979 
.284 LN 2.Q2 2 .93 2. ,82 2 .90 3 .34 .962 .990 1 .038 3LN4 
GA 2 .62 2 . 7 3 2. 25 2 .54 2 .38 .824 .930 .945 
GU 2 .66 2 .75 2. 38 * 2.37 .865 * .935 
.630 LN 3 .99 3 .86 3. 88 3 .86 4.07 1.005 1.000 1.054 4LN4 
GA 3.69 3.59 2 . ,62 3 .10 3..-..0 .730 .864 .864 
GU 3.49 3 .40 2 . 45 * 2.S-8 . 7 2 1 * .876 
.099 LN 1 .96 1 .94 2 . 07 2 .02 2 .12 1 .067 1 . 0 4 1 1.09 4GA5 
GA 1 .88 1.86 1 . 87 1 .87 1 .005 1.005 1 .027 
GU 1.99 1.97 2 . 16 * 2 .16 1 .096 * 1.096 
. 143 LN 2 .19 2 .17 2. 45 2 .32 2 .54 1 .129 1.069" 1 . 1 7 1 3GA6 
GA 2 . 0 8 2 .07 2 .09 2 .08 2 .15 1 .010 1 .005 1.039 
GU 2 .19 2 .17 2 . 34 * 2 .34 1 .078 1 .078 
.194 LN 2 .46 2 . 4 1 2 . 89 2 .70 3 . 1 1 1.199 1 .120 1 .290 2GA5 
GA 2 .32 2 .27 2 . 33 2 . 3 0 2 . 4 1 1.026 1 .103 1.062 
GU 2 . 4 0 2 .35 2 . 50 * 2 . 5 3 1 .064 1 .077 
.326 LN 3 . 0 1 2 .96 4 . 11 3 .69 4 . 4 2 1 . 389 1.247 1.493 1GA5 
GA 2 . 8 0 2 .75 2 . 80 2 . 7 8 2 .93 1 .018 1 . 0 1 1 1 .065 
GU 2 . 8 0 2.75 2 . 74 * 2.85 .996 * 1.036 
.104 LN 1 .98 1 .97 1 . 91 1.95 1.99 .970 .990 1 .010 4GU5 
GA 1 .89 1 .89 1 . 76 1 .86 1 .86 . 931 .984 .984 
GU 2 . 0 0 2 .00 1 . 99 * 2 . 0 3 .995 * 1.015 
.191 LN 2 . 3 8 2 .42 2 . 56 2 .59 2 .74 1 .058 1 .070 1 .132 3GU5 
GA 2 . 2 4 2 . 2 8 2 . 17 2 .26 2 . 3 0 .952 . 9 9 1 1 .009 
GU 2 .34 2 .37 2 . 39 * 2 .44 1 .008 * 1.030 
. 398 LN 3.29 3 .24 4 . 80 4 . 9 4 5 .94 1 . 4 8 1 1 .525 1 .833 2GU4 
GA 3.05 3 .00 3. 15 3 .17 3 .39 1 .050 1.057 1.130 
GU 3 . 0 1 2 .99 3. 02 * 3 .18 1.010 * 1.064 
.682 LN 4 .25 4 . 1 5 8 .10 7.89 9 . 7 0 1 .952 1 .901 2 .337 1GU5 
GA 3 .94 3.84 4 . 22 4 . 1 1 4 .37 1 .100 1 .070 1 .138 
GU 3.68- 3 . 7 1 3. 60 * 3.84 .970 * 1.035 
* Not e v a l u a t e d 
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f i t t o a GU d i s t r i b u t i o n t h e L S , (ML w h e r e a v a i l a b l e ) and 
t h e MCS p r e d i c t i o n s w i l l b e , compared t o t h e p r e d i c t i o n s by 
2 
t h e m e t h o d o f m o m e n t s , l a r g e r a t l o w v a r i a n c e s ( S ^ < 0 . 3 ) , 
a p p r o x i m a t e l y t h e same i n t h e v a r i a n c e r a n g e o f 0 . 3 t o 0 . 4 , 
2 — 
and l o w e r when S, > 0 . 4 . T a b l e 5 . 3 s h o w s t h e K . . A / , v a l u e s k S 1 0 0 
b a s e d on MO, LS and MCS m e t h o d s f o r GU f i t o f GA d a t a i n 
t h e v a r i a n c e r a n g e o f 0 . 0 9 9 t o 0 . 3 2 6 . No s i m u l a t i o n 
—2 
e x p e r i m e n t s w e r e c a r r i e d o u t w i t h GA d a t a f o r S^ > 0 . 3 2 6 . 
T a b l e 5 . 3 s h o w s t h a t K 0 1 _ _ _„ / t _ i s a b o u t 10% l a r g e r t h a n 
S 1 U U , ( j A . LrU/Lb 
K S100,GA.GU/MO a t ? k = a n d t h e M ° a n d L S f S 1 0 0 V a l U 6 S 
—2 
b e c o m e a p p r o x i m a t e l y e q u a l a t S^ = . 3 2 6 . 
LN and GA PDF ' s F i t t o GU Data 
Under t h e f o r e g o i n g two s u b - h e a d i n g s t h e s i m i l a r i t i e s and 
d i f f e r e n c e s b e t w e e n t h e s h a p e s o f GU and LN and b e t w e e n GU and GA a r e 
2 
d i s c u s s e d w i t h r e f e r e n c e s t o a w i d e r a n g e o f . The e f f e c t o f t h e s e 
2 
d i f f e r e n c e s on t h e a o f t h e P D F ' s f i t t e d b y s h a p e f i t t i n g m e t h o d s a r e 
r 
a l s o d i s c u s s e d . W i t h o u t g o i n g i n t o d e t a i l s , t h e d i s c r e p a n c i e s b e t w e e n 
2 
t h e Op b a s e d on ML/LS/MCS and t h e s a m p l e v a r i a n c e when GU d a t a a r e f i t 
t o LN and GA d i s t r i b u t i o n s may b e s u m m a r i z e d a s f o l l o w s : 
a ) When t h e d a t a s a m p l e i s f r o m a GU d i s t r i b u t i o n and t h e 
2 
s a m p l e I s f i t t o a LN d i s t r i b u t i o n , t h e a o f ML/LS/MCS 
F 
m e t h o d s w o u l d b e a p p r o x i m a t e l y t h e same a s t h e s a m p l e 
2 2 
v a r i a n c e up t o a S o f a b o u t 0 . 1 5 . A t l a r g e r v a l u e s o f S, , 
K. K. 
a F , G U . L N / ( M L / L S / M C S ) W O u l d b e ' ° n t h e a v e r a S e > l a r S e r t h a n 
2 




At a f c = 0 . 7 3 ( S k = . 6 8 ) , w h e r e t h e GU and LN d i s t r i b u t i o n s 
a r e h i g h l y d i f f e r e n t , ( s e e F i g u r e s 3 . 1 and 3 . 3 ) t h e 
" F . G U . L N / ( M L / L S / M C S ) 3 R E F ° U N D T 0 B E 3 8 H I G H 3 8 ( 3 > 7 / 3 - 7 / 5 " 7 ) 
t i m e s t h e s a m p l e v a r i a n c e ( s e e T a b l e 5 . 2 ) . The d i s c r e p a n c i e s 
i n p r e d i c t i o n s a r e g i v e n b y T a b l e 5 . 3 . T a b l e 5 . 3 s h o w s t h a t 
I S 1 0 0 , G U . L N ( M L / L S / M C S ) a r e h i g h e r b y a b ° U t 6 % t 0 1 3 % 3 t ? k = 
—2 
0 . 1 9 and 90% t o 134% a t S = 0 . 6 8 compared t o t h e 
K 1 0 0 GU LN/MO" T h e b i ^ n e r f i g u r e s a r e f rom t h e MCS m e t h o d . 
When t h e d a t a s a m p l e i s f r o m a GU d i s t r i b u t i o n and t h e s a m p l e 
i s f i t t o a GA d i s t r i b u t i o n , 4,GU.Gk/(ML/LS/MCS) w o u l d b e 
2 2 
l e s s t h a n S, when S i s l e s s t h a n 0 . 3 , a p p r o x i m a t e l y e q u a l 
K. le 
2 2 2 2 
t o S^ when S^ i s a b o u t 0 . 3 t o 0 . 4 and l a r g e r t h a n S^ when S^ 
i s g r e a t e r t h a n 0 . 4 ( s e e t h e f o r e g o i n g s u b - h e a d f o r an 
e x p l a n a t i o n o f s u c h an o c c u r r e n c e ) . H o w e v e r , T a b l e 5 . 2 
2 
s h o w s t h a t t h e d i s c r e p a n c i e s t h a t o c c u r i n a_ when m o d i f i e d 
F 
GU data are fit to GA are not as large as those when GU data 
2 
a r e f i t t o LN, p a r t i c u l a r l y a t l a r g e r v a r i a n c e ( o ^ = 0 . 7 3 , 
—2 
S^ = 0 . 6 8 ) . The a b o v e phenomenon i n d i c a t e s t h a t t h e Gumbel 
d a t a ( w i t h t h e v a r i a t e s i n t h e n e g a t i v e r a n g e o f k d i s c a r d e d ) 
r e a d i l y f i t gamma d i s t r i b u t i o n i n a w i d e r a n g e o f v a r i a n c e 
( 0 . 2 t o 0 . 7 ) . The a n a l y s i s of 1 0 0 - y e a r p r e d i c t i o n s b a s e d on 
GA f i t t o Gumbel d a t a b y d i f f e r e n t m e t h o d s ( T a b l e 5 . 3 ) s h o w s 
t h a t t h e LS/ML/MCS p r e d i c t i o n s d i f f e r f r o m t h e moment 
p r e d i c t i o n s o n l y b y a s m a l l f r a c t i o n , w h i c h f u r t h e r 
i l l u s t r a t e s t h e e a s y a d a p t a b i l i t y o f m o d i f i e d GU d a t a t o 
87 
GA d i s t r i b u t i o n i n t h e r a n g e of v a r i a n c e s t u d i e d ( S ^ = 0 . 1 0 
t o 0 . 6 8 ) . 
B a s e d on t h i s a n a l y s i s , o n e m i g h t s t a t e t h a t t h e m o d i f i e d Gumbel 
d i s t r i b u t i o n w o u l d e a s i l y f i t a l o g n o r m a l PDF up t o a v a r i a n c e o f a b o u t 
0 . 2 , and t h e n w o u l d f i t a gamma d i s t r i b u t i o n u n t i l i t i s no l o n g e r 
s u i t a b l e f o r a p p l i c a t i o n t o r e a l w o r l d h y d r o l o g i c d a t a , i . e . , when 
2 
i s a b o u t 0 . 6 a t w h i c h t h e n e g a t i v e t a i l o f GU d i s t r i b u t i o n r e a c h e s 
5% o f t h e t o t a l a r e a . T h u s , when h y d r o l o g i c d a t a a r e s u b j e c t e d t o 
f r e q u e n c y a n a l y s i s , i t may n o t b e n e c e s s a r y t o c o n s i d e r t h e Gumbel 
d i s t r i b u t i o n a s t h e p o s s i b l e p a r e n t d i s t r i b u t i o n b e c a u s e e i t h e r t h e LN 
o r t h e GA d i s t r i b u t i o n w i l l p r o v i d e a s g o o d a f i t a s w o u l d t h e GU ( i n 
i t s r a n g e o f a p p l i c a b i l i t y ) . 
R e s u l t s f r o m I n d i v i d u a l S a m p l e s o f a Run 
I n T a b l e 5 . 2 t h e v a l u e s o f v a r i a n c e o f P D F ' s f i t t e d by d i f f e r e n t 
m e t h o d s w e r e c o m p u t e d u s i n g t h e mean p a r a m e t e r v a l u e s b a s e d on t w e n t y 
f i v e i n d i v i d u a l s a m p l e s . I n o r d e r t o v e r i f y w h e t h e r t h e r e s u l t s b a s e d 
on i n d i v i d u a l s a m p l e s o f a s i m u l a t i o n r u n w o u l d a l s o l e a d t o t h e g e n e r a l 
c o n c l u s i o n s d i s c u s s e d i n t h e f o r e g o i n g p a r a g r a p h s , t h e v a r i a n c e r a t i o 
2 2 
( o _ / S . ) was c a l c u l a t e d f o r e a c h s a m p l e f o r some r u n s o f T a b l e 5 . 2 and r k. 
2 2 
i n T a b l e 5 . 4 a r e p r e s e n t e d t h e s a m p l e mean and v a r i a n c e o f ( o ^ / S ^ ) f o r 
2 —2 
t h e s e r u n s . I n T a b l e 5 . 4 a r e a l s o p r e s e n t e d t h e r a t i o s ( a / S , ) , i n w h i c h 
2 — — 
a w a s c a l c u l a t e d f r o m (A, B ) , f o r e a c h r u n . T a b l e 5 . 4 , l i k e T a b l e 5 . 2 , r 
a l s o s h o w s t h a t t h e v a r i a n c e o f P D F ' s f i t b y s h a p e f i t t i n g m e t h o d s w o u l d 
b e , on t h e a v e r a g e , c l o s e r t o t h e s a m p l e v a r i a n c e when d a t a a r e f i t t o 
t h e p a r e n t PDF and i t w o u l d d i f f e r o t h e r w i s e d e p e n d i n g o n t h e 
T a b l e 5 . 4 . D i s c r e p a n c i e s i n at, B a s e d on I n d i v i d u a l S a m p l e s 
r 
(Number o f S a m p l e s p e r Run = 2 5 ) 
D a t a 
F i t t e d a 2 / S 2 b a s e d on (A, B) 
PDF MLK LS 
Mean ( c r 2 / S 2 ) 
ML Es 
Var ( a 2 / S 2 ) 
ML F is 
Run No. 
LN 0 . 2 8 4 LN . 9 5 . 8 7 . 9 9 . 9 4 . 0 2 2 . 0 9 0 3LN4 
GA . 7 8 . 5 8 . 8 2 . 6 4 . 0 1 1 . 0 2 7 
GU * . 6 5 * . 7 0 * . 0 2 8 
0 . 6 3 2 LN . 9 2 . 9 1 1 . 0 4 . 0 6 2 * 4LN4 
GA . 6 5 . 4 6 . 7 7 * . 0 2 4 * 
GA 0 . 2 0 0 LN 1 . 3 1 1 . 4 8 1 . 3 4 * . 0 5 1 * 2GA5 
GA 1 . 0 1 1 . 0 0 1 . 0 5 * . 0 1 0 * 
0 . 3 3 3 LN 1 . 5 1 1 . 9 6 1 . 6 6 2 . 1 0 . 1 6 5 . 7 3 4 1GA5 
GA . 9 9 . 9 8 1 . 0 5 1 . 0 5 . 0 1 0 . 0 5 9 
GU * . 9 8 * 1 . 0 3 * . 0 4 6 
GU 0 . 4 1 1 LN * 2 . 0 9 * 2 . 4 5 * 2 . 8 9 9 2GU4 
GA * . 9 8 * 1 . 1 1 * . 1 4 0 
GU . 9 8 * 1 . 0 6 * . 0 9 1 
* Not e v a l u a t e d 
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T a b l e 5 . 5 . C o m p a r i s o n o f R a t i o s , a p V S 2 _ GA D a t a 
S a m p l e S i z e = 1 0 0 
Sample Run No 2GA5, a 2 = 0 . 2 0 0 Run No 1GA5, a 2 = 0 . 3 3 3 
K K No 
^Us2 o^Ts7" 
F K F K 
S z GA f i t LN f i t S z GA f i t LN f i t GA f i t LN f i t 
b y ML by ML by LS b y LS by ML b y ML 
1 . 1 5 4 . 9 6 2 1 . 0 7 1 . 3 3 1 1 . 1 9 1 2 . 5 7 3 1 . 1 1 9 1 . 8 9 4 
2 . 2 1 2 . 9 7 0 1 . 0 6 3 . 2 3 9 1 . 0 8 7 1 . 5 9 4 . 9 9 7 1 . 3 2 5 
CO . 1 8 6 1 . 0 5 9 1 . 4 3 3 . 2 9 0 . 8 5 9 1 . 5 5 6 1 . 0 4 9 1 . 3 0 7 
4 . 2 1 7 1 . 1 5 4 1 . 4 9 2 . 2 4 9 . 8 4 7 1 . 2 8 2 . 9 1 2 1 . 0 7 3 
5 . 1 7 0 1 . 1 2 4 1 . 4 0 4 . 4 1 0 1 . 2 7 5 3 . 1 4 9 . 9 6 4 1 . 4 9 2 
6 . 2 7 0 . 9 3 8 1 . 1 9 2 . 2 7 7 1 . 2 7 1 2 . 3 9 9 1 . 1 7 2 1 . 9 2 9 
7 . 1 7 0 1 . 0 2 9 1 . 1 8 3 . 3 8 1 . 6 8 3 1 . 5 2 7 . 9 4 3 1 . 1 6 5 
8 . 1 9 2 1 . 0 2 4 1 . 2 1 3 . 2 9 2 . 8 9 5 1 . 5 4 0 1 . 1 3 2 1 . 8 5 6 
9 . 1 8 6 1 . 1 0 4 1 . 5 6 9 . 3 1 8 . 8 5 0 1 . 5 1 0 1 . 0 4 5 1 . 6 3 6 
1 0 . 2 2 7 . 9 6 8 1 . 2 9 6 . 3 3 4 . 9 2 2 1 . 7 1 2 1 . 0 0 1 1 . 4 3 5 
1 1 . 1 5 7 1 . 2 2 2 1 . 6 4 2 . 4 3 9 1 . 0 9 0 2 . 5 4 6 1 . 0 2 0 2 . 1 8 8 
12 . 1 8 6 1 . 0 8 8 1 . 4 3 9 . 2 6 5 . 7 7 0 1 . 2 3 7 1 . 0 1 2 1 . 2 5 0 
1 3 . 1 9 3 . 9 1 0 1 . 1 4 1 . 3 4 7 . 9 9 5 1 . 7 5 1 1 . 0 1 5 1 . 6 4 6 
14 . 1 9 7 1 . 2 3 7 1 . 6 8 5 . 2 7 8 1 . 1 8 0 2 . 5 5 2 1 . 0 9 2 1 . 4 7 1 
1 5 . 1 7 6 1 . 1 1 0 1 . 4 5 6 . 4 4 8 1 . 3 5 5 3 . 5 6 9 ' 1 . 0 5 2 2 . 2 2 6 
16 . 2 2 8 . 9 6 2 1 . 1 9 7 . 3 0 3 1 . 0 6 0 1 . 7 6 2 . 9 9 0 1 . 4 7 7 
17 . 1 9 7 1 . 2 4 3 1 . 9 7 6 . 4 2 5 . 8 6 5 1 . 4 0 5 . 8 9 0 1 . 4 7 2 
18 . 2 2 6 . 9 8 9 1 . 1 5 5 . 2 7 5 . 9 1 4 1 . 6 3 6 1 . 0 4 1 1 . 4 7 4 
19 . 1 2 4 1 . 1 4 2 1 . 4 6 5 . 2 4 8 1 . 1 1 7 1 . 8 4 7 1 . 2 2 0 1 . 7 6 6 
20 . 1 9 4 . 9 9 1 1 . 1 7 6 . 2 9 2 1 . 4 9 0 3 . 3 9 4 1 . 2 3 1 2 . 3 5 3 
21 . 1 9 8 1 . 0 6 8 1 . 4 0 7 . 3 9 5 . 9 0 5 1 . 3 7 3 . 9 2 1 1 . 5 1 4 
22 . 1 8 8 1 . 0 5 0 1 . 3 2 7 . 3 6 1 . 9 3 1 1 . 7 7 7 1 . 0 1 4 1 . 6 3 8 
23 . 2 6 0 . 8 4 2 1 . 0 4 1 . 3 5 6 1 . 6 0 4 4 . 5 2 8 1 . 2 6 8 2 . 8 2 5 
24 . 1 7 1 1 . 0 4 6 1 . 2 4 0 . 3 3 6 . 7 5 4 1 . 3 0 4 . 9 8 1 1 . 3 1 3 
25 . 1 7 5 1 . 0 0 9 1 . 1 6 1 . 2 6 4 1 . 4 0 7 2 . 9 3 3 1 . 1 6 0 1 . 6 5 7 
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T a b l e 5 . 6 . C o m p a r i s o n o f R a t i o s , o 2 / S 2 - LN D a t a 
F K 
Sample S i z e = 1 0 0 
Sample Run No 3 LN 4 , o
2 = 
K 
0 . 2 8 4 Run No 4LN4, a2 
K 
= 0 . 6 3 2 
No / s 2 
K 
a 2 / S 2 
F K 
S 2 LN f i t GA f i t LN f i t GA f i t S 2 LN f i t GA f i t 
K b y LS b y LS b y ML b y ML b y ML by ML 
1 . 3 5 0 . 8 4 8 . 6 0 2 . 9 4 8 . 7 5 8 . 6 2 5 1 . 1 0 7 . 7 5 2 
2 . 1 4 3 . 8 5 3 . 6 5 4 . 9 9 2 1 . 0 3 5 1 . 1 1 7 . 8 6 9 . 5 6 6 
3 . 2 6 2 1 . 5 9 1 . 9 2 3 1 . 1 8 9 . 9 5 3 . 6 2 8 1 . 0 3 3 . 7 1 8 
4 . 3 1 3 . 7 8 0 . 5 5 5 . 8 8 7 . 7 9 2 . 4 2 1 1 . 1 9 5 . 9 4 2 
5 . 3 2 5 . 7 9 3 . 6 1 1 1 . 0 8 6 . 8 1 9 . 3 6 5 1 . 3 1 0 . 9 6 7 
6 . 3 6 5 . 7 0 8 . 5 0 0 . 9 3 0 . 7 6 5 . 4 6 8 . 9 6 6 . 8 1 1 
7 . 2 1 5 . 8 1 0 . 6 1 7 . 9 6 9 . 8 7 4 . 6 4 7 . 9 1 9 . 6 7 9 
8 . 4 9 2 . 9 0 6 . 5 5 6 . 8 7 7 . 7 0 1 . 5 9 1 . 8 8 1 . 7 3 2 
9 . 2 4 9 . 9 9 1 . 7 2 1 . 9 9 6 . 8 3 0 1 . 8 0 9 . 5 0 3 . 3 7 5 
10 . 2 8 5 . 8 3 6 . 5 8 9 . 8 7 9 . 8 0 0 . 3 9 5 1 . 2 8 3 . 8 9 1 
1 1 . 5 4 1 . 5 1 7 . 3 6 1 . 6 6 6 . 5 8 6 . 9 8 5 . 6 3 8 . 5 2 8 
12 . 3 4 8 . 9 7 8 . 6 4 2 1 . 2 6 9 . 8 9 2 . 3 5 8 1 . 1 5 9 . 9 1 9 
1 3 . 3 5 1 . 9 6 4 . 6 3 2 1 . 0 5 4 . 8 2 8 1 . 1 9 6 . 6 1 0 . 4 7 5 
14 . 2 9 5 1 . 0 9 3 . 7 3 0 1 . 0 3 8 . 8 6 9 . 7 2 0 1 . 2 7 4 . 7 7 8 
15 . 1 9 9 1 . 4 7 6 . 9 9 0 1 . 2 0 1 1 . 0 0 8 . 4 7 0 1 . 2 5 3 . 8 8 4 
16 . 3 3 2 . 6 8 8 . 5 2 6 . 9 1 1 . 7 4 2 . 4 1 5 1 . 1 9 8 . 8 7 7 
17 . 3 0 0 . 7 1 8 . 5 2 1 . 9 6 6 . 8 2 9 . 5 0 2 1 . 3 2 5 . 8 6 6 
18 . 3 6 8 . 7 0 8 . 4 9 2 . 8 9 4 . 7 5 0 . 4 0 1 1 . 1 3 7 . 8 4 3 
19 . 3 2 3 1 . 1 8 4 . 7 6 3 1 . 1 3 7 . 8 5 7 . 4 7 1 . 7 6 6 . 7 4 8 
20 . 332 1 . 0 9 3 . 6 8 4 1 . 0 0 1 . 8 3 0 . 5 8 3 . 8 7 8 . 6 9 9 
2 1 . 3 1 7 1 . 0 9 1 . 7 2 9 . 9 9 5 . 8 0 4 . 7 3 8 1 . 3 7 4 . 7 7 5 
22 . 3 8 0 . 4 0 6 . 3 0 9 . 6 4 7 . 6 2 7 . 4 8 1 1 . 0 3 5 . 8 5 5 
2 3 . 2 2 9 . 6 5 6 . 5 2 0 . 9 3 1 . 8 2 9 . 4 2 5 1 . 4 2 1 . 9 6 6 
24 . 2 3 3 1 . 4 0 9 . 9 1 0 1 . 1 7 8 . 9 6 2 . 6 0 3 . 8 6 7 . 6 9 3 
25 . 3 3 8 1 . 4 3 3 . 8 3 7 1 . 0 9 3 . 8 5 4 . 3 3 8 1 . 0 8 8 . 9 4 1 
9 1 
h y p o t h e s i z e d PDF. ( P a r t i c u l a r l y , when GA o r GU d a t a w e r e f i t t o LN by 
2 2 2 —2 
ML o r LS t h e mean ( a / S - ) w a s f o u n d t o b e e v e n l a r g e r t h a n a / S n f o r r k F k 
e a c h r u n . 
T a b l e s 5 . 5 and 5 . 6 p r e s e n t a c o m p a r a t i v e s t a t e m e n t o f r a t i o s 
2 2 
0^ / S ^ f o r GA and LN s a m p l e s , r e s p e c t i v e l y , f o r some r u n s o f T a b l e 
5 . 4 (GU w a s o m i t t e d f o r s i m p l i c i t y ) . I n T a b l e s 5 . 5 and 5 . 6 t h e v a l u e s 
2 
o f s a m p l e v a r i a n c e , S ^ , a r e a l s o shown f o r e a c h s a m p l e o f a r u n . 
2 2 
T a b l e 5 . 5 s h o w s t h a t t h e r a t i o a „ / S , i s c l o s e r t o u n i t y when 
F k 
GA s a m p l e s a r e f i t t o GA t h a n t o LN b y ML/LS. O n l y o n e s a m p l e from 
e a c h r u n ( s a m p l e N o s . 4 and 23 o f Runs 1GA5 and 2GA5, r e s p e c t i v e l y ) 
p r o v e d an e x c e p t i o n . F o r t h e s e two s a m p l e s t h e s a m p l e v a r i a n c e w a s 
2 
f o u n d t o b e d i f f e r e n t ( t h e d i f f e r e n c e i s 24% t o 30% of ) f r o m t h e 
p o p u l a t i o n v a r i a n c e . 
T a b l e 5 . 6 s h o w s t h a t f o r 21 s a m p l e s of Run 3LN4 and 15 s a m p l e s 
2 2 
o f Run 4LN4 t h e r a t i o o\„/S, i s c l o s e r t o u n i t y when LN s a m p l e s a r e f i t 
F k 
t o LN t h a n t o GA b y ML/LS. Run 4LN4 had a r e l a t i v e l y h i g h p o p u l a t i o n 
2 2 
v a r i a n c e (a , = 0 . 6 3 2 ) and t h e 10 s a m p l e s f o r w h i c h a „ T „ T „ / / W T /Tr.\ w a s k F , L N . L N / ( M L / L S ) 
2 2 2 
n o t c l o s e t o S^ h a d t h e i r S^ l e s s t h a n b y 21% t o 44%. T h i s s h o w s 
t h a t t h e s t a t i s t i c a l c h a r a c t e r i s t i c s o f t h e s a m p l e s w i t h h i g h 
p o p u l a t i o n v a r i a n c e a r e t o b e f u r t h e r i n v e s t i g a t e d . H o w e v e r , f o r m o s t 
2 
n a t u r a l d a t a S^ i s l e s s t h a n 0 . 5 ( s e e C h a p t e r V I ) and f o r s a m p l e s w i t h i n 
2 2 2 
t h i s r a n g e o f S^, i n g e n e r a l , t h e r a t i o o^,/S^ w a s f o u n d t o b e c l o s e r t o 
u n i t y when d a t a w e r e f i t t o p a r e n t PDF by ML/LS. 
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E r r o r s i n E s t i m a t i o n o f K, 
S100 When t h e C o r r e c t P a r e n t PDF I s N o t 
C h o s e n 
T a b l e 5 . 3 , a summary o f 1 0 0 - y e a r p r e d i c t i o n s b y d i f f e r e n t 
e s t i m a t i o n m e t h o d s f rom g i v e n d a t a , i l l u s t r a t e s a v e r y i m p o r t a n t 
phenomenon f o r h y d r o l o g i s t s who m u s t e s t i m a t e e x t r e m e e v e n t s w i t h o u t 
k n o w i n g t h e c o r r e c t d i s t r i b u t i o n . The e r r o r s i n n o t c h o o s i n g t h e 
c o r r e c t d i s t r i b u t i o n a r e shown t o b e more s e v e r e when t h e c o m p u t a t i o n s 
a r e made b y a s o - c a l l e d s t a t i s t i c a l l y s u p e r i o r m e t h o d l i k e ML t h a n when 
t h e c o m p u t a t i o n s a r e made b y t h e m e t h o d o f m o m e n t s . As two o f t h e many 
e x a m p l e s f o u n d on t h e T a b l e , when t h e p a r e n t d i s t r i b u t i o n i s LN w i t h 
—2 
v a r i a n c e 0 . 6 3 ( S ^ ) , t h e 1 0 0 - y e a r p r e d i c t i o n s f r o m a f i t t e d GA 
d i s t r i b u t i o n w e r e 3 . 5 9 and 3 . 1 0 f o r MO and ML f i t s , r e s p e c t i v e l y , 
compared t o t h e c o r r e c t ( b a s e d on LN p o p u l a t i o n ) v a l u e o f 3 . 9 9 . 
S i m i l a r l y , 1 0 0 - y e a r p r e d i c t i o n s f r o m a LN f i t o f a GA s a m p l e ( v a r i a n c e = 
0 . 3 3 ) w e r e 2 . 9 6 and 3 . 6 9 f o r MO and ML f i t s , r e s p e c t i v e l y , compared 
t o t h e c o r r e c t v a l u e ( b a s e d on GA p o p u l a t i o n ) o f a b o u t 2 . 8 0 . I n b o t h 
c a s e s , t h e e r r o r i n t r o d u c e d b y n o t c h o o s i n g t h e c o r r e c t d i s t r i b u t i o n 
w e r e l a r g e r when t h e ML m e t h o d w a s u s e d t h a n when t h e MO m e t h o d was 
u s e d . The e r r o r s f o r s i t u a t i o n s i n w h i c h t h e w r o n g d i s t r i b u t i o n w a s 
c h o s e n and a t d i f f e r e n t v a r i a n c e l e v e l s a r e s u m m a r i z e d i n T a b l e 5 . 7 f o r 
1 0 0 - y e a r p r e d i c t i o n s . E r r o r s i n T a b l e 5 . 7 a r e c o m p u t e d b y u s i n g t h e 
f o r m u l a , 
% E r r o r = (Computed K 
S 1 0 0 
- p o p u l a t i o n K ) x 1 0 0 ( 5 . 1 ) 
p o p u l a t i o n K 
100 
The e r r o r s i n t r o d u c e d b y c h o o s i n g t h e wrong d i s t r i b u t i o n a r e 
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T a b l e 5 .7 . E r r o r s I n t r o d u c e d i n 1 0 0 - Y e a r P r e d i c t i o n s 
By D i f f e r e n t E s t i m a t i n g M e t h o d s When t h e C o r r e c t D i s t r i b u t i o n I s Not Chosen 
D a t a F i t % E r r o r Run No 
MO LS ML MCS 
. 0 9 4 GA - 4 - 8 - 5 - 7 1LN5 
GU + 2 + 5 ** + 4 
. 1 7 3 GA - 5 - 1 4 - 9 - 1 1 2LN5 
GU - 2 - 4 ** - 6 
. 2 8 4 GA - 7 - 2 0 - 1 2 - 1 5 3LN4 
GU - 6 - 1 6 ** - 1 5 
. 6 3 0 GA - 7 - 3 2 - 2 0 - 2 4 4LN4 
GU - 1 2 - 3 7 ** - 2 7 
. 0 9 9 LN + 4 + 1 1 + 8 + 1 1 4GA5 
GU + 6 + 1 6 ** + 1 3 
. 1 4 3 LN + 5 + 1 7 + 1 2 + 1 8 3GA6 
GU + 5 + 1 2 ** + 9 
. 1 9 4 LN + 6 + 2 4 + 1 7 + 2 9 2GA5 
GU + 4 + 7 ** + 5 
. 3 2 6 LN + 8 + 4 7 + 3 3 + 5 1 1GA5 
GU 0 - 2 ** - 3 
. 1 0 4 LN - 2 - 4 - 3 - 2 4GU5 
GA - 6 - 1 2 - 7 - 8 
. 1 9 1 LN + 2 + 7 + 9 + 1 2 3GU5 
GA - 4 - 9 - 5 - 6 
. 3 9 8 LN + 8 + 5 9 +65 +87 2GU5 
GA 0 + 4 + 6 + 7 
. 6 8 2 LN + 1 2 + 1 2 5 + 1 1 3 + 1 5 3 1GU5 
GA + 4 +17 + 1 1 + 1 4 
* * Not c o m p u t e d 
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a l w a y s s m a l l e r when MO m e t h o d i s u s e d . P a r t i c u l a r l y t o b e n o t i c e d 
a r e t h e l a r g e e r r o r s i n t r o d u c e d when LN i s f i t t o h i g h v a r i a n c e GA o r 
GU d a t a . The r e s u l t s p r e s e n t e d i n T a b l e 5 . 7 a r e g r a p h i c a l l y shown by 
F i g u r e s 5 . 1 , 5 . 2 , and 5 . 3 . 
The ' B e s t F i t ' C r i t e r i o n 
The f i n d i n g s o f S t u d y N o . 1 i n d i c a t e t h a t c l o s e m a t c h i n g o f 
s a m p l e moments t o t h e moments o f a PDF f i t t e d b y a s h a p e f i t t i n g 
s t a t i s t i c a l e s t i m a t i o n m e t h o d may i d e n t i f y t h e p r o b a b i l i t y d e n s i t y 
f u n c t i o n of t h e b e s t f i t . I n d e e d , c o m p a r i s o n o f a s i n g l e s t a t i s t i c , 
n a m e l y t h e v a r i a n c e of t h e s a m p l e t o t h e v a r i a n c e of t h e PDF f i t t e d b y 
a s h a p e f i t t i n g m e t h o d , m i g h t s u f f i c e a s an e f f e c t i v e c r i t e r i o n . 
M a t h e m a t i c a l l y , t h e ' b e s t f i t ' c r i t e r i o n may b e s t a t e d a s f o l l o w s : 
A c r i t e r i o n f o r s e l e c t i n g an a p p r o p r i a t e PDF, f ( x ) , f o r f i t t i n g a 
random s a m p l e (X^) o f s i z e n i s t o s e l e c t t h a t f ( x ) w h i c h m a k e s t h e 
s t a t i s t i c 
Var CXjJf ( x ; 6 ) ) ( 5 . 2 ) 
Var ( X J 
c l o s e s t t o u n i t y , w h e r e 
n - 2 
Var ( X . ) = . I ! 1 ( X . - X ) Z / ( n - l ) ( 5 . 3 ) l 1=1 l 
Var ( x . ] f ( x ; 6 ) ) = ./°° ( x - y ) 2 f ( x ; 6 ) d x ( 5 . 4 ) 
and t h e p a r a m e t e r s o f f ( x ) , 0 , a r e e s t i m a t e d b y a s h a p e f i t t i n g m e t h o d 
s u c h a s ML/LS/MCS and t h e mean v a l u e , y , i s e s t i m a t e d from 
y = / x f ( x ; 9 ) d x ( 5 . 5 ) 
9 5 
X i n e q u a t i o n 5 . 2 i s g i v e n b y 
( 5 . 6 ) 
ML m e t h o d may b e p r e f e r r e d t o LS/MCS t o c o m p u t e V a r . (X | f ( x ; 8 ) ) 
b e c a u s e u n l i k e i n LS/MCS t h e d a t a do n o t h a v e t o b e g r o u p e d i n ML. 
S t u d y No . 2 : PDF D i s c r i m i n a t i n g C r i t e r i a B a s e d on S t a t i s t i c s o f 
C h i - S q u a r e and K-S G o o d n e s s - o f - F i t T e s t s and LS F i t 
For t h e PDF w h i c h b e s t f i t s a s a m p l e , o n e w o u l d e x p e c t t h e 
2 2 
s t a t i s t i c s ( i ) 6=P(x >X Q ) o f c h i - s q u a r e t e s t t o b e a maximum, ( i i ) D Q , 
t h e t e s t s t a t i s t i c o f K o l m o g o r o v - S m i r n o v t e s t t o b e a minimum, and 
( i i i ) SSE, t h e sum of s q u a r e d e r r o r s r e s i d u a l t o LS f i t t o b e a minimum. 
To t e s t w h e t h e r t h e s t a t i s t i c s 6 , D q o r SSE a r e u s e f u l i n i d e n t i f y i n g 
t h e p r o p e r d i s t r i b u t i o n , n u m e r i c a l v a l u e s of t h e s e t h r e e s t a t i s t i c s w e r e 
e v a l u a t e d f o r t h e LS f i t of e a c h s a m p l e o f t h e s i m u l a t i o n r u n s m e n t i o n e d 
i n T a b l e 5 . 2 . I n t h e e v a l u a t i o n of 6 , t h e s a m p l e h i s t o g r a m o r g a n i z e d 
f o r LS e s t i m a t i o n ( s e e A p p e n d i x A) was g e n e r a l l y r e t a i n e d f o r c h i - s q u a r e 
t e s t s a l s o , b u t t h e o b s e r v a t i o n s i n t h e t a i l o f t h e d i s t r i b u t i o n s w e r e 
lumped s o t h a t t h e e x p e c t e d f r e q u e n c y w a s a t l e a s t 3 f o r t h e t a i l 
c l a s s e s . 
The s i m u l a t i o n r u n s m e n t i o n e d i n T a b l e 5 . 2 f i t s a m p l e s o f a g i v e n 
PDF t o t h e LN, GA, and GU P D F ' s . For e a c h c a s e , t h e v a l u e s of 6 , D 
o 
and SSE o b t a i n e d f r o m LS f i t w e r e c o m p a r e d . Then t h e t h r e e c r i t e r i a 
m e n t i o n e d a b o v e w e r e a p p l i e d t o d e c i d e w h i c h d i s t r i b u t i o n b e s t f i t e a c h 
s a m p l e . For e x a m p l e , a s s u m e t h a t a s a m p l e of l o g n o r m a l d a t a i s f i t t o 
t h e t h r e e d i s t r i b u t i o n s . S u p p o s e i t i s o b s e r v e d t h a t t h e v a l u e o f 6 i s 
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t h e l a r g e s t f o r LN f i t and t h e v a l u e s of D q and SSE a r e minimum f o r GA 
and LN f i t s , r e s p e c t i v e l y . Then i t may b e s a i d t h a t t h e d a t a s a m p l e i s 
c l o s e l y ( o r b e s t ) f i t b y a LN d i s t r i b u t i o n a c c o r d i n g t o t h e c h i - s q u a r e 
t e s t and Min SSE c r i t e r i o n , and t h a t t h e GA d i s t r i b u t i o n i s i n d i c a t e d 
b y t h e K-S t e s t . 
T a b l e s 5 . 8 t h r o u g h 5 . 1 0 s u m m a r i z e t h e r e s u l t s f o r LN, GA and GU 
d i s t r i b u t i o n s , r e s p e c t i v e l y . T h e s e t a b l e s show t h e number o f c a s e s 
i n d i c a t e d a s t h e c l o s e ( o r b e s t ) f i t s b y e a c h d i s c r i m i n a t i n g c r i t e r i o n 
f o r e a c h PDF when d a t a s a m p l e s o f a p a r t i c u l a r d e n s i t y w e r e f i t t o a l l 
t h r e e d e n s i t i e s . 
To t e s t t h e v a l i d i t y o f t h e a b o v e m e n t i o n e d d i s c r i m i n a t i n g 
c r i t e r i a , f i r s t t h e P D F ' s w e r e compared by p a i r s t h e n a l l t h r e e P D F ' s 
w e r e s i m u l t a n e o u s l y c o m p a r e d . 
T a b l e s 5 . 8 t h r o u g h 5 . 1 0 show t h a t , i n m o s t c a s e s , t h e t h r e e 
s t a t i s t i c s , 6 , D q and SSE ( r e s i d u a l t o LS f i t ) , i d e n t i f y t h e p a r e n t PDF 
when t h e s a m p l e i s f i t t o v a r i o u s P D F ' s i n c l u d i n g t h e p a r e n t . 
P a r t i c u l a r l y , t h e r e s u l t s a r e b e t t e r when f i t s t o two P D F ' s a r e compared 
a t a t i m e ( s e e p a r t s a and b o f T a b l e s 5 . 8 t h r o u g h 5 . 1 0 ) . H o w e v e r , i n 
2 
t h e 0*^ r a n g e s i n w h i c h LN and GU and GA and GU a r e c l o s e t o e a c h o t h e r 
( s e e C h a p t e r I I I ) i d e n t i f i c a t i o n o f p a r e n t PDF from s a m p l e s i s n o t 
s a t i s f a c t o r y ( s e e Runs 2LN5 - T a b l e 5 . 8 b , and 4GU5 - T a b l e 5 . 1 0 a ) , a s 
m i g h t h a v e b e e n e x p e c t e d . When GU s a m p l e s w e r e f i t b y GA-PDF's t h e 
i n d i c a t i o n s g i v e n b y t h e s t a t i s t i c s 6 and D q r e g a r d i n g t h e p a r e n t PDF 
a r e , i n g e n e r a l , e r r o n e o u s ( s e e T a b l e 5 . 1 0 b ) . P a r t i c u l a r l y f o r t h e Run 
2 
1GU5 ( a = 0 . 7 3 1 1 ) , t h e s t a t i s t i c s 6 and D show t h a t G U - d a t a a r e f i t 
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T a b l e 5 . 8 . D i s c r i m i n a t i o n o f P D I ' s - LN Da ta 
( a ) LN Da ta F i t t o LN and GA D i s t r i b u t i o n s by L e a s t Squares (n «= 100) 
o 2 No o f No. o f cases c l o s e f i t i n d i c a t e d by R e j e c t i o n s a t 5% L e v e l Run 
y Samples Do 6 SSE x* t e s t K-S t e s t No. 
LN GA LN GA LN GA LN GA LN GA 
0 . 3 .0942 25 10 15 17 
CO 16 9 2 2 0 0 1LN5 
0 .4 .1735 25 17 8 21 4 18 6 0 7 0 0 2LN5 
0 . 5 .2840 25 17 8 22 3 16 9 0 CO 0 0 3LN4 
0 .7 .6323 2 2 * 18 4 21 1 17 5 4 10 0 0 4LN4 
TOTAL 97 62 35 81 16 67 29 6 27 0 0 
* F o r 3 samples , , t h e Sample V a r i a n c e exceeded 1 , • 0 ; h e n c e , gamma f i t n o t mad 
( b ) LN D,-.ta F i t t o LN and GU D i s t r i b u t i o n s by L e a s t Squares ( n - 100) 
a a 2 No o f No o f cases c l o s e f i t i n d i c a t e d by R e j e c t i o n s a t 57. L e v e l Run 
y Samples Do i SSE x 2 t e s t . K-S t e s t No. 
LN GU LN GU LN GU LN GU LN GU 
0 . 3 .0942 25 19 6 15 10 15 10 2 2 0 0 1LN5 
0 . 4 .1735 25 12 13 14 11 13 12 0 1 0 0 2LN5 
0 . 5 .2840 25 16 9 19 6 16 9 0 3 0 0 3LN4 
0 .7 . 6323 25 21 4 24 1 23 2 4 21 0 2 4LN4 
TOTAL 100 68 32 72 28 67 33 6 27 0 2 
( c ) LN Data F i t t o L N , GA and GU D i s t r i b u t i o n s by L e a s t Squares ( n - 100) 
o o 2 No o f No o f cases c l o s e f i t i n d i c a t e d by Run 
y Samples Do 6 SSE No 
LN GA GU LN GA GU LN GA GU 
0.3 . 0942 25 4 15 6 CO CO 9 6 9 10 1LN5 
0.4 .1735 25 11 6 8 14 3 8 12 6 7 2LN5 
0.5 . 2840 25 16 4 5 19 2 4 15 5 5 3LN4 
0.7 . 6323 25 18 7 0 21 4 0 16 8 1 4LN4 
TOTAL 100 49 32 19 62 17 21 49 28 23 
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T a b l e 5 . 9 . D i s c r i m i n a t i o n o f PDF's - GA Data 
( a ) GA Data F i t t o LN and GA D i s t r i b u t i o n s by LS (v. = 100) 
a , 8 a 2 No o f No o f cases c l o s e f i t i n d i c a t e d by No o f r e j e c t i o n s a t 5% Run 
Samples Do SSE t e s t K-S t e s t No. 
GA LN GA LN GA LN GA LN GA LN 
3 .3333 25 20 5 16 9 16 9 3 4 0 1 1GA5 
5 .2000 ?5 19 6 17 8 15 10 3 7 0 2 2GA5 
7 .1429 25 22 3 17 8 18 7 3 6 0 0 3GA6 
10 . 1000 25. 22 3 15 10 19 6 1 3 0 0 4GA5 
TOTAL 100 83 17 65 35 68 32 10 20 0 1 
( b ) GA Data F i t ' t o GA and GU D i s t r i b u t i o n s by LS (n = 100) 
a» B a 2 No o f 
Samples 
No o f cases c l o s e f i t i n d i c a t e d b y No o f r e j e c t i o n s a t 5% Run 
Do 5 SSE t e s t K-S t e s t No. 
GA GU GA GU GA GU GA GU GA GU 
3 .3333 25 14 11 17 8 16 9 3 5 0 0 1GA5 
5 .2000 25 19 6 18 7 12 .13 3 6" 0 0 2GA5 
7 .1429 25 20 5 15 10 15 :<o 3 4 0 0 3GA6 
10 .1000 25 23 2 17 8 19 6 1 4 0 0 4GA5 
TOTAL 1C0 76 24 67 33 62 38 10 19 0 0 
( c ) Gamma D a t a F i t t o i LN , GA, and GU D i s t r i b u t i o n s by LS (n - 100) 
a • B a2 No o f No o f cases c l o s e f i t i n d i c a t e d b Run 
Samples Do <5 SSE No. 
GA LN GU GA LN GU GA LN GU 
3 .3333 25 9 5 11 12 8 5 8 8 9 1GA5 
5 .2000 25 16 6 3 14 6 5 9 8 8 2GA5 
7 .1429 25 20 2 3 15 2 8 14 3 8 3GA6 
10 .1000 25 22 1 2 15 7 3 18 2 5 4GA5 
TOTAL 100 67 14. 19 56 23 21 49 21 30 
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T A B L E 5 . 1 0 . D I S C R I M I N A T I O N O F P D F ' S - GU D A T A 
( a ) GU Data F i t t o GU and LN D i s t r i b u t i o n s by LS (n = 100) 
a o 2 No o f No o f cases c l o s e f i t i n d i c a t e d by R e j e c t i o n s a t 5% l e v e l Run 
Samples Do 6 SSE t e s t K-S t e s t No. 
GU LN GU LN GU LN GU LN GU LN 
1 . 5 . 7311 25 22 3 18 7 19 6 6 9 1 7 1GU5 
2 . 0 .4112 25 23 2 20 5 20 5 3 14 0 4 2GU4 
3 .0 .1828 25 17 8 13 12 14 1 1 2 2 0 0 3GU5 
4 . 0 .1028 25 10 15 13 12 12 13 2 3 0 0 4GU5 
TOTAL 100 72 28 64 36 65 35 13 28 1 1 1 
( b ) GU Da ta F i t t o GU and GA D i s t r i b u t i o n s by L S (n = 100) 
a o"2 No o f No o f cases c l o s e f i t i n d i c a t e d by R e j e c t i o n s a t 5% l e v e l Run 
Samples Do 6 SSE t e s t K-S t e s t No. 
GU GA GU GA GU GA GU GA GU GA 
1 . 5 . 7 3 1 1 25 1 1 14 10 .15 15 10 6 0 1 0 1GU5 
2 . 0 . 4 1 1 : : 25 18 7 16 9 20 5 3 5 0 0 2GU4 
3 . 0 .182C. 25 12 13 13 12 14 1 1 2 2 0 0 3GU5 
4 . 0 .102*5 25 13 12 19 6 18 7 2 5 0 0 4GU5 
TOTAL 100 54 46 58 42 67 33 13 12 1 0 
( c ) GU Data F i t t o FU, LN, and GA D i s t r i b u t i o n s by LS ( n = 100) 
a o"2 No o f No o f cases c l o s e f i t i n d i c a t e d by Run 
Samples Do 5 SSE No. 
GU LN GA GU LN GA GU LN GA 
1 . 5 . 7 3 1 1 25 1 1 0 14 9 1 15 15 1 9 1GU5 
2 . 0 .4112 25 18 2 5 16 3 6 19 3 3 2GU4 
3 . 0 .1828 25 7 7 1 1 3 10 12 6 10 9 3GU5 
4 . 0 .1028 25 9 7 9 13 8 4 12 9 4 4GU5 
TOTAL 100 45 16 39 41 22 37 52 23 25 
1 0 0 
t o a GA-PDF b e t t e r t h a n t h e GU-PDF. The r e a s o n f o r s u c h an o c c u r r e n c e 
i s p r o b a b l y t h a t t h e n e g a t i v e v a r i a t e s g e n e r a t e d i n Gumbel d a t a ( a b o u t 
2 
8% when 6 ^ = 0 . 7 3 ) h a v e b e e n d i s c a r d e d , and a s a r e s u l t , l a r g e r e r r o r s 
m u s t h a v e o c c u r r e d t o w a r d s K-S and c h i - s q u a r e t e s t s t a t i s t i c s when GU -
d a t a w e r e f i t t o GU - PDF t h a n when GU - d a t a w e r e f i t t o GA - PDF. 
2 
C l o s e n e s s o f LN-GU and GA-GU i n c e r t a i n r a n g e s o f a l s o 
hampered i d e n t i f i c a t i o n o f p a r e n t PDF ( b y 6 , D^ and SSE) when s a m p l e s 
w e r e f i t t o t h e t h r e e P D F ' s and compared s i m u l t a n e o u s l y . LN and GA a r e 
2 
s a t i s f a c t o r i l y i d e n t i f i e d o n l y i n a a r a n g e i n w h i c h t h e y a r e 
d i s t i n c t l y d i f f e r e n t f r o m t h e o t h e r two P D F ' s ( s e e P a r t c , o f T a b l e s 
5 . 8 and 5 . 9 ) . I n c a s e of GU s a m p l e s , when f i t s t o t h e t h r e e P D F ' s a r e 
compared s i m u l t a n e o u s l y ( s e e T a b l e 5 . 1 0 c ) , i d e n t i f i c a t i o n o f t h e p a r e n t 
PDF ( b y 6 , D and SSE) a p p e a r s t o b e a l m o s t i m p o s s i b l e f o r t h e r a n g e of 
2 
( 0 . 1 2 t o 0 . 7 3 ) i n v e s t i g a t e d . The r e a s o n f o r s u c h an o c c u r r e n c e may 
2 
b e t h e c l o s e n e s s o f GU t o LN o r GA a t l o w (£. 0 . 4 ) and u s e o f o n l y 
p o s i t i v e l y g e n e r a t e d GU v a r i a t e s i n GU s a m p l e s . 
For LN and GA s a m p l e s ( w h i c h a r e , i n g e n e r a l , d i f f e r e n t f rom e a c h 
2 
o t h e r a t any a, ) t h e r e l a t i v e p e r f o r m a n c e o f 6 and D a s d i s c r i m i n a t o r s 
k o 
o f P D F ' s i s n o t c o n s i s t e n t . W h i l e t h e s t a t i s t i c , 6 , b e t t e r i d e n t i f i e d 
t h e p a r e n t PDF ( i n 68% t o 88% s a m p l e s ) when LN s a m p l e s w e r e f i t t o LN 
and GA ( s e e T a b l e 5 . 8 a ) , t h e s t a t i s t i c , D , b e t t e r i d e n t i f i e d t h e 
o 
p a r e n t PDF ( i n c a s e o f 76% t o 88% s a m p l e s ) when GA s a m p l e s w e r e f i t t o 
LN and GA ( s e e T a b l e 5 . 9 a ) . I n f a c t , f o r LN s a m p l e s o f Run 1LN5 
2 
( a f c = 0 . 0 9 4 2 , s e e T a b l e 5 . 8 a ) GA w a s i d e n t i f i e d a s t h e p a r e n t PDF f o r 
60% o f t h e s a m p l e s b y t h e s t a t i s t i c s , D q . (SSE i s t h e l e a s t l i k e l y , 
60% - 76%, o f t h e t h r e e s t a t i s t i c s t o i d e n t i f y t h e p a r e n t P D F ) . 
1 0 1 
T a b l e s 5 . 1 1 t h r o u g h 5 . 1 3 p r e s e n t t h e mean and v a r i a n c e ( d e n o t e d 
b y a b a r and v a r , r e s p e c t i v e l y ) o f 6 , D q and S S E , r e s p e c t i v e l y , o f t h e 
f i t s d e s c r i b e d i n T a b l e s 5 . 8 t h r o u g h 5 . 1 0 . 
T a b l e 5 . 1 1 s h o w s t h a t , on t h e a v e r a g e , t h e c h i - s q u a r e s t a t i s t i c s 
( i . e . , 6LN, 6GA, o r 6GU) h a s t h e h i g h e s t v a l u e f o r t h e p a r e n t P D F when 
d a t a w e r e f i t t e d t o d i f f e r e n t P D F ' s . (The e x c e p t i o n w a s GU d a t a w i t h 
2 
a t = 0 . 7 3 1 1 . The r e a s o n f o r t h i s i s t h a t t h e m o d i f i e d GU d a t a r e a d i l y k 
f i t a GA a t t h i s v a r i a n c e ) . The a b o v e r e s u l t s h o w s t h a t on t h e 
a v e r a g e , 5 w i l l i d e n t i f y t h e p a r e n t P D F . To e x a m i n e how s e n s i t i v e a r e 
t h e v a l u e s o f 6 i n i d e n t i f y i n g p a r e n t P D F , t h e r a t i o s o f 6LN/6GA and 
6GA/6LN w e r e e v a l u a t e d f o r LN and GA d a t a , r e s p e c t i v e l y . The f o l l o w i n g 
t a b l e s u m m a r i z e s t h e two r a t i o s 
LN D a t a 
a, 2 "6LN/6GA k 
. 0 9 4 2 1 . 2 1 
. 1 7 3 5 1 . 7 3 
. 2 8 4 0 1 . 9 8 
. 6 3 2 3 2 . 3 2 
GA D a t a 
2 _ _ 
° k 6GA/6LN 
. 1 0 0 0 1 . 2 1 
. 1 4 2 9 1 . 2 1 
. 2 0 0 0 1 . 5 0 
. 3 3 3 3 1 . 2 8 
The a b o v e t a b l e s h o w s t h a t t h e 6 r a t i o s a r e , i n g e n e r a l , l a r g e r 
f o r LN d a t a t h a n f o r GA d a t a . T h i s c o u l d b e t h e r e a s o n f o r b e t t e r 
i d e n t i f i c a t i o n o f LN b y 6 w h i c h w a s d i s c u s s e d e a r l i e r . 
T a b l e 5 . 1 2 s h o w s t h a t f o r LN and GA d a t a , on t h e a v e r a g e , D q i s 
t h e s m a l l e s t f o r t h e p a r e n t P D F when d a t a w e r e f i t t o LN, GA and GU 
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T a b l e 5 . 1 1 . PDF D i s c r i m i n a t i o n by C h i - S q i a r e S t a t i s t i c , 6 
( n = 100 , Number o f Samples = 25) 
Data F i t by LS t o 
Run No. Data o 2 LN GA GU 
K ?LN Var <SLN EGA Var 5GA 7GU Var 5GU 
1LN5 LN .0942 .453 .080 .374 .067 .474 .094 
2LN5 .1735 .442 . 0 8 1 .255 .054 .400 . 0 5 1 
3LN4 .2840 .575 .073 .290 .080 . 3 7 1 .078 
4LN4 . 6 3 2 3 * .395 .105 .170 .059 . 0 5 1 .023 
4GA5 GA .1000 .323 .105 . 3 9 1 .080 . 3 0 1 .089 
3GA6 .1429 .368 .114 ,444 .106 . 4 1 1 . 116 
2GA5 .2000 ,269 .118 .404 .114 .370 .110 
1GA5 .3333 .282 .065 .362 .083 .258 . 0 8 1 
4GU5 GU .1208 .378 .082 .270 .074 • .403 .083 
3GU5 .1828 .390 .070 .418 .097 .446 .073 
2GU4 .4112 . 1 5 1 . 0 5 1 .300 .058 .326 .054 
1GU5 . 7 3 1 1 .134 .030 jJ99_ .067 . 2 7 1 .054 
= mean o f (25 ) sample v a l u e s o f 6 when d a t a w e r e f i t t o LN (6 may be r e p l a c e d by 
T5b o r SSE and LN may be r e p l a c e d by GA o r GU t o g i v e t h e c o r r e s p o n d i n g m e a n i n g ) 
* T h r e e samples d i d n o t c o v e r g e f o r GA. 6 i s t h e a v e r a g e o f 22 v a l u e s ; t h e u n d e r ­
l i n e d v a l les I n d i c a t e t h e b e s t PDF. 
T a b l e 5 . 1 2 . PDF D i s c r i m i n a t i o n by K-3 S t a t i s t i c , Do 
(n = 100 , Number o f samples = 25) 
Run No. Data 
CM Data : f i t b y LS t o 
u 
K LN GA GU 
Do,LN Var Do,LN Do.GA Var Do.GA Do.GU Var Do.GU 
1LN5 LN .0942 .0597 . 2 6 3 x l 0 ~ 3 .0562 . 1 9 7 x l 0 ~ 3 . 0 6 6 1 • 3 6 1 x l 0 ~ 3 
2LN5 .1735 .0546 . 0 8 0 x l 0 ~ 3 .0603 .214x10" 3 .0570 . 1 3 9 x l 0 ~ 3 
3LN4 .2840 .0560 . 1 4 6 x l 0 ~ 3 .064 7 . 2 2 0 x l 0 ~ 3 .0635 . 3 2 0 x l O ~ 3 
4LN4 .6323 .0588 . 3 8 1 x 1 0 " 3 .0685 . 4 0 6 x l 0 ~ 3 .0955 . 7 7 1 x l 0 " 3 
4GA4 GA .1000 .0745 . 3 0 6 x l 0 ~ 3 .0610 . 1 6 1 x 1 0 ~ 3 .0795 . 4 1 2 x l 0 " 3 
3GA6 .1429 .0764 . 4 5 0 x 1 0 " 3 .0594 . 3 0 5 x l 0 ~ 3 .0667 . 3 2 2 x l O " 3 
2GA5 .2000 . 0 8 2 1 . 7 9 0 x l 0 ' 3 .0646 . 4 7 5 x l 0 " 3 .0679 . 5 8 9 x l 0 " 3 
1GA5 .3333 .0815 . 6 4 9 x l 0 ~ 3 .0574 . 1 8 7 x l 0 ~ 3 .0622 • 4 7 5 x l 0 - 3 
4GU5 GU .1208 .0534 . 2 2 5 x l 0 ~ 3 .0544 . 490x1 cr3 .0555 . 2 0 2 x l 0 ~ 3 
3GU5 .1828 .0668 . 2 5 6 x l 0 ~ 3 .0605 . 2 7 6 x l 0 ~ 3 .0612 . 2 9 9 x l 0 " 3 
2GU4 .4112 .1040 . 1 1 3 x 1 0 " 2 .0694 . 4 4 9 x l 0 ~ 3 . 0 6 2 1 . 4 2 0 x 1 0 " 3 
1GU5 . 7 3 1 1 .1213 .097 .0686 . 3 6 1 x l 0 ~ 3 .0809 . 9 3 6 x 1 0 " 3 
F o r a d e f i n i t i o n o f Do.LN e t c . , see T a b l e 5 . 1 1 . 
The u n d e r l i n e d v a l u e s i n d i c a t e the b e s t PDF. 
1 0 4 
T a b l e 5 . 1 3 , PDF D i s c r i m i n a t i o n by SSE 
( n = 100 , Number o f Samples = 25) 
_ _ ? Data F i t b y LS t o Data ' „ 1 
R U N "K LN GA GU 
No. 
S S E L N Var S S E ^ S S E G A Var S S E G A S S E G U Var S S E G U 
1LN5 LN .0942 
2LN5 .1735 
3LN4 .2840 
4LN4 . 6 3 2 3 , 




4GU5 GU .1208 
3GU5 .1828 
2GU4 .4112 
1GU5 . 7 3 1 1 
. 00744* .283x10 ' - i * .00753 
.00657 .153x10 ' -k .00696 
.00490 .066x10" -k .00544 
.00626 .209x10" •k .00784 
.00785 .130x10" •k .00744 
.00812 .168x10" -k .00779 
.00810 .160x10" •4 . 00791 
.00855 .139x10- •<* .00828 
.00789 .050x10" .00845 
.00694 .123x10" •4 .00717 
.00969 .111x10" •it .00837 
.00903 .176x10" •4 .00709 
.281X10- 1* .00743 . 2 9 2 x l 0 - 1 . 
. 1 5 0 x l 0 _ l t .00674 .014X10- 1 * 
.086X10"-1* .00529 .085x10~ k 
. 025X10- 1 * .00849 . 2 6 7 x 1 0 ^ 
. 1 2 0 x l 0 _ I t .00789 . 1 3 0 x l 0 _ t t 
. 1 3 7 x l 0 - t f .00792 . 1 5 2 x l 0 _ l * 
.165X10- 1* . 00791 .162X10 - 1 * 
. 1 8 1 x l 0 _ l t .00868 .230xlO~k 
. 1 2 0 x l 0 - l t .00779 .095X10""1* 
. 1 3 7 x l O - l f . 0 0 6 9 2 . O U x l O - 1 * 
.096X10""1* .00787 . 0 8 7 x l 0 _ l * 
. 1 6 0 x l 0 _ l . .00664 .116xlO~h 
F o r a d e f i n i t i o n o f S S E ^ e t c . , see T a b l e 5 . 1 1 . 
* SSE"L N and S S E G U d i f f e r by o n l y . 0 0 0 0 1 ; h e n c e , b o t h a r e a d j u d g e d as e q u a l . 
The u n d e r l i n e d v a l u e s i n d i c a t e t h e b e s t PDF. 
1 0 5 
( t h e e x c e p t i o n was LN d a t a a t = 0 . 0 9 4 2 a t w h i c h LN and GA do n o t 
d i f f e r g r e a t l y , s e e C h a p t e r I I I ) . The a b o v e r e s u l t s h o w s t h a t , on t h e 
a v e r a g e , D q i d e n t i f i e s t h e p a r e n t PDF i n c a s e o f LN and GA. The GU w a s 
n o t s a t i s f a c t o r i l y i d e n t i f i e d b y D q b e c a u s e o f t h e o v e r l a p p i n g n a t u r e 
2 
o f GU d a t a w i t h LN o r GA a t t h e a p p r o p r i a t e . To e x a m i n e t h e 
s e n s i t i v i t y o f t h e v a l u e s o f D q i n i d e n t i f y i n g t h e p a r e n t P D F , t h e 
r a t i o s o f D , G A / D , L N and D , L N / D ,GA w e r e e v a l u a t e d f o r LN and GA d a t a , 
o o o o 
r e s p e c t i v e l y . The f o l l o w i n g t a b l e s u m m a r i z e s t h e two r a t i o s 
LN D a t a GA D a t a 
0 9 4 2 
D , G A / D , L N 
o o 
0 . 9 4 
1 7 3 5 1 . 1 0 
2 8 4 0 1 . 1 6 
6 3 2 3 1 . 1 6 
. 1 0 0 0 
D , L N / D ,GA 
o o 
1 . 2 2 
. 1 4 2 9 1 . 2 9 
. 2 0 0 0 1 . 2 7 
. 3 3 3 3 1 . 4 2 
The a b o v e t a b l e s h o w s t h a t t h e D q r a t i o s a r e l a r g e r f o r GA d a t a 
t h a n f o r LN d a t a . T h i s c o u l d b e t h e r e a s o n f o r b e t t e r i d e n t i f i c a t i o n 
o f GA b y D w h i c h was d i s c u s s e d e a r l i e r , 
o 
T a b l e 5 . 1 3 s h o w s t h a t , o n t h e a v e r a g e , SSE h a s t h e s m a l l e s t 
v a l u e f o r t h e p a r e n t PDF when d a t a w e r e f i t t e d t o d i f f e r e n t P D F ' s . 
H o w e v e r , an e x a m i n a t i o n o f t h e v a l u e s o f SSE s h o w s t h a t , i n g e n e r a l , 
SSE i s n o t s u f f i c i e n t l y s e n s i t i v e t o s e r v e a s an e f f e c t i v e i d e n t i f i e r 
o f P D F ' s w h i c h may b e i l l u s t r a t e d b y t h e f o l l o w i n g t a b l e . 
1 0 6 
LN D a t a GA D a t a 
2 — - 2 
a " S S E - . / S S E . . . a , " SSE_ /SSE k GA LN k LN GA 
0 9 4 2 1 . 0 1 . 1 0 0 0 1 . 0 6 
1 7 3 5 1 . 0 6 . 1 4 2 9 1 . 0 4 
2840 1 . 1 1 . 2 0 0 0 1 . 0 2 
6 3 2 3 1 . 2 5 . 3 3 3 3 1 . 0 3 
T h u s , t h e f i n d i n g s o f S t u d y N o . 2 s h o w s t h a t , i n g e n e r a l , SSE i s 
n o t s u f f i c i e n t l y s e n s i t i v e t o s e r v e a s an ( e f f e c t i v e ) i d e n t i f i e r o f 
P D F ' s and a l t h o u g h t h e s t a t i s t i c s 6 and D i d e n t i f y P D F ' s i n m o s t c a s e s 
o 
some i n c o n s i s t e n c i e s ( d e s c r i b e d a b o v e ) o c c u r i n t h e i r p e r f o r m a n c e a s 
i d e n t i f i e r s o f P D F ' s . 
The r e a s o n s why a c e r t a i n s t a t i s t i c i s b e t t e r t h a n o t h e r s i n 
i d e n t i f y i n g a PDF w e r e n o t i n v e s t i g a t e d i n t h i s s t u d y . 
C h i - s q u a r e and K-S s t a t i s t i c s c a n b e u s e d a s t h e b a s i s f o r 
r e j e c t i n g t h e n u l l h y p o t h e s i s , " T h e r e i s n o t h i n g u n u s u a l a b o u t t h e 
d a t a , " i . e . , t h e d a t a f i t t h e p o s t u l a t e d d i s t r i b u t i o n . T h i s i s t h e 
u s u a l u s e o f t h e s t a t i s t i c s . The n u l l h y p o t h e s i s w a s t e s t e d a t t h e 5% 
l e v e l o f s i g n i f i c a n c e f o r e a c h s a m p l e when f i t t e d t o e a c h d i s t r i b u t i o n , 
and t h e r e s u l t s a r e i n c l u d e d i n T a b l e s 5 . 8 t h r o u g h 5 . 1 0 . T h e s e r e s u l t s 
s h o w t h a t , i n g e n e r a l , t h e K-S t e s t , w h i c h i s c o n s i d e r e d t o b e a more 
e x a c t g o o d n e s s - o f - f i t t e s t , f a i l s t o r e j e c t a l a r g e number o f i n c o r r e c t 
h y p o t h e s e s . Of t h e 6 0 0 c a s e s i n w h i c h t h e p o p u l a t i o n d i f f e r s f r o m 
t h e h y p o t h e s i z e d d i s t r i b u t i o n , o n l y 1 8 f i t s w e r e r e j e c t e d b y t h e K-S 
t e s t ( a t 5% l e v e l ) . H o w e v e r , t h e c h i - s q u a r e t e s t r e j e c t e d 1 3 3 o f t h e 
1 0 7 
6 0 0 f i t s e v e n t h o u g h t h e c h i - s q u a r e t e s t c a n , i n some c a s e s , g i v e 
c o n t r a d i c t o r y r e s u l t s d e p e n d i n g on t h e g r o u p i n g o f t h e d a t a ( B e n j a m i n 
and C o r n e l l , 1 9 7 0 ) . The s i m u l a t i o n s t h u s f o u n d t h e t h r e e g o o d n e s s - o f -
f i t t e s t s t o b e g e n e r a l l y i n a d e q u a t e f o r i d e n t i f y i n g t h e c o r r e c t p a r e n t 
d i s t r i b u t i o n . 
S t u d y N o . 3 : PDF D i s c r i m i n a t i n g C r i t e r i o n B a s e d on 
T o l e r a n c e L i m i t s 
For a g i v e n s a m p l e , o n e m i g h t i n t u i t i v e l y f e e l t h a t t h e 
t o l e r a n c e l i m i t s ( T F ' s ) b a s e d on a PDF w h i c h i s c l o s e t o t h e p o p u l a t i o n 
of t h e s a m p l e w o u l d show s p e c i f i c p r o p e r t i e s , s u c h a s t h e y m i g h t b e t h e 
l o w e s t ( o r h i g h e s t ) o f a l l s u c h v a l u e s c o m p u t e d compared t o t h o s e 
d e t e r m i n e d from o t h e r P D F ' s . I n an a t t e m p t t o c h e c k w h e t h e r t h e a b o v e 
e x p e c t a t i o n i s t r u e , t h r e e s i m u l a t e d d a t a s a m p l e s , o n e e a c h f rom LN, GA 
and GU d i s t r i b u t i o n s w e r e s e l e c t e d and t h e 90% u p p e r t o l e r a n c e l i m i t s 
w e r e e v a l u a t e d f o r t h e 1 0 0 - y e a r e v e n t s b y f i t t i n g e a c h s a m p l e t o LN, GA 
and GU b y LS ( A p p e n d i x A d e s c r i b e s a m e t h o d o f c o n s t r u c t i n g c o n f i d e n c e 
r e g i o n s and t o l e r a n c e l i m i t s b y LS) and t h e r e s u l t s c o m p a r e d . 
F i g u r e s 5 . 4 t h r o u g h 5 . 6 show t h e h i s t o g r a m s of t h e t h r e e 
s i m u l a t e d s a m p l e s c h o s e n . F i g u r e s 5 . 7 t h r o u g h 5 . 1 5 show t h e 90% 
c o n f i d e n c e r e g i o n s f o r t h e t h r e e s a m p l e s b y l e a s t s q u a r e s f i t t o LN, GA 
and GU P D F ' s . T h e s e c o n f i d e n c e r e g i o n s show t h e w i d e r a n g e o f v a l u e s 
of t h e p a r a m e t e r e s t i m a t e s w h i c h r e m a i n w i t h i n a c e r t a i n c o n f i d e n c e 
l e v e l . The s h a p e o f t h e c o n f i d e n c e r e g i o n s i s e l l i p t i c a l , i n g e n e r a l , 
and t h e m a j o r a x i s i s a p p r o x i m a t e l y h o r i z o n t a l f o r t h e p a r a m e t e r s o f 
1 0 8 
l o g n o r m a l and Gumbel d i s t r i b u t i o n s w h i l e i t i s i n c l i n e d a b o u t 45° f o r 
t h e p a r a m e t e r s o f gamma d i s t r i b u t i o n . Such a n i n c l i n a t i o n i n c a s e of 
gamma d i s t r i b u t i o n may b e e x p e c t e d s i n c e gamma p a r a m e t e r s a r e 
n u m e r i c a l l y e q u a l f o r p o p u l a t i o n s e x a m i n e d i n t h i s s t u d y . 
To u s e c o n f i d e n c e r e g i o n s t o c o n s t r u c t an u p p e r t o l e r a n c e l i m i t 
o n e d e t e r m i n e s t h e v a l u e o f K , ( s e e A p p e n d i x A) s u c h t h a t 
y u , A 
_ _ K 
K , = max [ K: J p ( k ; a , B ) d k = y ] y u , A „ „ 
' a , $ e R x 
l / ( l - y ) g i v e s t h e r e t u r n p e r i o d of K and A r e p r e s e n t s t h e c o n f i d e n c e 
l e v e l . 
Thus t h e 90% u p p e r t o l e r a n c e l i m i t of 1 0 0 - y e a r e v e n t i s g i v e n b y 
K no r> • W h i l e e x a c t d e t e r m i n a t i o n o f K i n t h e a b o v e e q u a t i o n i s a . 9 9 u , . 9 M 
f o r m i d a b l e t a s k , t h e c a l c u l a t i o n of K a t a f e w c r i t i c a l p o i n t s of t h e 
r e g i o n R, w i l l g i v e an e s t i m a t e o f K , s u f f i c i e n t f o r m o s t p r a c t i c a l 
A y u , A 
p u r p o s e s . The p o r t i o n o f R, w h i c h n e e d s t o b e e x a m i n e d t o o b t a i n K .. 
A y u , A 
may b e r e a d i l y d e t e r m i n e d from t h e r a n g e o f a and 3 ( p a r a m e t e r s o f PDF) 
w h i c h m a x i m i z e K _̂, t h e random v a r i a b l e a s s o c i a t e d w i t h t h e t - y e a r e v e n t . 
( F o r e x a m p l e , p a r a m e t e r s f r o m t h e u p p e r r i g h t q u a d r a n t o f LN, l o w e r t i p 
o f GA and t h e u p p e r l e f t q u a d r a n t o f GU 90% c o n f i d e n c e r e g i o n s , s e e 
F i g u r e s 5 . 7 t h r o u g h 5 . 1 5 , g i v e l a r g e r K v a l u e s ) . 
The u p p e r t o l e r a n c e l i m i t s e v a l u a t e d f o r t h e 1 0 0 - y e a r e v e n t a t 
90% c o n f i d e n c e l e v e l f o r t h e n i n e c a s e s d e s c r i b e d e a r l i e r a r e f u r n i s h e d 
i n T a b l e 5 . 1 4 . T a b l e 5 . 1 4 a l s o s h o w s t h e s a m p l e p a r a m e t e r s when t h e 
t h r e e s a m p l e s ( o n e e a c h f r o m LN, GA and GU) w e r e f i t t o t h e LN, GA and 
T a b l e 5 . 1 4 . 90% Upper T o l e r a n c e L i m i t s o f 1 0 0 - Y e a r E v e n t 
( n = 1 0 0 ) 
Run Sample F i t t e d P a r a m e t e r s o f K S 1 0 0 S t a t i s t i c s o f K o . 9 9 1 ^ . 9 0 K . 9 9 U , . 9 0 
No. N o . PDF LS F i t LS LS F i t 
K S 1 0 0 
A B y F 
4LN4 17 LN - . 2 2 0 8 . 6 9 0 2 3 . 9 9 1 . 0 1 7 5 . 6 3 6 . 4 1 1 . 6 0 
GA 2 . 7 6 2 . 5 1 2 . 7 4 . 9 0 9 . 3 3 4 . 0 6 1 . 4 8 
GU 2 . 3 0 1 . 5 9 4 1 2 . 5 9 . 8 4 5 . 3 1 3 . 5 2 1 . 3 6 
2GA5 8 LN - . 0 8 9 9 . 5 1 8 5 3 . 0 5 1 . 0 4 6 . 3 3 7 3 . 9 8 1 . 3 0 
GA 4 . 4 9 4 . 3 6 2 . 3 6 . 9 7 0 . 2 1 6 2 . 7 5 1 . 1 6 
GU 2 . 6 0 3 . 7 5 6 6 2 . 5 2 . 9 7 8 . 2 4 2 2 . 8 2 1 . 1 2 
2GU4 7 LN - . 0 1 8 6 . 6 7 6 7 4 . 7 4 1 . 2 3 4 . 8 8 4 1 2 . 6 0 2 . 6 6 
GA 2 . 4 6 2 . 6 1 3 . 1 5 1 . 0 6 0 . 4 3 1 4 . 4 6 1 . 4 6 





n r 1 0 0 N = 17 








.0 .95 1 89 
s c a l e ' o f k 
2.84 3.79 
F i g u r e 5 . 4 H i s t o g r a m o f a LN Sample ( S a m p l e N o . 1 7 , Run N o . 4LN4) 
1 5 . 
10 
5 L 
100 N = 16 
step = .1362 
center i n i t i a l group - .2725 
.27 82 1.36 
SCALE OF K 
1.91 2.32 












n = 100 N = 16 
step = .1804419 
.72 1.44 
SCALE OF K 
2.16 2.71 
F i g u r e 5 . 6 H i s t o g r a m o f a GU Sample ( S a m p l e No . 7 , Run No . 2GU4) 
- . 4 0 —.35 —.30 - . 25 - . 2 0 —.15 - . 1 0 —.05 .00 




F i g u r e 5 . 1 1 C o n f i d e n c e R e g i o n f o r a GA s a m p l e f i t t o GA PDF 




1 2 2 
GU P D F ' s b y LS t o g e t h e r w i t h t h e c o r r e s p o n d i n g 1 0 0 - y e a r s a m p l e (LS) 
p r e d i c t i o n K ^ . 
T a b l e 5 . 1 4 s h o w s t h a t t h e T L ' s f o r a g i v e n s a m p l e b a s e d on a 
f i t t o t h e p a r e n t PDF d o n o t show any u n i q u e p r o p e r t i e s . L i k e 
p r e d i c t i o n s ( K S I O Q ) » t n e v a l u e s of T L ' s a r e a l s o f o u n d t o b e a f u n c t i o n 
of t h e PDF t o w h i c h t h e d a t a s a m p l e w a s f i t . I n g e n e r a l , t h e m a g n i t u d e s 
o f T L ' s a r e more r e l a t e d t o t h e p r e d i c t i o n s (and t h u s t o t h e PDF) r a t h e r 
t h a n t h e b e s t ( i . e . , p a r e n t ) PDF. The r a t i o s 9 ^ K S 1 0 0 ^ S e e 
T a b l e 5 . 1 4 ) of p a r e n t f i t a l s o d i d n o t show any s p e c i f i c p r o p e r t i e s 
compared t o t h o s e o f o t h e r f i t s o f a s a m p l e . S i n c e t h e c o m p u t a t i o n s a r e 
t e d i o u s , n o a t t e m p t h a s b e e n made i n t h i s s t u d y t o e v a l u a t e p r o p e r t i e s 
2 
o f T L ' s f rom s a m p l e s a t d i f f e r e n t l e v e l s o f Ŝ _ f o r e a c h o f t h e 
p o p u l a t i o n s . From t h e r e s u l t s o f S t u d y N o . 3 , i t may b e t e n t a t i v e l y 
s t a t e d t h a t t h e T L ' s b a s e d on t h e p a r e n t PDF do n o t e x h i b i t any u n i q u e 
p r o p e r t i e s and t h u s t h e T L ' s a r e n o t u s e f u l i n i d e n t i f y i n g t h e p a r e n t 
PDF. 
Summary 
The t h r e e s t u d i e s p r e s e n t e d i n t h i s c h a p t e r show t h a t , o f t h e 
f i v e PDF - d i s c r i m i n a t i n g c r i t e r i a d i s c u s s e d i n C h a p t e r I V , t h e 
c r i t e r i o n b a s e d on T L ' s i s n o t u s e f u l t o i d e n t i f y P D F ' s . The t h r e e 
c r i t e r i a b a s e d on t h e s t a t i s t i c s , 6 , D and SSE, on t h e a v e r a g e , 
o 
i d e n t i f i e d t h e p a r e n t PDF. H o w e v e r , w h i l e t h e s e t h r e e s t a t i s t i c s 
r e p r e s e n t e r r o r s b e t w e e n t h e f i t t e d PDF and t h e s a m p l e , t h e c r i t e r i o n 
g i v e n b y E q u a t i o n 5 . 2 i n c l u d e s i m p o r t a n t s t a t i s t i c a l p a r a m e t e r s o f t h e 
1 2 3 
s a m p l e and f i t t e d PDF, i . e . , S. and a . A l s o , s i m u l a t i o n showed t h a t 
k r 
SSE w a s n o t s u f f i c i e n t l y s e n s i t i v e t o d i s c r i m i n a t e P D F ' s and 6 and D 
J o 
had a p r o p e n s i t y t o b e t t e r i d e n t i f y o n e PDF t h a n t h e o t h e r . T a b l e 5 . 1 5 
2 2 2 2 
s u m m a r i z e s t h e r e l a t i v e p e r f o r m a n c e o f 6 , D and cr / S ( o r S / a ) i n 
d i s c r i m i n a t i n g P D F ' s . I n T a b l e 5 . 1 5 o n l y LN and GA r e s u l t s a r e i n c l u d e d 
b e c a u s e t h e s e two P D F ' s a r e a l w a y s d i f f e r e n t and t h u s a f f o r d b e t t e r 
c o m p a r i s o n o f r e s u l t s . T a b l e 5 . 1 5 s h o w s t h a t t h e v a l u e o f t h e v a r i a n c e 
r a t i o i s a l w a y s l a r g e r t h a n 1 . 0 f o r a PDF o t h e r t h a n p a r e n t PDF ( i n 
T a b l e 5 . 1 5 , t h e v a r i a n c e r a t i o i s s o f o r m u l a t e d a s t o o b t a i n a v a l u e 
l a r g e r t h a n 1 . 0 when t h e PDF d i f f e r e d f rom t h e p a r e n t PDF) and i n c r e a s e d 
2 
a s 0"^ i n c r e a s e d . Compared t o t h e o t h e r d i s c r i m i n a t i n g s t a t i s t i c s , t h e 
v a l u e o f t h e v a r i a n c e r a t i o s e e m s t o b e l e s s d e p e n d e n t o n t h e t y p e o f 
PDF f rom w h i c h t h e s a m p l e w a s d r a w n . M o r e o v e r , e v a l u a t i o n o f v a r i a n c e 
r a t i o i s c o m p u t a t i o n a l l y s i m p l e r t h a n t h e e v a l u a t i o n o f 6, D q or SSE. 
T h u s , t h e c r i t e r i o n g i v e n b y E q u a t i o n 5 . 2 was f o u n d t o b e t h e m o s t 
u s e f u l i n i d e n t i f y i n g t h e p a r e n t PDF o f a s a m p l e . T h i s c r i t e r i o n w a s 
a p p l i e d t o 67 r e a l h y d r o l o g i c s a m p l e s and t h e r e s u l t s a r e p r e s e n t e d i n 
C h a p t e r V I . 
The ' B e s t F i t 1 c r i t e r i o n p r o p o s e d i n t h i s s t u d y was b a s e d on t h e 
t a c i t a s s u m p t i o n s t h a t t h e v a r i a n c e o f a s a m p l e a p p r o x i m a t e l y r e p r e s e n t s 
t h e p o p u l a t i o n v a r i a n c e and t h e s h a p e o f t h e s a m p l e ( d i s t r i b u t i o n ) 
a p p r o x i m a t e l y r e p r e s e n t s t h e s h a p e o f p o p u l a t i o n d i s t r i b u t i o n . The 
a b o v e a s s u m p t i o n s a r e , a t b e s t , o n l y s t a t i s t i c a l e x p e c t a t i o n s . For 
some o f t h e s y n t h e t i c s a m p l e s g e n e r a t e d i n t h i s work t h e s a m p l e 
v a r i a n c e w a s f o u n d t o b e m a r k e d l y d i f f e r e n t f rom t h e p o p u l a t i o n 
1 2 4 
T a b l e 5 . 1 5 . PDF D i s c r i m i n a t i o n by D i f f e r e n t S t a t i s t i c s 
( a ) LN Data F i t t o LN and GA 
I 2 A * / * S 2 / o 2 </ F, GA/ML K / F.GA/MCS 
.094 1 21 0 .94 1 01 1 20 1 .09 1 08 
.173 1 73 1.10 1 06 1 49 1 .18 1 15 
.284 1 98 1 .16 1 11 1 73 1 .28 1 23 
.632 2 32 1.16 1 25 2 18 1 .53 1 51 
( b ) GA Data F i t t o GA and LN 
GA 
LN / LS 
Do LN 
Do GA LS 
S S E o 
SSE GA/ LS 
,LN/LS^< 
* a 2 
F.LN/ML 
* S K / ° F , G A / M C S 
100 1 21 1 .22 1.06 1 .16 1 12 1 29 
143 1 21 1 .29 1.04 i . : a 1 17 1 45 
200 1 , 50 1.27 1.02 1 31 1 77 
333 1 . 28 1 .42 1 .03 1 .95 1 59 2 23 
* These r a t i o s a r e a p p r o x i m a t e l y e q u a l t o 1 .0 f o r t h e p a r e n t P D F ' s . 
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v a r i a n c e . For some e x c e p t i o n a l l o g n o r m a l s a m p l e s ( o f s i z e 1 0 0 ) t h e 
s a m p l e v a r i a n c e was f o u n d t o b e a s l o w a s 0 . 5 and a s h i g h a s 2 . 9 t i m e s 
t h e p o p u l a t i o n v a r i a n c e . The r e a s o n s f o r s u c h o c c u r r e n c e s and q u e s t i o n s 
s u c h a s how t h e ' B e s t F i t ' c r i t e r i o n w o u l d r e a c t when t h e c r i t e r i o n i s 
a p p l i e d t o t h e e x c e p t i o n a l s a m p l e s m e n t i o n e d a b o v e n e e d t o b e i n v e s t i g a t e d . 
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CHAPTER VI 
"BEST FIT" CRITERION APPLIED TO REAL DATA 
T h i s c h a p t e r u s e s r e a l d a t a t o e x a m i n e t h e a p p l i c a b i l i t y o f t h e 
" B e s t F i t " c r i t e r i o n ( E q u a t i o n 5 . 2 ) p o s t u l a t e d i n C h a p t e r IV and 
c o r r o b o r a t e d b y t h e r e s u l t s o f s i m u l a t i o n e x p e r i m e n t s i n S t u d y N o . 1 
of C h a p t e r V. A s e c o n d o b j e c t i v e i s t o d e t e r m i n e t h e e f f e c t o f o u t l i e r s 
on t h e r e s u l t s g i v e n by s h a p e f i t t i n g m e t h o d s l i k e maximum l i k e l i h o o d 
and l e a s t s q u a r e s . 
S o u r c e o f D a t a 
The d a t a u s e d c o n s i s t s o f t h e a n n u a l f l o o d p e a k s f o r 67 s t r e a m s 
t h r o u g h o u t t h e U n i t e d S t a t e s a s p u b l i s h e d i n t h e U . S . G e o l o g i c a l S u r v e y 
Water S u p p l y p a p e r s . For t h e c o m p i l a t i o n by Robey and W a l l a c e ( 1 9 6 9 ) , 
t h e s t r e a m f l o w r e c o r d s w e r e i n c l u d e d i f t h e r e c o r d t h r o u g h 1 9 6 0 was a t 
l e a s t 49 y e a r s i n l e n g t h , t h e l o c a t i o n o f t h e g a g e had n o t c h a n g e d 
a p p r e c i a b l y w i t h i n t h e p e r i o d o f r e c o r d , t h e s t r e a m was u n r e g u l a t e d , and 
t h e r e c o r d had no gap o f more t h a n t h r e e y e a r s w i t h i n t h e p e r i o d o f 
r e c o r d . For t h i s s t u d y , t h e s t r e a m f l o w r e c o r d s w e r e u p d a t e d t o i n c l u d e 
t h e p e r i o d from 1 9 6 1 t h r o u g h 1 9 7 0 ( 1 9 7 3 f o r some s t a t i o n s ) . A p p e n d i x H 
g i v e s a c o m p l e t e l i s t o f t h e s t a t i o n s u s e d . 
The 67 s t r e a m g a u g i n g s t a t i o n s a r e numbered i n a s c e n d i n g o r d e r o f 
2 
s a m p l e v a r i a n c e , S i n T a b l e 6 . 1 ( s e e a l s o A p p e n d i x H ) . Such 
T a b l e 6 . 1 . Some C h a r a c t e r i s t i c s o f S t r e a m G a u g i n g S t a t i o n s 
S e l e c t e d f o r S t u d y , 
STN o 2 n DA. Q ^rnax % VARIANCE ^ m i n 
NO YEARS SQ.MI . CFS DUE TO 
( 1 ) ( 2 ) (3) ( 4 ) (5) (6) ( 7 ) ( 3 ) 
1 0 .05^5 56 420 . 1334. 1.61 12 0 . 5 0 
p 0 .0817 5'l 604 . 3732. 1.33 13 0 . 3 9 
3 0 .0321 58 312 . 2495 . 1.76 12 0 . 6 1 
4 0 .0901 63 403 . 10446. 1.76 10 0 . 4 1 
5 0 . 0 9 2 0 57 295 . 56^5 . 2 . 1 8 27 0 .54 
6 0 .1141 63 1690. 25794 . 1.90 11 0 . 4 0 
7 0 .1268 66 163. 1809. 2 . 2 0 15 0 . 32 
3 0 .1307 62 1460. 9199 . 2 . 0 7 14 0 . 3 8 
9 0 . 1 3 1 6 60 5 0 . 393. 2 . 1 3 16 0.31 
10 0 . 1 3 2 0 64 372 . 14156. 2 . 0 3 13 0 . 34 
11 0 .1353 77 1357. 35612. 2 . 1 3 13 0 . 3 2 
12 0 .1360 73 11220. 137073. 2 . 6 5 28 0 . 3 3 
13 0 .1455 75 1430. 3666. 1.33 7 0.31 
14 0. 1512 56 4 9 1 . 14040. 2 . 2 8 20 0 . 4 3 
15 0 .1655 61 3 2 1 . 7 7 3 3 . 2 . 3 3 18 0 . 3 9 
16 0 . 1 7 5 4 59 129. 667 . 1.87 7 0 . 0 6 
17 0 .1861 59 5 5 9 . 10797. 2 . 3 7 17 0 . 2 6 
18 0 . 1 8 3 0 60 300. 3408 . 2 . 5 0 20 0 . 3 4 
19 0 . 2 1 2 0 77 2034 . 40000 . 2 .77 19 0 . 2 9 
20 0 .2241 61 528 . 1274 3. 2 .76 23 0 . 4 0 
21 0 .2243 60 2 0 3 . 7765 . 2 . 5 3 19 0 . 3 0 
22 0 .2343 54 2 2 . 1159. 2 . 3 3 14 0 . 3 0 
23 0 .2395 71 297 . 3304 . 2 . 5 9 15 0 . 2 7 
24 0 . 2 4 4 3 67 3633 . 102563. 2 . 5 8 15 0 . 3 2 
25 0 . 2 5 1 3 63 2 2 . 55 . 2 . 7 7 20 0 . 13 
26 0 . 2 5 6 7 60 2 1 7 . 907 . 2 . 2 6 10 0 . 2 5 
27 0 . 2 7 6 6 62 657 . 23293 . 3 .07 25 0 . 2 3 
23 0 .277S 64 3076 . 70853 . 3 .29 30 0 . 2 6 
29 0 .2781 66 2140 . 15311 . 3 .34 30 0 . 4 0 
30 0 .2943 69 6 6 0 0 . 71663 . 2 . 6 1 13 0 . 3 2 
31 0.305"^ 30 4 4 0 0 . 37837. 2 . 5 5 13 0 . 2 3 
32 0 .3055 67 ' 1170. 19059. 2 . 3 9 18 0 . 4 1 
33 0 .3103 32 605 . 13417. 2 . 7 4 12 0 . 3 3 
34 0 .3106 61 2400 . 15013. 2 . 3 2 9 0 . 1 5 
35 0 . 3 3 2 9 59 33. 260 . 3 .00 21 0 . 16 
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T a b l e 6 . 1 . S c a r e C h a r a c t e r i s t i c s o f S t r e a m G a u g i n g S t a t i o n s 
S e l e c t e d f o r S t u d y , c o n t i n u e d 
S T N * 2 V n D . A . Q % V A R I A N C E V i a 
N O Y E A R S • S O . M I . C F S D U E T O 
( 1 ) ( 2 ) ( 3 ) ( 4 ) (5) (5) ( 7 ) ( 3 ) 
36 0 . 3 3 5 0 6 2 6 7 8 . 3 6 1 6 . 3 . 9 0 4 1 0 . 7 1 
37 0 . P 4 8 7 66 7 ^ ? ? . 4 3 4 5 0 . 7 . 3 0 2 7 0 . 2 4 
3 8 0 . 3 5 3 0 63 393 . 1 1 9 1 2 . P . 6 4 1 2 0 . 1 2 
7 9 0 . 3 6 3 3 66 3495. ^ 1 3 8 9 . 2 . 9 ? l 1 6 0 . 1 8 
no 0 . ^ 6 5
v 7 6 3 3 3 . 3 5 8 6 . 3 . 0 7 1 6 0 . 1 5 
4 1 0 . 3 7 5 0 31 4 4 9 0 . 5 5 0 5 0 . 3 . 4 7 2 0 0 . 1 8 
4 2 0 . 3 3 3 7 7 2 1 2 3 0 . 6 0 8 6 . 4 . 0 3 34 0 . 2 6 
43 0 . 3 3 5 0 6 7 1 5 6 1 9 . 4 1 R 4 3 . 2 . 8 9 1 4 0 . 1 7 
44 0 . 4 0 0 7 7 2 9 6 5 1 . 1 2 0 2 9 3 . 7 . 9 9 31 0 . 7 0 
0 . 4 0 3 ? 56 93 . 4 8 3 3 . 2 . 8 8 1 6 0 . 1 8 
4 6 0 . 4 0 4 4 6 1 1 7 1 . 3 Q 4 0 . 4 . 2 9 4 5 0 . 3 1 
n? 0 . 4 0 4 9 63 6 5 1 0 . 2 7 3 2 6 . 2 . 6 2 1 0 fl.12 CC
 0 . 4 1 1 6 69 9 1 3 . 1 3 0 7 6 . 3 . 4 1 2 1 0 . 1 9 
49 0 . 4 8 1 5 1 0 4 3 6 3 0 0 . 4 2 5 4 4 . 4 . 0 2 2 1 0 . 1 8 
5 0 0 . 4 7 0 4 59 5 5 1 1 . 1 6 5 0 0 . 3 . 4 3 2 2 0 .09 
5 1 0 . 4 8 5 1 63 1 0 9 0 . 1 5 3 0 1 . 4 . 7 7 3 3 0 . 2 4 
5? 0 . 5 0 0 0 56 5 1 0 . 1 2 4 7 0 . 4 . 4 4 4 8 0 . 7 2 
5 3 0 . 5 0 7 5 5 4 8 0 0 0 . 3 ^ 7 1 . 4 . 5 1 4 6 0 . 3 0 
5 4 0 . 5 1 3 ? 58 3 1 . 1 1 1 6 . 6 . 0 0 3 5 0 . 4 4 
55 0 . 5 4 6 P 6 4 2 4 4 . 9 2 2 0 . 8 . 0 7 1 2 0 . 0 9 
56 0 .5543 66 1599. 3 2 8 6 4 . 4 .26 2 0 0 . 1 ? 
57 0 . 5 3 5 1 66 3 6 3 7 . 1 7 7 6 3 . 4 . 2 ? 2 7 0 . 1 5 
58 0 . 5 0 7 4 63 2 0 . 3 3 0 9 4 . 7 . 9 6 P P 0 . 2 4 
59 0 . 6 9 9 6 57 13. 32. 4 .34 33 0 . 0 6 
6 0 0 . 7 0 4 8 6 2 9 3 4 . 4 9 9 1 . 4 . 5 7 29 0 . 1 7 
6 1 0 . 7 0 6 8 52 8 2 1 . 5 0 2 5 . 7 . 9 5 P 4 0 . 2 5 
62 0 . 7 7 7 5 5 2 7 4 . 1 0 7 4 . 4 . 7 6 36 0 . 1 9 
63 0 . 8 6 8 1 5 3 4 6 . 1 6 8 5 . 4 . 0 7 2 1 0 . 2 8 
64 0 . 9 6 1 ? 62 5 3 . 7 4 4 3 . 5 . 7 7 3 9 0 . 1 2 
65 0 . 9 7 3 3 56 3 4 . 1 9 4 3 . 5 . 3 0 35 0 . 1 5 
66 1 . 4 1 7 5 6 4 2 5 3 . 4 4 6 7 . 5 . 7 1 2 5 0 . 0 7 
6 7 P . 4 9 4 ? 55 1 6 . 1 1 7 5 . 7 . 8 4 3 0 0 . 0 3 
129 
c h a r a c t e r i s t i c s o f s t r e a m g a u g e s t a t i o n s a s t h e number o f y e a r s of 
r e c o r d ( n ) , t h e d r a i n a g e a r e a ( D . A . ) , and t h e mean a n n u a l peak d i s c h a r g e 
(Q) a r e r e c o r d e d i n T a b l e 6 . 1 w i t h t h e m a g n i t u d e o f t h e s a m p l e v a r i a n c e , 
2 — 
S t h e h i g h e s t r e c o r d e d f l o w (K = 0 /Q) and t h e p e r c e n t o f t h e 
K. max inax 
s a m p l e v a r i a n c e d u e t o K f o r e a c h s t a t i o n . The l a s t m e n t i o n e d 
max 
q u a n t i t y i s p a r t i c u l a r l y u s e f u l i n a n a l y z i n g o u t l i e r s , and i s d e f i n e d 
a s : 
(K - K ) 2 . p e r c e n t v a r i a n c e r max / c 2 , , . „ = [ / S . x 100 ( 6 . 1 ) due t o K n - 1 k v ' max 
T a b l e 6 . 1 s h o w s a b o u t 75% of t h e s t a t i o n s t o h a v e a s a m p l e 
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v a r i a n c e , S^, l e s s t h a n 0 . 5 and o n l y two s t a t i o n s w i t h l a r g e r t h a n 
1 . 0 . The h i g h e s t r e c o r d e d a n n u a l p e a k f l o w s a t t h e 67 s t a t i o n s r a n g e d 
f r o m 1 . 6 t o 7 . 3 t i m e s t h e mean a n n u a l p e a k . 
V a r i a n c e of F i t t e d PDF b y t h e Shape F i t t i n g M e t h o d s 
C h a p t e r V d e s c r i b e d how c o m p a r i s o n of s a m p l e moments w i t h t h e 
moments o f a PDF f i t t e d b y a s h a p e f i t t i n g m e t h o d p r o v i d e s a c r i t e r i o n 
t o i d e n t i f y t h e p a r e n t PDF. The " B e s t F i t " c r i t e r i o n i s g i v e n b y 
E q u a t i o n 5 . 1 . 
The s t r e a m f l o w d a t a f o r t h e 67 s t a t i o n s w e r e f i t t o LN, GA and 
GU d i s t r i b u t i o n s by ML, LS and MCS m e t h o d s and t h e r a t i o o f v a r i a n c e o f 
2 
t h e f i t t e d PDF (cr ) t o t h e s a m p l e v a r i a n c e was e v a l u a t e d f o r e a c h f i t . 
F 
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T a b l e 6 . 2 p r e s e n t s t h e v a r i a n c e r a t i o s a / S . r e s u l t i n g f r o m e a c h s h a p e r k. 
f i t t i n g m e t h o d f o r e a c h o f t h e 67 s t a t i o n s . From t h e s e r e s u l t s t h e 
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s a m p l e s may b e d i v i d e d i n t o t h e t h r e e c a t e g o r i e s b y t h e f o l l o w i n g 
p r o c e d u r e : 
a ) The LS and MCS m e t h o d s w e r e n o t v i e w e d a s two s e p a r a t e 
m e t h o d s , b u t v i e w e d a s t h e two e x t r e m e c a s e s o f ' W e i g h t e d 
L e a s t S q u a r e s ' (WLS) m e t h o d and WLS w a s u s e d ( s e e S e c t i o n V I , 
A p p e n d i x A f o r j u s t i f i c a t i o n o f s u c h a p r o c e d u r e . S e c t i o n 
V I I a l s o d e s c r i b e s t h e a p p l i c a t i o n o f WLS i n p a r a m e t e r 
e s t i m a t i o n and i n d i s c r i m i n a t i n g P D F ' s ) . The WLS d o e s n o t 
g i v e an e x p l i c i t s o l u t i o n , b u t , i n t h i s m e t h o d a tf> v a l u e i s 
c h o s e n i n t h e r a n g e o f 0 . t o 1 . t o make t h e s o l u t i o n u n b i a s e d 
when t h e c h o s e n PDF i s t h e b e s t . For t h e s a m p l e s f o r w h i c h 
t h e a p p l i c a b l e v a l u e s o f cf> a r e 0 . and 1 . t h e LS and MCS 
s o l u t i o n s , r e s p e c t i v e l y , w i l l b e c o m e s o l u t i o n s b y WLS. 
H e n c e , t h e v a r i a n c e r a t i o s b y LS and MCS w e r e i n c l u d e d i n 
T a b l e 6 . 2 . For c a s e s f o r w h i c h t h e a p p l i c a b l e v a l u e o f <J> 
l i e s b e t w e e n 0 . and 1 . 0 f o r WLS s o l u t i o n , t h e v a r i a n c e r a t i o 
b y WLS b e c o m e s u n i t y ; s t a t i o n numbers 2 ( G A ) , 3(LN,GU)^ 4 ( G A ) , 
5 ( L N , G U ) , 7(LN,GU) a r e some s u c h e x a m p l e s ( f o r t h e s e P D F ' s 
t h e WLS m e t h o d w o u l d g i v e a v a r i a n c e r a t i o of u n i t y f o r some 
a s y e t u n d e t e r m i n e d v a l u e o f <f>.) 
b ) To c h o o s e t h e b e s t PDF b o t h WLS and ML a r e e q u a l l y a p p l i c a b l e * . 
I n c a s e o f a c o n f l i c t , h o w e v e r , ML r e s u l t s may b e g e n e r a l l y 
* S i n c e ML and WLS a r e c o m p u t a t i o n a l l y two d i f f e r e n t m e t h o d s , t h e c h o i c e s 
of t h e ' B e s t F i t 1 by t h e s e m e t h o d s a r e shown s e p a r a t e l y f i r s t ( c o l s 
( 1 0 ) and ( 1 1 ) , T a b l e 6 . 2 ) and t h e n t h e two r e s u l t s a r e c o m b i n e d ( c o l 
( 1 2 ) , T a b l e 6 . 2 ) . ML d o e s n o t i n c l u d e GU. 
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p r e f e r r e d s i n c e WLS g r o u p s t h e d a t a b y w h i c h some v i t a l i n f o r m a t i o n 
r e g a r d i n g t h e s a m p l e may b e l o s t . I n T a b l e 6 . 2 , ML and WLS g a v e 
c o n f l i c t i n g r e s u l t s f o r 6 s a m p l e s w h i c h w e r e s t a t i o n numbers 2 1 , 2 4 , 
2 7 , 3 5 , 37 and 4 9 . 
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C a t e g o r y 1 : The v a r i a n c e r a t i o , a - n / S , , i s a p p r o x i m a t e l y u n i t y 
r K 
( d e v i a t i o n n o t more t h a n ± 0 . 1 5 from u n i t y ) f o r a t l e a s t o n e of t h e 
h y p o t h e s i z e d d i s t r i b u t i o n s . T h e s e s a m p l e s may b e c a l l e d " E a s y - t o - F i t " 
s a m p l e s b e c a u s e a p a r e n t PDF i s i d e n t i f i e d by t h e " B e s t F i t " c r i t e r i o n . 
50 o f 67 s a m p l e s of T a b l e 6 . 2 (marked x i n r e m a r k s c o l u m n ) a r e s o 
c a t e g o r i z e d . 
C a t e g o r y 2 : The v a r i a n c e r a t i o i s < 0 . 9 f o r LN and GA b y ML, 
and m o s t c a s e s f o r a l l t h r e e h y p o t h e s i z e d P D F ' s b y WLS. 19 of 67 
s a m p l e s o f T a b l e 6 . 2 (marked " y " i n r e m a r k s c o l u m n ) a r e f o u n d t o b e i n 
t h i s c a t e g o r y . An e x a m i n a t i o n o f t h e s e s a m p l e s r e v e a l e d t h a t t h e y 
c o n t a i n e d o n e o r more o u t l i e r s ( d a t a i t e m s f a r removed f rom t h e t r e n d 
o f t h e o t h e r s ) . H e n c e t h e s e a r e c a l l e d " t h e s a m p l e s w i t h o u t l i e r s . " 
(6 s a m p l e s w e r e f o u n d t o b e common f o r C a t e g o r i e s 1 and 2 ) . 
C a t e g o r y 3 : " H a r d - t o - F i t " s a m p l e s . Four s a m p l e s d i d n o t f i t 
i n t o t h e a b o v e two c a t e g o r i e s and a r e marked " z " i n T a b l e 6 . 2 . 
T h e s e t h r e e c a t e g o r i e s a r e d i s c u s s e d i n t h e f o l l o w i n g p a g e s . 
"Easy t o F i t " S a m p l e s 
T h e r e a r e 50 s a m p l e s f o r w h i c h t h e v a r i a n c e o f f i t t e d PDF b y a t 
l e a s t o n e of t h e s h a p e f i t t i n g m e t h o d s i s r e a s o n a b l y c l o s e t o t h e s a m p l e 
v a r i a n c e f o r some h y p o t h e s i z e d PDF. The " B e s t F i t " c r i t e r i o n of 
E q u a t i o n 5 . 2 i n d i c a t e s f o r t h e s e s t a t i o n s t h e PDF w h i c h b e s t f i t s t h e 
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d a t a . I n d e t e r m i n i n g t h e b e s t PDF, p r e f e r e n c e was g i v e n t o t h e v a r i a n c e 
r a t i o o b t a i n e d b y ML method s i n c e ML m e t h o d i s c o n s i d e r e d , i n some 
r e s p e c t s , t o b e a s t a t i s t i c a l l y s u p e r i o r method ( s e e C h a p t e r I I ) and 
o f f e r s a s o l u t i o n i n w h i c h t h e p r o b a b i l i t y o f o c c u r r e n c e o f s a m p l e 
o b s e r v a t i o n s i s m a x i m i z e d ( s e e C h a p t e r I I ) . 
The LS m e t h o d , h o w e v e r , a l s o p r o v e d t o b e a good i d e n t i f i e r of 
t h e b e s t PDF. T a b l e 6 . 2 s h o w s t h a t i n m o s t c a s e s f o r w h i c h t h e b e s t PDF 
i s i d e n t i f i e d t h e v a r i a n c e r a t i o e v a l u a t e d b y ML l i e s s o m e w h e r e b e t w e e n 
t h e v a r i a n c e r a t i o s e v a l u a t e d by LS (cf> = 0 . 0 ) and MCS (cf) = 1 . 0 ) f o r t h e 
b e s t PDF. 
S i x s a m p l e s w e r e f o u n d t o b e common f o r c a t e g o r i e s 1 and 2 
b e c a u s e t h e i r v a r i a n c e r a t i o s w e r e l e s s t h a n 0 . 9 f o r LN and GA b y ML 
b u t g r e a t e r t h a n 0 . 8 5 f o r one of t h e P D F ' s b y o n e o f t h e m e t h o d s . 
T h e s e s a m p l e s w e r e i n c l u d e d f o r d i s c u s s i o n i n t h i s s e c t i o n and a l s o i n 
t h e n e x t s e c t i o n . 
The Gumbel d i s t r i b u t i o n w a s n e v e r f o u n d t o b e u n e q u i v o c a l l y 
s u p e r i o r t o b o t h gamma and l o g n o r m a l b e c a u s e , w i t h i n t h e r a n g e of 
a p p l i c a t i o n o f t h e Gumbel , i t c l o s e l y r e s e m b l e s t h e LN or t h e gamma 
2 
( s e e C h a p t e r I I I ) . For t h r e e s a m p l e s a t v e r y l ow v a r i a n c e ( S ^ = 0 . 0 8 
t o 0 . 1 3 ) a l l t h r e e PDF' s w e r e f o u n d t o b e e q u a l l y s u i t a b l e and f o r m o s t 
2 
s a m p l e s w i t h S l e s s t h a n 0 . 2 t h e v a r i a n c e o f t h e f i t t e d P D F ' s d i f f e r e d 
b y l e s s t h a n 10%. T h e s e r e s u l t s may b e e x p e c t e d b e c a u s e t h e t h r e e 
P D F ' s c l o s e l y r e s e m b l e e a c h o t h e r i n t h i s v a r i a n c e r a n g e ( s e e C h a p t e r 
I I I ) . S i n c e t h e p r e d i c t i o n s (up t o t = 5 0 0 y e a r s ) g i v e n by t h e t h r e e 
P D F ' s a l s o do n o t v a r y much i n t h i s v a r i a n c e r a n g e , t h e p a r t i c u l a r PDF 
T a b l e 6 . 2 . R a t i o s o f V a r i a n c e o f F i t t e d P D F t o S a m p l e V a r i a n c e , ( 0F2/Sy.2) 
S T N L O G N O R M A L P D F G A M M A P D 7 
N O M L L S M C S M L L S M C S 
( 1 ) ( 2 ) ( 3 ) ( 4 ) ( 5 ) ( 6 ) ( 7 ) 
1 1 . 0 2 1 0 . 0 4 6 0 0 1 . 0 « 5 0 . 3 5 3 1 1 
1 . 0 9 3 1 . 0 2 6 1 . 1 8 2 1 . 0 2 3 0 . 9 3 1 1 . 0 2 2 
3 0 . 9 2 1 0 . 7 8 2 1 . 0 3 2 0 . 9 4 5 0 . 6 8 0 0 . 0 6 5 
4 1 . 0 6 0 1 . 0 4 1 1 . 3 5 0 1 . 0 0 4 0 . 8 3 0 1 . 1 2 4 
5 0 . 3 7 6 1 . 0 1 4 0 . 9 2 3 0 . 8 9 4 0 . 8 3 0 0 . 3 9 9 
5 1 . 0 7 8 1 . 4 0 9 1 . 2 5 4 0 . 0 3 6 1 . 1 5 6 1 . 0 5 3 
-y 
f 
1 . 0 4 9 0 . 7 0 9 1 . 2 5 3 0 . 9 4 8 0 . 6 7 0 1 . 0 2 8 
1 . 2 2 6 1 . 0 3 6 1 . 3 3 0 0 . 9 3 3 0 . 3 6 7 1 . 0 4 0 
9 0 . 9 3 3 0 . 6 3 6 1 . 1 6 1 0 . 9 0 3 0 . 5 6 1 0 . 9 3 0 
1 0 1 . 2 0 5 1 . 0 7 5 1 . 3 2 2 1 . 0 2 5 0 . 9 0 7 1 . 0 3 3 
1 1 1 . 2 3 6 1 . 6 4 1 1 . 4 0 6 1 . 0 6 4 1 . 2 5 1 1 . 0 7 1 
1 2 0 . 9 1 1 0 . 7 0 5 . 9 0 1 0 . 3 6 8 0 . 6 0 3 0 . 3 5 6 
1 3 1 . 2 0 2 1 . 4 6 7 1 . 3 2 9 1 . 0 2 2 1 . 1 4 2 1 . 2 7 3 
1 4 0 . 3 9 1 0 . 9 3 7 1 . 0 0 0 0 . 8 5 3 0 . 7 9 2 0 . 9 0 2 
1 5 0 . 9 9 3 0 . 3 8 9 1 . 1 0 3 0 . 9 0 0 0 . 6 7 5 0 . 9 4 4 
1 6 2 . 5 8 4 1 . 3 7 2 . 4 3 0 1 . 3 9 7 1 . 1 6 2 2 . 3 0 0 
1 7 1 . 1 4 0 1 . 0 1 4 1 . 2 4 4 0 . 9 5 7 0 . 7 6 2 0 . 9 6 6 
1 8 0 . 3 4 9 0 . 5 3 0 . 3 9 2 0 . 3 1 1 0 . 4 4 2 0 . 8 2 ? 
1 9 1 . 0 1 2 1 . 0 6 4 1 . 0 2 1 0 . 8 7 8 0 . 7 7 0 0 ' . 3 6 ° 
2 0 0 . 8 6 8 0 . 9 0 7 1 . 0 4 0 0 . 8 0 3 0 . 6 8 7 0 . 3 9 7 
2 1 1 . 0 3 1 1 . 110 1 . 1 3 3 0 . 8 9 6 0 . 7 Q ? 0 . 9 5 2 
2 2 1 . 2 1 4 1 . 8 2 6 1 . 3 3 2 0 . 9 6 9 1 . 0 7 5 1 . 1 3 8 
2 3 1 . 0 0 7 0 . 7 9 1 1 . 0 8 7 0 . 8 7 5 0 . 5 9 3 0 . 3 3 3 
2 4 1 . 0 1 0 1 . 0 6 3 1 . 3 0 3 0 . 3 3 3 0 . 7 2 1 0 . 9 7 4 
2 5 1 . 2 4 2 1 . 3 7 0 1 . 5 3 5 0 . 9 5 5 0 . 9 4 3 1 . 0 4 0 
2 6 1 . 3 4 0 p • 3 0 0 2 . 2 0 4 1 . 0 1 6 1 . 2 0 6 1 . 2 5 5 
2 7 1 . 0 7 0 1 . 2 3 9 1 . 1 6 2 0 . 3 8 2 0 . 7 7 0 0 . 3 0 0 
2 8 0 . 9 2 2 0 . 5 3 1 0 . 0 3 0 O . 7 9 S 0 . 4 3 7 0 . 8 1 5 
G U M B E L P D F P R O B A B L E B E S T F I T 3 Y 
L S M C S M L W L S M L ^ W L S R E M A R K S 
( 3 ) ( 9 ) ( 1 0 ) ( 1 1 ) ( 1 2 ) ( 1 3 ) 
1 . 1 3 0 L N L N L N X 
1 . 1 3 5 1 . 3 5 8 G A G A G A X 
0 . 8 4 6 1 . 0 0 0 G A L N . G U A L L X 
1 . 2 0 6 1 . 3 3 7 G A G A G A X 
1 . 1 0 8 O . 0 3 5 G A L N , G U A L L X , Y ( 2 7 ) 
1 . 3 3 1 1 . 2 0 4 G A G A G A X 
0 . 8 3 3 1 . 2 0 7 G A A L L A L L X 
1 . 1 0 5 1 . 2 5 1 G A G A G A X 
0 . 7 1 6 1 . 1 1 2 L N L N , G U L N X 
1 . 0 0 7 1 . 2 4 4 G A G A G A X 
1 . 5 5 1 1 . 3 1 1 G A G A G A X 
0 . 7 2 7 0 . 3 5 9 L N L N L N X 
1 . 2 3 0 1 . 4 1 0 G A G A G A X 
0 . 8 7 1 0 . 9 1 4 L N L N L N X , Y ( 2 0 ) 
0 . 9 2 0 0 . 9 7 0 L N L N L N X 
1 . 3 3 9 2 . 1 8 3 ( G A ) ( G A ) G A 
0 . 9 6 3 1 . 0 2 5 G A G U G A , G U X 
0 . 5 0 0 0 . 7 3 5 ( L N ) ( L N ) L N Y ( 2 0 ) 
0 . 9 3 1 0 . 8 7 5 L N L N L N X 
0 . 7 3 5 0 . 3 5 4 L N L N L N X , Y ( 2 3 ) 
0 . 3 3 2 0 . 0 1 9 L N G A L N , G A X 
1 . 1 3 3 1 . 1 4 6 G A G A G A X 
0 . 6 7 0 0 . 3 4 7 L N L N L N X 
0 . 8 1 4 0 . 9 4 4 L N G A L N , G A X 
0 . 9 9 8 1 . 0 4 3 G A G A , G U G A , G U X 
1 . 2 7 0 1 . 2 1 7 G A ( G U ) G A X 
0 . 3 4 2 0 . 3 7 0 L N G A L N , G A X 
0 . 5 7 8 0 . 7 3 3 L N L N L N X 
T a b l e 6 . 2 . - C o n t i n u e d 
3 T N L O G N O R M A L P D F G A M M A P D F 
N O M L L S M C S M L L S M C S 
( 1 ) ( 2 ) ( 3 ) ( 4 ) ( 5 ) ( 6 ) ( 7 ) 
29 0 . 7 6 5 0 . 5 3 4 0 . 7 6 4 0 . 7 4 0 0 . 4 2 0 0 . 7 2 3 
3 0 n . 9 9 0 0 . 9 ? ? 1 . 2 6 3 0 . 3 5 2 0 . 6 2 1 0 . 9 2 8 
3 1 1 . 4 6 6 3 . 1 3 3 2 . 4 9 9 1 . 0 2 6 1 . 3 4 1 1 . 2 3 7 
3 2 0 . 3 9 7 0 . 6 3 3 0 . 9 7 6 0 . 8 1 0 0 . 4 7 3 0 . 8 1 8 
3 3 0 . 9 4 2 0 . 9 4 2 1 . 1 6 5 0 . 3 2 7 0 . 6 2 0 0 . 8 8 2 
3 4 1 . 4 5 3 2 . 9 4 ? 3 . 0 2 3 1 . 0 1 4 1 . 2 6 5 1 . 3 7 3 
3 5 1 . 2 3 5 0 . 3 5 8 1 . 6 1 3 0 . 9 0 6 0 . 6 4 9 0 . 9 8 1 
36 0 . 7 6 7 0 . 6 3 3 0 . 3 6 1 0 . 7 1 1 0 . 4 9 8 o . 7 6 7 
3 7 1 . 0 4 6 1 . 4 5 0 1 . 2 5 9 0 . 8 5 0 0 . 8 2 2 0 . 3 3 3 
3 3 1 . 8 0 ? 2 . 3 3 3 3 . 6 7 5 1 . 0 6 6 1 . 2 3 5 1 • 3 3 2 
3 9 1 . 4 0 7 1 . 3 4 4 2 . 0 9 2 0 . 9 6 1 9 . 9 7 2 1 . 0 0 0 
4 0 1 . 2 0 0 1 . 3 5 3 1 . 4 6 3 0 . 8 3 1 0.777 0 . 9 5 0 
4 1 0 . 9 1 7 0 . 4 6 8 0 . 9 5 6 0 . 7 3 6 0 . 3 4 5 0 . 7 9 5 
4 2 0 . 3 5 4 0 . 7 5 ? 0 . 9 4 7 0 . 7 4 6 0 . 5 1 ? 0 . 7 7 3 
4 3 1 . 3 7 8 2 . 0 3 3 1 . 9 6 0 0 . 9 4 5 0 . 9 4 4 1 . 0 4 0 
4 4 0 . 7 2 Q 0 . 5 3 6 0 . 3 1 7 0 . 6 7 5 0 . 4 0 7 0 . 7 1 4 
4 5 1 . 0 2 3 0 . 6 4 2 1 . 3 2 2 0 . 3 0 6 0 . 4 4 1 0 . 3 5 3 
4 6 0 . 6 4 4 0 . 4 0 ? 0 . 6 6 ? 0 . 6 3 5 0 . 7 0 0 0 . 6 5 0 
4 7 1 . 7 4 6 2 . 4 0 1 3 . 2 6 2 1 . 0 7 ? 1 . 0 0 6 1 . 3 0 1 
4 8 1 . 203 1 . 7 3 7 1 . 6 9 9 0 . 8 3 ? 0 . 8 7 7 0 . 9 3 4 
4 9 1 . 1 1 3 1 . 3 6 5 1 . 1 6 5 0 . 3 2 1 0 . 7 1 0 0 . 8 4 3 
5 0 1 . 4 1 3 1 . 0 4 1 * 1 . 7 7 ? 0 . 9 0 1 0 . 6 1 3 0 . 9 4 2 
5 1 0 . 7 5 2 0 . 5 5 6 0 . 3 1 6 0 . 6 7 4 0 . 3 5 0 0 . 7 0 7 
5 2 0 . 4 5 7 0 . 1 2 4 0 . 4 7 0 0 . 5 2 1 0 . 1 1 4 0 . 5 3 7 
5 3 0 . 7 5 3 0 . 6 6 4 0 . 9 0 0 0 . 6 7 4 0 . 4 2 6 0 . 7 2 7 
5 4 0 . 2 3 5 0 . 1 0 0 0 . 2 9 1 0 . ? 7 4 1 1 0 . 4 0 3 
5 5 2 . 3 3 2 6 . 5 0 6 7 . 6 4 7 1 . 0 6 5 1 . 3 6 4 1 . 4 3 6 
5 6 0 . 6 3 9 0 . 3 4 4 0 . 8 3 4 0 . 6 1 2 0 . 2 5 0 0 . 6 7 3 
G U M B E L P D F P R O B A B L E B E S T F I T B Y 
L S M C S M L W L S M L V W L S R E M A R K S 
( 8 ) ( 9 ) ( 1 0 ) ( 1 1 ) ( 1 2 ) ( 1 2 ) 
0 . 4 6 9 0 . 6 3 0 ( L N ) ( L N ) L N Y ( 3 0 ) 
0 . 6 6 4 0 . 8 5 0 L N L N L N X 
1 . 3 0 7 1 . 2 1 1 G A ( G U ) G A X 
0 . 4 6 2 0 . 7 2 ? L N L N L N X 
0 . 6 3 6 0 . 3 0 5 L N L N L N X 
1 . 1 7 ? 1 . 2 9 7 G A ( G U ) G A X 
0 . 7 2 5 0 . 9 2 3 G A L N L N , G A X 
0 . 5 4 4 0 . 6 8 4 ( L N ) ( L N ) L N Y ( 4 1 ) 
0 . 3 3 ? 0 . 8 5 1 L N G A L N , G A X 
1 . 1 0 2 1 . 2 4 ? G A G U G A , G U X 
0 . 9 4 0 1 . 0 4 3 G A G A , G U G A , G U X 
0 . 7 9 2 0 . 3 7 7 G A G A G A X 
0 . 3 5 9 0 . 5 9 1 L N L N L N X 
0 . 5 3 7 0 . 7 0 6 L N L N L N X , Y ( 3 4 ) 
0 . 9 1 0 0 . 9 9 7 G A G A , G U G A , G U X 
0 . 5 0 5 0 . 6 2 1 ( L N ) ( L N ) L N Y ( 3 D 
0 . 5 3 6 0 . 7 4 5 L N L N L N X 
0 . 7 4 ? 0 . 5 2 5 ( L N ) ( L N ) L N Y ( 4 5 ) 
0 . 8 5 0 1 . 2 2 4 G A G A , G U G A , G U X 
0 . 7 5 3 0 . 9 5 7 G A G A G A X 
0 . 7 3 2 0 . 7 8 3 L N ( G A ) L N , G A X 
0 . 5 6 7 0 . 8 3 5 G A G A G A X 
0 . 4 0 9 0 . 6 0 1 ( L N ) ( L N ) L N Y ( 3 3 ) 
0 . 1 7 6 0 . 3 5 5 ( G A ) ( G A ) G A Y ( 4 7 ) 
0 . 4 1 9 0 . 6 5 1 ( L N ) L N L N X , Y ( 4 6 ) 
0 . 1 1 6 0 . 2 3 4 ( G A ) ( G A ) G A Y ( 3 5 ) 
0 . 9 7 5 1 . 2 6 6 G A G U G A , G U X 
0 . 7 0 7 0 . 5 4 6 ( L N ) ( L N ) L N Y ( 2 9 ) 
T a b l e 6 . 2 . - C o n t i n u e d 
STN LOGNORMAL PDF GAMMA PDF 
MO ML LS MCS ML LS MCS 
( 1 ) ( 2 ) ( 3 ) ( 4 ) ( 5 ) ( 6 ) ( 7 ) 
57 1 . 4 5 9 1 . 2 6 0 1 . 6 2 2 0 . 870 0 . 6 1 7 0 . 3 9 0 
5 Q 0 . 9 1 2 1 . 0 0 8 1 . 2 6 6 0 . 7 2 5 0 . 5 1 7 0 . 3 1 4 
59 1 . 4 7 2 1 . 0 6 5 * 1 . 3 1 0 0 . 7 3 0 0 . 5 1 1 0 . 7 8 6 
50 1 . 0 4 8 0 . 6 7 8 1 . 1 5 9 0 . 7 4 5 0 . 3 2 4 0 . 7 7 7 
61 0 . 5 6 9 0 . 1 5 3 0 . 7 1 2 0 . 5 5 9 0 . 1 4 0 0 . 6 1 0 
5 2 0 . 7 9 4 0 . 3 2 0 0 . 7 4 5 r> i > . 636 0 . 2 1 4 0 . 6 3 3 
6 ? 0 . 4 4 0 0 . 0 6 5 0 . 5 2 1 0 . 499 0 . 0 6 0 0 . 5 4 0 
64 0 . 7 5 6 0 . 5 1 3 0 . 9 4 1 0 . 576 0 . 2 7 2 0 . 6 5 5 
6 5 0 . 7 9 0 0 . 3 5 2 0 . 7 5 5 0 . 5 7 9 0 . 2 3 3 0 . 5 7 3 
56 2 . 7 3 0 1 0 . 6 4 8 1 2 . 4 3 1 9 9 99 99 
67 1 . 6 1 0 0 . 5 6 7 2 . 5 5 6 9 9 99 99 
GUMBEL PDF PROBABLE BEST FIT BY 
LS MCS ML WLS ML*WLS REMARKS 
( 3 ) ( 9 ) ( 1 0 ) ( 1 1 ) ( 1 2 ) ( 1 3 ) 
0 . 4 9 3 0 . 9 0 5 (GA) GU GA, GU X 
0 . 4 3 4 0 . 7 7 a LN LN LN X 
0 . 4 5 6 0 . 7 5 6 (GA) (GA) GA 7 ( 33 ) 
0 . 3 1 0 0 . 7 7 2 LN LN LN X 
0 . 2 1 0 0 . 4 7 8 (LN) (LN) LN Y ( 2 4 ) 
0 . 2 3 4 0 . 5 4 4 (LN) (LN) LN Y ( 3 6 ) 
0 . 0 3 4 0 . 3 7 6 (GA) (GA) — Y ( 2 1 ) 
0 . 2 5 5 0 . 6 1 3 (LN) LN LN X,Y (39) 
0 . 2 3 3 0 . 4 6 0 (LN) (LN) LN Y (35) 
0 0 0 0 — — — Z ( 2 5 ) 
0 0 0 0 — LN LN Z ( 3 0 ) 
00 -SOLUTION NUMERICALLY UNSTABLE 
11 -NO CONVERGENCE AFTER 50 ITERATIONS 
9 9 -GA PDF NOT F I T 
X -VARIANCE RATIO CLOSE TO,UNITY(DEVIATTON < . 1 5 FROM UNITY) FOR 
ATLEAST ONE OF THE PDF S 
Y -VARIANCE RATIO <0.Q FOR LN AMD OA BY ML, AND IN MOST CASES 
FOR THE THREE PDF S BY WLS 
Z -HARD TO FIT CASES 
(GA) - I N COLUMNS ( 1 0 ) AND ( 1 1 ) , FOR THE PDF IN THE PARENTHESES THE VARIANCE 
RATIO DIFFERS BY >0 . 15 FROM UNITY 
LN - I N COLUMN ( 1 2 ) , THE PDF WITH AN UNDERLINE INDICATES THE BEST PDF 
( 2 7 ) - I N COLUMN ( 1 3 ) , THE NUMBER IN THE PARENTHESES INDICATES THE PERCENT VARIANCE 
CONTRIBUTED TO S BY K 
* -THESE RATIOS WERE CONSIDERED TO BE LOW DUE TO 3IAS IN LS METHOD(<t> =0.0) 
136 
c h o s e n d o e s n o t make much d i f f e r e n c e . 
The 50 " E a s y - t o - F i t " s a m p l e s f rom T a b l e 6 . 2 w e r e f u r t h e r g r o u p e d 
a c c o r d i n g t o t h e s a m p l e v a r i a n c e and s u i t a b i l i t y o f a p a r t i c u l a r PDF, 
and t h e r e s u l t s a r e p r e s e n t e d i n T a b l e 6 . 3 . The GU d i s t r i b u t i o n was 
e x c l u d e d from t h i s t a b u l a t i o n b e c a u s e i t was n o t f o u n d s u p e r i o r f o r 
a n y s i n g l e s a m p l e . T a b l e 6 . 3 s h o w s t h a t t h e l o g n o r m a l o r t h e gamma 
d i s t r i b u t i o n s p r o v i d e d a g o o d f i t f o r a m a j o r i t y (75%) o f f l o o d s a m p l e s . 
The o t h e r s a m p l e s do n o t f i t t h e two d i s t r i b u t i o n s w e l l p o s s i b l y b e c a u s e 
of o u t l i e r s ( s e e t h e n e x t s e c t i o n ) . T a b l e 6 . 3 a l s o s h o w s t h a t s a m p l e s 
2 
w i t h h i g h e r v a r i a n c e s ( S ^ > 0 . 6 ) a r e h a r d e r t o f i t . T h i s may b e b e c a u s e 
m o s t h i g h v a r i a n c e s a m p l e s c o n t a i n o u t l i e r s ( s e e n e x t s e c t i o n ) . 
2 
At l o w v a r i a n c e s (S < 0 . 2 ) , t h e GA d i s t r i b u t i o n a p p e a r s t o b e 
K. 
2 
p r e f e r r e d t o LN. At S = 0 . 2 t o 0 . 4 t h e M L N - B e s t " and " G A - B e s t " s a m p l e s 
K. 
2 
w e r e a b o u t e v e n l y d i v i d e d . A t S > 0 . 6 t h e GA i s n o t p r e f e r r e d w h i c h 
2 
may b e e x p e c t e d b e c a u s e a s a a p p r o a c h e s u n i t y t h e GA d i s t r i b u t i o n 
t e n d s t o an e x p o n e n t i a l ( s e e F i g u r e 3 . 2 ) w h i c h i s u n l i k e l y t o f i t a n n u a l 
f l o o d s e r i e s d a t a . 
2 
The s i m u l a t i o n e x p e r i m e n t s ( T a b l e 5 . 2 ) a l s o show t h a t ^ GA/ML 
2 2 
i s , on t h e a v e r a g e , l e s s t h a n S, and a „ „ . T „ i s , on t h e a v e r a g e , k F,GA.LN/ML 
2 
g r e a t e r t h a n S . Such o c c u r r e n c e s w e r e a l s o p o s t u l a t e d i n C h a p t e r IV. 
2 
The r e s u l t s p r e s e n t e d i n T a b l e 6 . 2 show t h a t a „ , T „ v i s l e s s t h a n r F , (LN) .GA/ML 
S k W h ± l e ° F , ( G A ) . L N / M L i S g r e a t e r t h 3 n S k * 
The 1 0 0 - y e a r p r e d i c t i o n s g i v e n b y t h e m e t h o d s of MO and ML when 
t h e "LN B e s t " and "GA B e s t " s a m p l e s o f T a b l e 6 . 2 a r e f i t t o b o t h LN and 
GA a r e p r e s e n t e d i n T a b l e s 6 . 4 and 6 . 5 , r e s p e c t i v e l y . T h e s e r e s u l t s 
T a b l e 6 . 3 . - A n a l y s i s o f Easy - t o - F i t Samples 
No o f Cases o f t h e PDF's B e s t PDF 
S 2 Examined No o f Cases P e r c e n t LN GA 
0 . 2 18 16 89 5 8 
0 . 2 • t o 0 .4 26 23 88 13 10 
0 . 4 1 t o 0 . 6 14 9 64 4 5 
0 . 6 1 t o 1 .0 7 2 29 2 0 
1 .0 2 0 0 0 0 
T o t a l 67 50 75 24 23 
1 3 8 
a c c o u n t f o r two f a c t s t h a t h a v e b e e n o b s e r v e d f o r s e v e r a l y e a r s . F i r s t , 
t h e p r e d i c t i o n s d i f f e r g r e a t l y when t h e same d a t a s a m p l e i s s u b j e c t t o 
f r e q u e n c y a n a l y s i s b y d i f f e r e n t P D F ' s . T a b l e s 6 . 4 and 6 . 5 show t h a t t h e 
l a r g e d i f f e r e n c e s o b t a i n e d i n p r e d i c t i o n s when a d a t a s a m p l e i s f i t t o 
d i f f e r e n t P D F ' s a r e due t o b o t h t h e c h o i c e o f PDF and t h e c h o i c e o f t h e 
c o m p u t a t i o n a l method (MO, ML, e t c . ) . Wi th r e s p e c t t o l o g n o r m a l , 
h y d r o l o g i s t s h a v e i n v a r i a b l y u s e d t h e ML m e t h o d when f i t t i n g a LN 
d i s t r i b u t i o n b e c a u s e t h e c o m p u t a t i o n s i n v o l v e d a r e s i m p l e ( s a m e 
c o m p u t a t i o n s a s moment f i t o f l o g s t o a n o r m a l d i s t r i b u t i o n , s e e A p p e n d i x 
B ) . 
The r e s u l t s o f t h e s i m u l a t i o n e x p e r i m e n t s p r e s e n t e d i n C h a p t e r V , 
( S t u d y N o . 1 ) show t h a t t h e s h a p e f i t t i n g m e t h o d s w o u l d p r o d u c e r e s u l t s 
( K ' s f o r v a r i o u s r e t u r n p e r i o d s ) g r e a t l y d i f f e r e n t f rom t h e r e s u l t s 
2 
b a s e d on t h e p a r e n t PDF when GA or GU s a m p l e s a t h i g h v a r i a n c e (S > 0 . 2 ) 
w e r e f i t t o LN d a t a ( s e e T a b l e 5 . 3 ) . For r e a l s a m p l e s a l s o , T a b l e 6 . 5 
s h o w s t h a t K^.,__ T ^ /^^ v a l u e s a r e a b o u t 16% t o 55% h i g h e r t h a n S 1 0 0 , ( G A ) . L N / M L 
2 
K r . i ™ / ^ * \ i * , ^ \ f o r t h e same s a m p l e , d e p e n d i n g on t h e v a l u e of S, . S 1 0 0 , (GA)/(ML o r MO) K K k 
The l a r g e d i s p a r i t y i n p r e d i c t i o n s r e s u l t s , a s shown b y T a b l e 6 . 4 , 
f r o m f i t t i n g a d a t a (GU or GA) s a m p l e t o a w r o n g (LN) d i s t r i b u t i o n by 
a s h a p e f i t t i n g (ML) m e t h o d . The d i s p a r i t i e s i n 1 0 0 - y e a r p r e d i c t i o n s 
o b t a i n e d when " L N - B e s t " s a m p l e s w e r e f i t t o GA b y ML a r e somewhat m i l d e r 
i n n a t u r e and r a n g e d f rom 10 t o 21% f o r s a m p l e s i n t h e v a r i a n c e r a n g e 
o f 0 . 2 t o 0 . 7 ( s e e T a b l e 6 . 5 ) . For s a m p l e s w h o s e v a r i a n c e i s l e s s t h a n 
0 . 2 t h e m a g n i t u d e s o f t h e d i s p a r i t i e s may b e e x p e c t e d t o b e l e s s t h a n 
t h o s e shown i n T a b l e s 6 . 4 and 6 . 5 . T a b l e s 6 . 4 and 6 . 5 a l s o show t h a t 
T a b l e 6 . 4 , 100 - Year P r e d i c t i o n s o f 'GA. - B e s t 1 S a m p l e s ( S ^ > 0 . 2 ) 
S 1 0 0 - G * K s i o o - L N 































































Y e a r P r e d i c t i o n s o f ' L N - B e s t ' S a m p l e s { 3 K Z > 0 . 2 ) 
K - LN K - GA 
S 1 j S i n ° < S 1 0 0 , ( L N ) G A / M L 
MO ML MO ML K S 1 0 0 , ( L N ) L N / M L 
2.51 2 .57 2 .26 2 .26 0 . 3 9 
2 .57 2 .44 2 . 4 0 2 .24 0 .92 
2 .53 2.61 2 . 4 0 2 .33 0 .39 
2 .53 2 . 6 5 2 . 4 6 2 .36 0 . 8 9 
2 .65 2 . 6 3 2 .48 2 . 38 0 . 3 9 
2 .78 2 . 3 8 2 . 6 0 2 .49 0 .86 
2 .78 2.71 2 .60 2 .40 0 .39 
2 ^ 6 2 . 3 5 2 . 6 6 2.51 0 .88 
2 .90 2 .78 2 . 7 0 2 .50 0 .90 
2.92 2 .86 2 .72 2 .54 0 .89 
3 .08 3 .13 2 . 3 5 2 .68 0 .86 
3 .18 3 .05 2 .92 2 .67 0 .83 
3 .20 3.01 2 .97 2.64 0 .33 
3.27 3 .70 2 .03 2 .77 0 .34 
3 .77 3 .54 2.11 2 .37 0.31 
3.33 3 .73 ? . 5 9 7 .12 0.34 
4 .13 4 . 2 7 3 .33 3 .39 0 . 7 9 
4.31 4 .24 4.51 7.47 0 .82 
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t h e d i s p a r i t i e s i n 1 0 0 - y e a r p r e d i c t i o n s when t h e " b e s t PDF" was n o t 
c h o s e n a r e l e s s when t h e method o f moments i s u s e d . Thus t h e e r r o r s 
i n t r o d u c e d i n n o t c h o o s i n g t h e " b e s t PDF" a r e l a r g e r when c o m p u t a t i o n s 
a r e made u s i n g t h e s o - c a l l e d s t a t i s t i c a l l y s u p e r i o r ML m e t h o d t h a n 
when t h e c o m p u t a t i o n s a r e made b y t h e method o f m o m e n t s . H o w e v e r , by 
i n t r o d u c i n g l a r g e e r r o r s i n t o t h e s o l u t i o n ML, p e r h a p s , c a u t i o n s a 
h y d r o l o g i s t t h a t h e c h o s e a w r o n g PDF.' 
In T a b l e s 6 . 4 and 6 . 5 , s i n c e t h e s a m p l e s w e r e a r r a n g e d i n 
a s c e n d i n g o r d e r o f v a r i a n c e m a g n i t u d e , o n e m i g h t e x p e c t t h e d i s p a r i t i e s 
i n r e s u l t s t o show s i m i l a r o r d e r . H o w e v e r , r e s u l t s shown i n c o l u m n 7 o f 
T a b l e s 6 . 4 and 6 . 5 d i s p l a y s a t r e n d w i t h n o i s e . One r e a s o n f o r t h i s 
o c c u r r e n c e may b e t h a t t h e r e a l s a m p l e s , u n l i k e s i m u l a t e d s a m p l e s , a r e 
n o t s a m p l e s f r o m known p o p u l a t i o n s . 
A n o t h e r c o n s i d e r a t i o n i s t h a t p r e d i c t i o n s g i v e n b y MO and b y ML 
s o m e t i m e s d i f f e r g r e a t l y when t h e same PDF i s u s e d ( s e e LN r e s u l t s o f 
s t a t i o n s 3 8 , 47 and 5 5 , T a b l e 6 . 5 ) . I n s u c h i n s t a n c e s , a statistician-
h y d r o l o g i s t m i g h t r e a c t b y d i s r e g a r d i n g t h e m e t h o d o f moments a s 
i n f e r i o r . T a b l e s 6 . 4 and 6 . 5 s u g g e s t , i n s t e a d , t h a t o n e r e a s o n f o r 
d i s p a r i t i e s i n MO and ML p r e d i c t i o n s c o u l d b e that , t h e p r o c e d u r e u s e d 
t r i e d t o f i t t h e d a t a s a m p l e t o a d i s t r i b u t i o n of s u b s t a n t i a l l y d i f f e r e n t 
s h a p e t h a n t h e s a m p l e and t h a t , i n f a c t , i n s u c h c a s e s , t h e MO f i t 
y i e l d s b e t t e r p r e d i c t i o n s . 
As a n e x t s t e p i n t h e a n a l y s i s of t h e " E a s y - t o - F i t " s a m p l e s , o n e 
e a c h from T a b l e 6 . 4 (GA b e s t f i t 4 3 ) and T a b l e 6 . 5 (LN b e s t f i t 3 2 ) , 
w e r e p l o t t e d on l o g - p r o b a b i l i t y p a p e r ( F i g u r e s 6 . 1 and 6 . 2 ) u s i n g f o r 
F i g u r e 6 . 1 LN ' B e s t ' Sample ( S t a t i o n N o . 4 3 : C h a t t a h o o c h e e R i v e r Near N o r c r o s s , G e o r g i a ) 
F i g u r e 6 . 2 GA f B e s t f Sample ( S t a t i o n N o . 4 3 : T r i n i t y R i v e r a t R i v e r s i d e , T e x a s ) 
- O 
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p l o t t i n g p o s i t i o n s t h e w e l l known W e i b u l l f o r m u l a : 
m 
P ( K i k ) = ^ T ( 6 . 2 ) 
i n w h i c h m i s t h e o r d e r o f K (m = 1 c o r r e s p o n d i n g t o t h e l a r g e s t K) and 
n i s t h e number o f y e a r s o f d a t a . 
F i g u r e 6 . 1 s h o w s t h a t t h e d a t a f o r s t a t i o n 3 2 a p p e a r t o b e b e t t e r 
f i t b y LN t h a n b y GA o r GU. S i m i l a r l y , F i g u r e 6 . 2 , on w h i c h t h e d a t a o f 
s t a t i o n 43 a r e p l o t t e d , s h o w s t h a t t h e d a t a a p p e a r t o b e b e t t e r f i t b y 
GA ( o r GU w i t h e x t r e m e l o w e r t a i l i g n o r e d , w h i c h w e r e shown a s t h e b e s t 
P D F ' s b y t h e ' B e s t F i t ' c r i t e r i o n ) t h a n LN. I n F i g u r e 6 . 1 t h e d a t a , on 
t h e w h o l e , p l o t a s a s t r a i g h t l i n e w h e r e a s t h e GA and GU f i t s , t h o u g h 
computed b y s h a p e f i t t i n g m e t h o d s , h a v e a c o n v e x c u r v a t u r e and a r e , t h u s , 
n o t s u i t a b l e . I n F i g u r e 6 . 2 t h e d a t a , i n g e n e r a l , p l o t w i t h a c o n v e x 
c u r v a t u r e w h e r e a s t h e LN-ML f i t s h o w n , t h o u g h computed b y a s h a p e 
f i t t i n g m e t h o d , f o l l o w s a s t r a i g h t l i n e and i s , t h u s , n o t s u i t a b l e . 
F i g u r e 6 . 2 a l s o s h o w s t h a t , s i n c e t h e l o w e r t a i l o f t h e GU d i s t r i b u t i o n 
e x t e n d s t o -°° t h e o r e t i c a l l y , i t d o e s n o t f i t r e a l d a t a i n t h e l o w e r t a i l 
f o r h i g h e r v a r i a n c e s a m p l e s . F i g u r e s 6 . 1 and 6 . 2 d e m o n s t r a t e t h a t t h e 
P D F ' s s e l e c t e d b y t h e " B e s t F i t " c r i t e r i o n c o i n c i d e w i t h t h e b e s t v i s u a l 
f i t among t h e P D F ' s e x a m i n e d when t h e d a t a i s p l o t t e d on p r o b a b i l i t y 
p a p e r . 
S a m p l e s w i t h O u t l i e r s 
I n t h e l i t e r a t u r e o f h y d r o l o g y , o u t l i e r s a r e d e f i n e d a s d a t a 
i t e m s "more f a r r e m o v e d f r o m t h e t r e n d o f t h e o t h e r s , " ( B u l l e t i n N o . 1 3 , 
Water R e s o u r c e s C o u n c i l , 1 9 6 6 ) . B e a r d , i n r e c e n t work on f l o w f r e q u e n c y 
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a n a l y s i s ( 1 9 7 4 ) , d e f i n e d o u t l i e r s a s " e x t r e m e v a l u e s w h o s e r a t i o t o t h e 
n e x t m o s t e x t r e m e v a l u e i n t h e same ( p o s i t i v e o r n e g a t i v e ) d i r e c t i o n i s 
m o r e e x t r e m e t h a n t h e r a t i o o f t h a t n e x t m o s t e x t r e m e v a l u e t o t h e 
e i g h t h m o s t e x t r e m e v a l u e . " O u t l i e r s , b e i n g "more f a r " r e m o v e d f r o m t h e 
o t h e r d a t a p o i n t s , c o n t r i b u t e a l a r g e p a r t o f t h e s q u a r e o f t h e d e p a r t u r e 
2 
f rom t h e mean u s e d t o c o m p u t e t h e s a m p l e v a r i a n c e , S^. T h u s , o u t l i e r s 
a c c o u n t f o r an u n u s u a l l y l a r g e f r a c t i o n o f s a m p l e v a r i a n c e . 
O u t l i e r s i n N o r m a l l y D i s t r i b u t e d S a m p l e s . N a i r and C h a u v e n e t 
(Kennedy and N e v i l l e , 1 9 7 6 ) h a v e e a c h d e v i s e d a c r i t e r i o n t o i d e n t i f y 
o u t l i e r s i n normal p o p u l a t i o n s . 
A c c o r d i n g t o N a i r , t h e maximum d e v i a t i o n f r o m t h e s a m p l e mean X 
t h a t c a n b e e x p e c t e d f o r s i n g l e v a l u e s i n s a m p l e s o f s i z e n i s r e l a t e d t o 
t h e e s t i m a t e d v a r i a n c e o f t h e p o p u l a t i o n ; t h e e s t i m a t e m u s t b e b a s e d on 
a l a r g e r s a m p l e t h a n t h e o n e c o n t a i n i n g t h e o u t l i e r . H o w e v e r , N a i r ' s 
m e t h o d i s l i m i t e d t o s a m p l e s o f s i z e s 3 t o 9 o n l y . N a i r ' s m e t h o d s h o w s 
t h a t f o r a s a m p l e o f s i z e 9 drawn f r o m a p o p u l a t i o n o f s i z e °°, a t 5% 
s i g n i f i c a n c e l e v e l , an o u t l i e r w i l l c o n t r i b u t e a t l e a s t 72% v a r i a n c e . 
S i n c e N a i r ' s m e t h o d i s r e s t r i c t e d t o v e r y s m a l l s a m p l e s i t i s n o t u s e f u l 
f o r a p p l i c a t i o n t o h y d r o l o g i c s a m p l e s o f t h e s i z e s u s e d i n t h i s s t u d y . 
A c c o r d i n g t o C h a u v e n e t , an o b s e r v a t i o n i n a s a m p l e o f s i z e n i s 
r e g a r d e d a s an o u t l i e r i f i t h a s a d e v i a t i o n f r o m t h e mean g r e a t e r t h a n 
a l / ( 2 n ) p r o b a b i l i t y . The p r o b a b i l i t y i s c a l c u l a t e d on t h e a s s u m p t i o n 
o f a n o r m a l d i s t r i b u t i o n and s a m p l e v a r i a n c e . For e x a m p l e , i f n = 1 0 , 
t h e n l / ( 2 n ) = 0 . 0 5 , w h i c h i s t h e p r o b a b i l i t y o f a n o r m a l d e v i a t e o f 
1 . 9 6 a . Thus an o b s e r v a t i o n w h i c h d e v i a t e s f r o m t h e mean b y a t l e a s t 
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1 . 9 6 S i s r e g a r d e d a s an o u t l i e r i n t e n y e a r s o f r e c o r d . The f o l l o w i n g 
t a b l e g i v e s , f o r d i f f e r e n t s a m p l e s i z e s , t h e minimum p e r c e n t v a r i a n c e t o 
b e c o n t r i b u t e d b y K, 1 N t o q u a l i f y t h e v a l u e a s an o u t l i e r (Min % V r t / T ) 
(m=l ) n 0 / L 
b y C h a u v e n e t ' s c r i t e r i o n . 
K -K 
m=l 
n Z = S Min % ' 
10 1 . 9 6 4 3 
20 2 . 2 4 26 
30 2 . 3 9 20 
40 2 . 5 0 16 
50 2 . 5 8 14 
60 2 . 6 4 12 
80 2 . 7 4 10 
1 0 0 2 . 8 1 9 
( I n t h e a b o v e t a b l e , t h e e q u a t i o n t o c o m p u t e 'min % V Q / L ' maY b e d e r i v e d 
a s f o l l o w s : 
By a n a l o g y w i t h E q u a t i o n 6 . 1 , 
(K - K ) 2 
min % V Q / L = [ — ^ / s £ ] x 1 0 0 ( 6 . 3 ) 
K = 1 - K 
S u b s t i t u t i n g Z = —r i n 6 . 3 y i e l d s 
b k 
Z 2 
min % V ^ / T = —- x 1 0 0 (6.4) 
O / L n - 1 
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The a b o v e t a b l e may b e e x t e n d e d t o any v a l u e s o f n ) . C h a u v e n e t s u g g e s t s 
t o r e j e c t an o u t l i e r ( b a s e d on t h e a b o v e t a b l e ) from t h e s a m p l e . 
H o w e v e r , s u c h a p r o c e d u r e c o u l d e a s i l y l e a d t o s u c c e s s i v e r e j e c t i o n o f 
e x t r e m e o b s e r v a t i o n s — a p r o c e d u r e t h a t must n e v e r b e u s e d . R e j e c t i n g 
an o b s e r v a t i o n may a l s o mean t h r o w i n g away v i t a l i n f o r m a t i o n a b o u t t h e 
s a m p l e . S i n c e m o s t h y d r o l o g i c s a m p l e s a r e from s k e w e d p o p u l a t i o n s , 
h o w e v e r , f u r t h e r a n a l y s i s i s n e e d e d f o r m o s t h y d r o l o g i c a p p l i c a t i o n s . 
O u t l i e r s i n Skewed P o p u l a t i o n s . C h a u v e n e t ' s c r i t e r i o n shows t h a t an 
o b s e r v a t i o n i n t h e u p p e r t a i l o f a n o r m a l d i s t r i b u t i o n w i l l b e c o n s i d e r e d 
a s an o u t l i e r i f t h e e x c e e d e n c e p r o b a b i l i t y f o r t h e o b s e r v a t i o n i s l e s s t h a n 
o r e q u a l t o l / ( 4 n ) and t h e d i s t r i b u t i o n h a s a v a r i a n c e e q u a l t o t h e s a m p l e 
v a r i a n c e . T h u s , o b s e r v a t i o n s e s t i m a t e d t o h a v e a r e t u r n p e r i o d e x c e e d i n g 
4n y e a r s b y t h e f i t t o a ( n o r m a l ) d i s t r i b u t i o n a r e o u t l i e r s . T h i s a r b i t r a r y 
d e f i n i t i o n f o r o u t l i e r s c a n b e e x t e n d e d t o t h e LN and GA d i s t r i b u t i o n s . 
U s i n g t h i s e x t e n s i o n o f h i s m e t h o d , minimum % V Q / L ' s w e r e computed 
f o r a £ = 0 . 1 , 0 . 2 , 0 . 3 , 0 . 5 , 0 . 7 , and 1 . 0 0 . The r e s u l t s a r e shown 
g r a p h i c a l l y by F i g u r e 6 . 3 . 
F i g u r e 6 . 3 s h o w s t h a t t h e v a l u e o f min % d e p e n d s on t h e 
s a m p l e s i z e and s k e w n e s s o f a d i s t r i b u t i o n . At a g i v e n a £ , LN h a s a 
l a r g e r skew t h a n GA and s k e w n e s s o f b o t h LN and GA i n c r e a s e s a s a £ 
i n c r e a s e s ( s e e T a b l e 3 . 2 ) . F i g u r e 6 . 3 s h o w s s i m i l a r v a r i a t i o n s i n 
min % a l s o . F i g u r e 6 . 3 a l s o s h o w s t h a t an o b s e r v a t i o n w h i c h may 
b e r e g a r d e d a s an o u t l i e r by GA n e e d n o t b e an o u t l i e r b y LN. 
By t h e c r i t e r i o n d e v e l o p e d i n F i g u r e 6 . 3 , 13% o f GA ( s y n t h e t i c ) 
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Figure 6 . 3 Minimum percent variance due to the largest observation (Km=l) needed to 
qualify the value as outlier 
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s a m p l e s and 19% o f LN s a m p l e s u s e d I n t h i s s t u d y ( s e e C h a p t e r V) w e r e 
f o u n d t o c o n t a i n o u t l i e r s . As o n e m i g h t e x p e c t , f o r m o s t o f t h e s e 
2 2 
s a m p l e s w a s f o u n d t o b e g r e a t e r t h a n a^ . 
When s u c h d a t a p o i n t s o c c u r i n a s a m p l e , and t h e s a m p l e i s f i t 
2 
t o a PDF b y one of t h e s h a p e f i t t i n g m e t h o d s , a w o u l d b e , i n g e n e r a l , 
r 
l e s s t h a n t h e s a m p l e v a r i a n c e b e c a u s e t h e s h a p e f i t t i n g m e t h o d s w o u l d 
g i v e r e d u c e d w e i g h t t o t h e d a t a p o i n t " f a r r e m o v e d " f r o m t h e o t h e r s and 
f i t t h e r e s t o f t h e d a t a p o i n t s , w h i c h t o g e t h e r may h a v e a v a r i a n c e much 
l e s s t h a n t h e t o t a l s a m p l e v a r i a n c e . W h i l e t h e l a r g e s t v a l u e i n a 
s a m p l e may b e s e v e r a l t i m e s l a r g e r t h a n t h e mean ( f o r t h e 67 r e a l 
s a m p l e s o f T a b l e 6 . 1 t h e l a r g e s t v a l u e s w e r e i n a r a n g e of 1 . 6 t o 7 . 3 4 
t i m e s t h e s a m p l e mean) t h e s m a l l e s t v a l u e I n a s a m p l e c a n n o t b e l e s s 
t h a n z e r o o r o n e u n i t " r e m o v e d away" from t h e s a m p l e mean . ( F o r t h e 67 
r e a l s a m p l e s o f T a b l e 6 . 1 t h e l o w e s t d a t a p o i n t s r a n g e d f r o m 0 . 0 3 t o 
0 . 6 1 o f t h e s a m p l e m e a n ) . A l s o , w h i l e t h e l a r g e s t d a t a p o i n t may b e 
r e m o v e d f r o m t h e n e x t l a r g e s t ( o r f r o m t h e b u l k o f t h e d a t a p o i n t s ) b y 
s e v e r a l t i m e s t h e s a m p l e mean t h e l o w e s t d a t a p o i n t i s r emoved from t h e 
n e x t s m a l l e s t ( o r b u l k o f t h e d a t a p o i n t s ) o n l y b y a s m a l l f r a c t i o n o f 
t h e s a m p l e m e a n . Thus a s i n g l e l ow v a l u e w i l l u s u a l l y n o t s u b s t a n t i a l l y 
c o n t r i b u t e t o t h e v a r i a n c e of t h e s a m p l e and t h u s i t s p r e s e n c e i n a 
d a t a s a m p l e w i l l n o t s t r o n g l y a f f e c t t h e f i t b y a s h a p e f i t t i n g m e t h o d . 
2 
N o t e t h a t t h e d e f i n i t i o n of S. i s c o n f i n e d t o n a t u r a l d a t a o n l y b u t 
k 
n o t t o t h e l o g a r i t h m s o f d a t a . H o w e v e r , i f s e v e r a l l ow v a l u e s o c c u r 
i n a d a t a s a m p l e t h e v a r i a n c e o f t h e LN/GA P D F ' s f i t t e d b y s h a p e f i t t i n g 
m e t h o d s may b e h i g h e r t h a n t h e s a m p l e v a r i a n c e b e c a u s e t h e s e d i s t r i b u t i o n s 
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h a v e a t h i c k e r l o w e r t a i l o n l y a t h i g h e r v a r i a n c e ( s e e C h a p t e r I I I ) . 
S a m p l e s w i t h h i g h e r o u t l i e r s : The p e r c e n t c o n t r i b u t i o n t o t h e 
s a m p l e v a r i a n c e b y t h e h i g h e s t v a l u e s (K _) i n t h e 6 7 r e a l s a m p l e s 
m=l 
r a n g e d from 7 t o 85 ( s e e T a b l e 6 . 1 ) . T a b l e 6 . 6 s h o w s t h a t i n 22 o f t h e 
67 s a m p l e s t h e h i g h e s t f l o w c o n t r i b u t e d 25% o r more t o t h e s a m p l e 
v a r i a n c e . H i g h f l o w s w e r e f o u n d t o b e o u t l i e r s f o r GA o r f o r b o t h GA 
and LN b y F i g u r e 6 . 3 ( s e e T a b l e 6 . 1 ) . T a b l e 6 . 6 a l s o s h o w s t h a t 
' o u t l i e r s ' a r e more p r e v a l e n t i n s a m p l e s w i t h l a r g e v a r i a n c e ( S ^ > 0 . 4 ) , 
w h e r e t h e y o c c u r i n a b o u t 69% o f t h e s a m p l e s . G e n e r a l l y , t h e i n c i d e n c e 
o f l a r g e v a r i a n c e i n a ( h y d r o l o g i c ) s a m p l e may m a i n l y b e due t o t h e 
p r e s e n c e o f an o u t l i e r . 
A p p l i c a t i o n o f ' B e s t F i t ' C r i t e r i o n t o S a m p l e s w i t h O u t l i e r s . The 
' B e s t F i t ' c r i t e r i o n p r o p o s e d i n t h i s s t u d y may n o t b e s u i t a b l e f o r s a m p l e s 
w i t h o u t l i e r s b e c a u s e t h e v a r i a n c e r a t i o o^/S^ w i l l a l m o s t i n v a r i a b l y b e 
l e s s t h a n u n i t y f o r any h y p o t h e s i z e d PDF. W h i l e s e v e r a l t e c h n i q u e s f o r 
h a n d l i n g o u t l i e r s h a v e b e e n s u g g e s t e d i n t h e p a s t ( B u l l e t i n N o s . 1 3 and 
1 5 , s e e B i b l i o g r a p h y ) o n e t e c h n i q u e u s e d b y h y d r o l o g i s t s a p p e a r s t o b e 
" t o k e e p t h e v a l u e a s i s " ( B e a r d , 1 9 7 4 ) . I n s u c h c a s e s , f o r a g i v e n h y p o t h e ­
s i z e d PDF, t h e method o f moments " r e t a i n s " t h e f u l l v a r i a n c e e f f e c t o f t h e 
h i g h e r o u t l i e r s w h i l e t h e s h a p e f i t t i n g m e t h o d s r e d u c e o r " c o r r e c t " f o r t h e 
e f f e c t . One way t o d e t e r m i n e t h e PDF o f b e s t f i t f o r s a m p l e s w i t h o u t l i e r s 
a p p e a r s t o b e t o c h o o s e t h a t PDF f o r w h i c h o2/S2 i s n e a r e s t u n i t y , w h e r e a£, 
r K F 
i s e v a l u a t e d b y a s h a p e f i t t i n g m e t h o d (ML/LS/MCS), i . e . , t h e ' B e s t F i t ' 
c r i t e r i o n may s t i l l b e a p p l i e d t o t h e s a m p l e s w i t h o u t l i e r s . H o w e v e r , 
T a b l e 6 . 6 . P e r c e n t V a r i a n c e d u e t o K _ _ „ - F l o o d D a t a 
V a r i a n c e d u e t o K m a x 
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152 
i t s h o u l d b e r e a l i z e d t h a t w h e t h e r t h e c o m p u t a t i o n s a r e made b y t h e 
method o f moments or b y s h a p e f i t t i n g m e t h o d s , t h e r e t u r n p e r i o d a s s i g n e d 
t o t h e o u t l i e r (K J o n t h e b a s i s o f t h e s e l e c t e d PDF may be s e v e r a l m=l 
t i m e s t h e p e r i o d o f r e c o r d . I t may a l s o b e n o t e d t h a t t h e p r e d i c t i o n s 
b a s e d on a s h a p e f i t t i n g m e t h o d w i l l a l w a y s b e l e s s t h a n t h o s e b a s e d on 
2 2 
t h e m e t h o d o f moments f o r s a m p l e s w i t h h i g h e r o u t l i e r s ( s i n c e o < ov F K 
f o r s h a p e f i t t i n g m e t h o d s ) . 
2 2 
S i n c e J^L/LS/MCS * s s u b s t a n t i a l l y l e s s t h a n S^ f o r s a m p l e s w i t h 
2 2 
o u t l i e r s , e x a m i n a t i o n of s a m p l e s w i t h cr / S , l e s s t h a n 0 . 9 i s w o r t h w h i l e . 
F k 
2 2 
I n T a b l e 6 . 2 , t h e s a m p l e s f o r w h i c h t h e v a r i a n c e r a t i o , M L a / S , i s 
F k 
l e s s t h a n 0 . 9 a r e d e s i g n a t e d b y t h e l e t t e r Y i n t h e r e m a r k s co lumn 
t o g e t h e r w i t h t h e p e r c e n t c o n t r i b u t i o n t o t h e s a m p l e v a r i a n c e b y t h e 
h i g h e s t f l o w s i n t h e r e s p e c t i v e s a m p l e s . For t h e s e s a m p l e s , T a b l e 6 . 7 
s h o w s t h a t t h e v a r i a n c e c o n t r i b u t e d b y t h e h i g h e s t f l o o d (K - ) i s 20% o r 
m=i 
g r e a t e r and t h e t o t a l v a r i a n c e c o n t r i b u t e d b y t h e h i g h e s t two o r t h r e e 
d a t a i t e m s (K . , K 0 , K „) w h i c h w e r e c l o s e t o e a c h o t h e r i n v a l u e m=l m=2 m=3 
v a r i e d from 31% t o 85%. T a b l e 6 . 7 a l s o s h o w s t h a t i n s a m p l e s w i t h l o w 
2 2 
S , t h e o u t l i e r s do n o t a f f e c t o g r e a t l y ( s e e t h e v a l u e s o f 
K. F ,ML 
2 2 
cr, / S T , f o r s t a t i o n s 5 . 1 4 . 1 8 and 2 0 ) . As t h e v a r i a n c e o f t h e F , ML K 
2 2 
s a m p l e s i n c r e a s e s t h e v a l u e o f o „ ^ „ / S T r d e c r e a s e s a n d , i n g e n e r a l , F,ML K 
d e p e n d s on t h e v a r i a n c e c o n t r i b u t e d b y t h e o u t l i e r ( s ) . 
When K , and K ~ a r e c l o s e r i n m a g n i t u d e , B e a r d e x c l u d e s s u c h m=l m=2 
h i g h f l o w s i n c l u d i n g t h e h i g h e s t f rom t h e d e f i n i t i o n o f o u t l i e r s ( s e e 
B e a r d ' s d e f i n i t i o n f o r o u t l i e r s s t a t e d e a r l i e r ) . T a b l e 6 . 7 s h o w s t h a t 
e v e n when two or t h r e e v e r y h i g h f l o w s o f s i m i l a r m a g n i t u d e o c c u r c l o s e 
2 
t o e a c h o t h e r and t o g e t h e r c o n t r i b u t e s u b s t a n t i a l l y t o S t h e e f f e c t o f 
K 
T a b l e 6 . 7 . R e s u l t s o f S a m p l e s w i t h ( H i g h e r ) O u t l i e r s 
STN n 
NO 
( 1 ) ( 2 ) 
5 * 57 
14 56 
18 6 0 
20 @ 61 
29 @ 6 6 
3 6 * 6 2 
4 2 * 72 
4 4 * 7 2 
4 6 * 61 
5 1 * 6 3 
5 2 * 5 6 
5 3 * 54 
5 4 * 53 
56 @ 66 
61 5 2 
6 2 @ 52 
64 @ 62 
6 5 @ 56 
s % VARIANCE DUE TO 
_ 2 
^F,ML V S K 2 Ksioo -LN Ksioo -GA PROBABLE 
K m = 1 Km = 2 LN GA MO ML MO ML BEST PDF 
( 3 ) ( 4 ) ( 5 ) ( 6 ) ( 7 ) ( 3 ) ( 0 ) ( 1 0 ) ( 1 1 ) ( 1 2 ) 
0 . 0 9 2 9 27 12 0 . 3 7 6 0 . 3 9 4 1 . 9 2 1 . 3 4 1 . 3 4 1 . 7 9 GA,LN 
0 . 1 5 1 2 20 18 0 . 3 9 1 0 . 8 5 8 2 . 2 2 2 . 1 4 2 . 1 0 2 . 0 2 LN 
0 . 1 3 3 0 20 11 0 . 3 4 0 0 . 8 1 1 2 . 4 1 2 . 2 7 2 . 2 7 2 . 1 2 LN 
0 . 2 2 4 1 23 21 0 . 3 5 3 0 . 8 0 8 2 . 5 ^ 2 . 4 4 40 2 . 2 4 LN 
0 . 2 7 8 1 30 13 0 . 7 6 5 0 . 7 4 0 2 . 8 0 2 . 5 2 2 . 6 1 2 . 3 4 LN 
0 . 3 3 5 9 41 10 0 . 7 6 7 0 . 7 1 1 3 . 0 2 2 . 7 1 2 . Q 0 2 . 4 7 LN 
0.2337 34 10 0 . 8 5 4 0 . 7 4 6 2 . 2 0 3 . 0 1 2 . 9 7 2 . 6 4 LN 
0 . 4 0 0 7 21 21 0 . 7 2 9 0 . 5 7 5 2 . 2 5 2 . 8 5 3 . 0 2 2 . 5 8 LN 
0 . 4 0 4 4 45 12 0 . 6 4 4 0 . 6 3 5 3 . 2 7 2 . 7 2 3 . 0 3 2 . 5 4 LN 
0 . 4 3 5 1 33 12 0 . 7 5 2 0 . 6 ^ 4 8 . 5 4 3 . 12 3 . 2 3 2 . 7 3 LN 
0 . 5 0 0 9 43 2 0 0 . 4 5 7 0 . 5 2 1 3 . 5 9 2 . 5 8 3 . 3 2 2 . 5 5 GA 
0 . 5 0 7 5 46 6 0 . 7 5 2 0 . 6 7 4 3 . 6 3 2. 10 3 . 3 4 2 . 8 3 LN 
0 . 5 1 3 2 35 4 0 . 2 3 5 0 . 2 7 4 3 . 6 5 2 . 2 0 3 . 3 5 2 . 3 0 GA 
0 . 5 5 4 3 29 2 6 ( 1 4 ) 0 . 6 8 9 0 . 6 1 2 3 . 7 5 3 . 1 0 3 . 4 8 2 . 32 LN 
0 . 7 0 6 3 24 2 2 ( 2 0 ) 0 . 5 6 0 0 . 5 5 0 4 . 1 3 2 . 2 5 3 . 3 3 3 . 0 0 LN 
0 . 3 7 7 5 36 14 0 . 7 9 4 0 . 6 3 6 4 . 2 3 3 . 9 4 4 . 0 6 3 . 3 0 LN 
0 . 7 6 3 1 21 2 1 ( 1 3 ) 0 . 4 4 0 0 . 4Q0 4 . 6 0 2 . 1 7 4 . 2 8 3 . 1 2 GA 
0 . 9 6 1 3 39 23 0 . 7 5 6 0 . 5 7 6 4 . 8 1 4 . 2 4 4 . 5 1 3 . 4 7 LN 
0 . 9 7 3 3 35 35 0 . 7 9 0 0 . 5 7 0 4 . 3 4 4 . 2 5 4 . 5 4 3 . 5 0 LN 
FIGURES IN PARENTHESES IN COLUMN ( 5 ) INDICATE THE % VARIANCE DUE TO K m - 3 
* FOR THESE SAMPLES K m = i I S AN OUTLIER FOR BOTH LN AND GA BY FIGURE 6 . 3 
@ FOR THESE SAMPLES K m = 1 I S AN OUTLIER FOR GA, BUT NOT FOR LN BY FIGURE 6 . 2 
1 5 4 
t h e p r e s e n c e of s u c h m u l t i p l e h i g h f l o w s i n t h e s a m p l e i s , i n g e n e r a l , 
t h e same a s t h e p r e s e n c e o f a s i n g l e o u t l i e r a s f a r a s t h e f i t b y ML 
i s c o n c e r n e d . H o w e v e r , t h e e f f e c t o f a s i n g l e o u t l i e r h a v i n g a l a r g e 
v a r i a n c e c o n t r i b u t i o n a p p e a r s t o b e more p r o n o u n c e d t h a n t h e e f f e c t o f 
a g r o u p of h i g h f l o w s h a v i n g a t o t a l c o n t r i b u t i o n s i m i l a r t o t h e 
2 2 
i n d i v i d u a l c o n t r i b u t i o n ( s e e t h e m a g n i t u d e o f a / S T . of s t a t i o n 5 4 r K 
compared t o t h a t o f s t a t i o n s 56 and 6 5 ) . T a b l e 6 . 7 s h o w s t h a t t h e LN 
PDF i s more g e n e r a l l y s e l e c t e d b y t h e v a r i a n c e r a t i o ' B e s t F i t ' 
c r i t e r i o n w h e n f i t t i n g d a t a w i t h h i g h o u t l i e r s . 
By t h e c r i t e r i o n o f F i g u r e 6 . 3 , K _ was f o u n d t o b e an o u t l i e r 
m^l 
f o r a l l s a m p l e s e x c e p t s t a t i o n s 1 4 , 1 8 , 6 1 and 63 o f T a b l e 6 . 7 b y GA 
d i s t r i b u t i o n s . By LN d i s t r i b u t i o n s f o r a b o u t o n e - h a l f o f t h e s a m p l e s 
K - w a s f o u n d t o b e a n o u t l i e r . T h e s e r e s u l t s show t h a t , i n g e n e r a l , m=l ° 
when an o u t l i e r d e f i n e d b y F i g u r e 6 . 3 o c c u r s i n t h e s a m p l e , t h e v a r i a n c e 
2 2 
r a t i o a / S i s much l e s s t h a n (< 0 . 9 ) u n i t y . 
T a b l e 6 . 7 a l s o c o m p a r e s t h e ML and MO p r e d i c t i o n s f o r t h e 1 0 0 - y e a r 
r e t u r n p e r i o d f o r s a m p l e s w i t h o u t l i e r s . The d i f f e r e n c e s i n t h e s a m p l e 
2 
v a r i a n c e and a r e c l e a r l y r e f l e c t e d i n p r e d i c t i o n s b y t h e two F , ML 
c o m p u t a t i o n a l m e t h o d s . At t h e o u t s e t , t h e MO p r e d i c t i o n s may a p p e a r 
more " c o m m e n s u r a t e " w i t h t h e a c t u a l h i g h e s t f l o w o b s e r v e d a n d , p e r h a p s , 
t h e y may b e u s e d w h e r e a c o n s e r v a t i v e e s t i m a t e i s d e s i r e d . On t h e o t h e r 
h a n d , i f i t i s r e c o g n i z e d t h a t t h e o b s e r v e d h i g h e s t f l o w i s an 
e x c e p t i o n a l l y r a r e e v e n t and i n c l u s i o n of i t s f u l l e f f e c t m i g h t g i v e 
h i g h l y c o n s e r v a t i v e e s t i m a t e s , t h e r e s u l t s g i v e n b y ML m e t h o d may b e 
u s e d . I n any e v e n t , t h e h y d r o l o g i s t s s h o u l d n o t e t h a t t h e c o m p u t a t i o n a l 
m e t h o d s w i l l make a d i f f e r e n c e when d e a l i n g w i t h s a m p l e s w i t h o u t l i e r s . 
1 5 5 
The l e a s t s q u a r e s m e t h o d w i t h $ = 0 . 0 g e n e r a l l y g i v e s a v e r y p o o r 
f i t ( i . e . , a 2 < < S 2 ) when h i g h e r o u t l i e r s a r e p r e s e n t i n t h e s a m p l e and F k 
u s e o f a w e i g h t e x p o n e n t (<J>) c l o s e t o 1 . 0 (MCS m e t h o d ) w o u l d i n v a r i a b l y 
b e r e q u i r e d t o o b t a i n b e t t e r f i t ( S e e t h e r e s u l t s o f s t a t i o n s marked Y 
i n T a b l e 6 . 2 . ) . 
S a m p l e s w i t h E x t r e m e Lower V a l u e s . H y d r o l o g i s t s r e g a r d b o t h h i g h e r 
and l o w e r e x t r e m e v a l u e s a s o u t l i e r s . The t e r m " o u t l i e r " a p p e a r s t o b e 
somewhat a m i s n o m e r when a p p l i e d t o t h e l o w e r e x t r e m e v a l u e s o f a d a t a 
s a m p l e . They a r e n o t "more f a r r e m o v e d " from t h e o t h e r s . T h e i r c o n t r i ­
b u t i o n t o t h e s a m p l e v a r i a n c e i s n o t s i g n i f i c a n t . U n l i k e t h e h i g h e r 
o u t l i e r s , t h e y may a f f e c t t h e f i t ( b y s h a p e f i t t i n g m e t h o d s ) o n l y when 
t h e y o c c u r i n m u l t i p l e n u m b e r s . I t a p p e a r s more a p p r o p r i a t e t o c o n f i n e 
t h e t e r m " o u t l i e r " s o l e l y t o d a t a i t e m s i d e n t i f i e d b y a l a r g e c o n t r i b u t i o n 
(25% o r h i g h e r ) t o t h e s a m p l e v a r i a n c e . To e x a m i n e w h e t h e r t h e l o w e r 
e x t r e m e v a l u e s h a v e a n y g e n e r a l i n f l u e n c e on t h e v a r i a n c e r a t i o a 2 ^ L / L S / M C S ^ K 
o f PDF's f i t t e d , B e a r d ' s d e f i n i t i o n o f ( l o w e r ) o u t l i e r s w a s f i r s t 
a p p l i e d t o t h e 67 r e a l s a m p l e s and t h e s a m p l e s w i t h l o w e r o u t l i e r s 
w e r e s e p a r a t e d . By B e a r d ' s d e f i n i t i o n , t h e l o w e s t f l o w s o f s t a t i o n s 1 2 , 
1 6 , 2 1 , 3 2 , 3 4 , 5 1 , and 56 a r e f o u n d t o b e o u t l i e r s o f m a g n i t u d e s . 3 3 , 
. 0 6 , . 3 0 , . 4 1 , . 1 5 , . 2 4 , and . 1 3 , r e s p e c t i v e l y . The v a r i a n c e r a t i o s 
p r e s e n t e d i n T a b l e 6 . 2 f o r t h e a b o v e s t a t i o n s show t h a t , w i t h t h e 
e x c e p t i o n o f s t a t i o n 1 6 , t h e s e o u t l i e r s do n o t a f f e c t a 2 / S 2 i n a 
r K 
g e n e r a l way f o r t h e P D F ' s a p p l i e d . I n c a s e o f s t a t i o n s 1 2 , 2 1 , 3 2 , and 
34 t h e " b e s t f i t " c r i t e r i o n c o u l d b e a p p l i e d and t h e " b e s t " PDF 
1 5 6 
d e t e r m i n e d . S t a t i o n s 5 1 and 56 w e r e i d e n t i f i e d a s s t a t i o n s w i t h 
( h i g h e r ) " o u t l i e r s " ( s e e p r e v i o u s s e c t i o n ) . S t a t i o n 16 i s d i s c u s s e d 
i n d e t a i l i n t h e n e x t s e c t i o n . The m a g n i t u d e s o f t h e o u t l i e r s t h e m s e l v e s 
i n d i c a t e t h a t t h e y c a n n o t b e c o n s i d e r e d a s f a r r e m o v e d from t h e r e s t o f 
t h e d a t a t h o u g h t h e y f i t i n t o t h e e m p i r i c a l d e f i n i t i o n p r o p o s e d b y 
B e a r d . 
The s a m p l e s f o r s t a t i o n s 1 1 , 3 8 and 55 ( T a b l e 6 . 2 ) t h o u g h 
i n d i c a t e d a s " E a s y - t o - f i t s a m p l e s " ( t h e gamma d i s t r i b u t i o n h a s b e e n 
f o u n d t o f i t them " b e s t " ) a r e t h e s a m p l e s w i t h m u l t i p l e l o w e r e x t r e m e 
v a l u e s . For t h e s e s a m p l e s , t h e v a r i a n c e r a t i o s b y a l l t h e s h a p e f i t t i n g 
m e t h o d s a r e , i n g e n e r a l , l a r g e r t h a n u n i t y f o r t h e t h r e e h y p o t h e s i z e d 
P DF ' s ( s e e T a b l e 6 . 2 ) . S i n c e t h e l o w e r e x t r e m e v a l u e s do n o t d i s t i n g u i s h 
t h e m s e l v e s w i t h a r e f e r e n c e t o t h e i r c o n t r i b u t i o n t o t h e s a m p l e v a r i a n c e , 
o n e way t o d i s t i n g u i s h t h e l o w e r e x t r e m e v a l u e s a s a n o m a l o u s a p p e a r s t o 
b e w i t h r e s p e c t t o t h e i r p o s i t i o n r e l a t i v e t o c e r t a i n l o w e r p e r c e n t i l e s 
l i k e K Q̂ , K K Q̂, e t c . , o f t h e h y p o t h e s i z e d PDF. For t h e s a m p l e s 
f r o m s t a t i o n numbers 1 1 , 3 8 and 5 5 , t h e f l o w t e r m s o c c u r r i n g a t t h e 
2 2 
l o w e r t a i l s o f LN and GA d i s t r i b u t i o n s w i t h a =S (MO f i t ) w e r e a n a l y z e d 
F K 
w i t h r e f e r e n c e t o t h e i r o c c u r r e n c e r e l a t i v e t o t h e 1 , 5 and 10 p e r c e n t 
p e r c e n t i l e s (K ^ , ^ Q5' ^ 10^ a T U * t * i e r e s u - ' - t s a r e p r e s e n t e d i n T a b l e 
6 . 8 . T a b l e 6 . 8 s h o w s t h a t t h e o b s e r v e d o c c u r r e n c e s o f l o w f l o w s w e r e 
s e v e r a l t i m e s t h e e x p e c t e d o c c u r r e n c e s w i t h r e s p e c t t o LN d i s t r i b u t i o n 
a t o n e and f i v e p e r c e n t p e r c e n t i l e s , K ^ and K ^ , f o r t h e t h r e e 
s a m p l e s . Such an o c c u r r e n c e i n l o w f l o w s r e n d e r s t h e l o w e r t a i l o f t h e 
s a m p l e d i s t r i b u t i o n much t h i c k e r t h a n t h a t o f t h e p r o p o s e d PDF (LN) w i t h 
T a b l e 6 . 8 . A n a l y s i s o f D a t a i n E x t r e m e Lower T a i l o f PDF's 
No . o f F l o w s S m a l l e r Than o r E q u a l to t h e I n d i c a t e d P e r c e n t i l e ^ F ^ K ^ M L 
Sample — E x p e c t e d — — O b s e r v e d - L N * — — O b s e r v e d - G A * — 
S t n * S R 2 S i z e K . 0 1 K _ Q 5 K _ u K _ 0 5 W GA 
1 1 0 . 1 3 5 8 77 1 4 8 2 
(0 .41 ) 
38 0 . 3 5 3 0 66 1 3 7 6 
(0 .24 ) 
55 0 .5462 64 1 3 6 5 
oo
 
12 2 6 1 1 1 . 286 1 . 064 
( 0 . 5 2 ) ( 0 . 5 9 ) ( 0 . 34) ( 0 . 4 8 ) ( 0 . 5 7 ) 
7 10 1 7 7 1 . 803 1 . 066 
( 0 . 3 5 ) ( 0 . 4 3 ) ( 0 . 13) ( 0 . 2 6 ) ( 0 . 3 5 ) 
12 13 0 5 10 2 . 332 1 . 065 
( 0 . 2 7 ) ( 0 . 3 5 ) (0 . 06) ( 0 . 1 6 ) ( 0 . 2 4 ) 
* LN and GA d i s t r i b u t i o n s b a s e d o n v a r i a n c e e q u a l to t h e sample v a r i a n c e 
( 0 . 4 1 ) The f i g u r e s i n p a r e n t h e s e s i n d i c a t e m a g n i t u d e s o f t h e p e r c e n t i l e s 
^ 4 
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2 2 a _ = S and t h e c o m p u t a t i o n a l m e t h o d s l i k e ML and L S , i n an a t t e m p t t o F K 
f i t t h e s h a p e , r e s u l t i n a f i t w i t h v a r i a n c e much l a r g e r t h a n t h e s a m p l e 
v a r i a n c e i n c a s e o f l o g n o r m a l d i s t r i b u t i o n . The GA d i s t r i b u t i o n w h i c h 
h a s , i n g e n e r a l , a t h i c k e r l o w e r t a i l a p p e a r s t o b e more s u i t a b l e f o r 
a p p l i c a t i o n f o r s a m p l e s w i t h m u l t i p l e e x t r e m e l o w e r f l o w s . For t h e 
a b o v e t h r e e s a m p l e s , w i t h r e s p e c t t o GA, t h e e x p e c t e d and t h e o b s e r v e d 
l o w f l o w s a r e a b o u t t h e same a t t h e p e r c e n t i l e K , and d i f f e r e n c e s 
b e t w e e n t h e o b s e r v e d and t h e e x p e c t e d o c c u r r e n c e s a r e l e s s compared t o 
L N . The L S and MCS f i t s f o r GA d i s t r i b u t i o n showed a much l a r g e r 
v a r i a n c e t h a n ML f i t f o r t h e a b o v e t h r e e s a m p l e s ( s e e T a b l e 6 . 2 ) . From 
t h e a b o v e o c c u r r e n c e s i t may b e c o n c l u d e d t h a t i f a s a m p l e c o n t a i n s l o w e r 
2 2 
e x t r e m e v a l u e s i n g r o u p s M L / L S / M C S ^ K W"*"^^ ^ E 8 r e a t e r t h a n u n i t y i f 
LN or GA P D F ' s a r e a p p l i e d . The e f f e c t on p r e d i c t i o n s w i l l b e t o i n c r e a s e 
t h e p r e d i c t i o n s g i v e n b y t h e s h a p e f i t t i n g m e t h o d s . 
T a b l e 6 . 9 p r e s e n t s t h e MO and ML 1 0 0 - y e a r s a m p l e p r e d i c t i o n s 
( K S 1 Q Q ) when t h e LN and t h e GA d i s t r i b u t i o n s a r e a p p l i e d t o t h e t h r e e 
s a m p l e s w i t h ( m u l t i p l e ) l o w e r v a l u e s . T a b l e 6 . 9 s h o w s t h a t t h e ML 
p r e d i c t i o n s b y LN a r e h i g h l y e x a g g e r a t e d compared t o t h o s e g i v e n b y t h e 
m e t h o d o f m o m e n t s . W h i l e t h e GA d i s t r i b u t i o n may b e r e g a r d e d a s t h e m o s t 
a p p l i c a b l e PDF f o r s a m p l e s w i t h l o w o u t l i e r s , t h e e r r o r s i n t r o d u c e d i n 
n o t c h o o s i n g t h e " b e s t f i t " w i l l b e m i n i m a l when c o m p u t a t i o n s a r e made 
b y t h e m e t h o d o f moments when LN i s a p p l i e d ( s e e T a b l e 6 . 9 ) . I n g e n e r a l , 
w h e n LN i s a p p l i e d t o s a m p l e s w i t h g r o u p s o f e x t r e m e l o w e r v a l u e s , t h e 
s h a p e f i t t i n g m e t h o d s r e s u l t i n h i g h l y e x a g g e r a t e d p r e d i c t i o n s . 
The d i s c u s s i o n p r e s e n t e d i n t h i s s e c t i o n i s g e n e r a l l y a p p l i c a b l e 
T a b l e 6 . 9 , Samples w i t h Da ta i n Ex t reme Lower T a i l o f PDF's - P r e d i c t i o n s 
*F,ML / S K K S 1 0 0 " M ^ 1 0 0 " a 
B e s t 
S t n No S K 2 LN GA MO ML MO ML PDF 
11 0 .1358 1 .286 1 .064 2 . 1 5 2 . 3 5 2 . 0 4 2 . 0 9 GA 
38 0 .3530 1 .803 1 .066 3 .08 4 . 0 1 2 . 8 6 2 .94 GA 
55 0 .5462 2 .332 1 .065 3 .74 5 . 5 0 3 . 4 6 3 . 5 5 GA 
1 6 0 
t o s a m p l e s w i t h a p o s i t i v e skew and may n o t b e s t r i c t l y a p p l i c a b l e t o 
s a m p l e s w i t h a n e g a t i v e s k e w . H y d r o l o g i c s a m p l e s a r e g e n e r a l l y 
p o s i t i v e l y s k e w e d s a m p l e s . 
H a r d - t o - F i t S a m p l e s 
The f l o o d s a m p l e s w h i c h do n o t r e a d i l y f i t i n t o t h e d e f i n i t i o n 
o f e i t h e r " e a s y - t o - f i t " o r " s a m p l e s w i t h o u t l i e r s " a r e t e r m e d " h a r d - t o -
f i t s a m p l e s . " The f o u r o f t h e 67 s a m p l e s (marked Z i n T a b l e 6 . 2 ) s o 
c l a s s i f i e d a r e d i s c u s s e d b e l o w i n d i v i d u a l l y . 
B l u e R i v e r a t D i l l o n C o l o r a d o ( S t a t i o n 1 6 ) . The h i s t o g r a m o f t h i s 
s a m p l e ( F i g u r e 6 . 4 ) s h o w s a n e g a t i v e s k e w (g = - . 0 4 6 ) w h i l e e a c h o f t h e 
t h r e e P D F ' s u s e d i n t h i s work h a s a p o s i t i v e s k e w ( S e e C h a p t e r I I I . ) 
and t h u s o b v i o u s l y c a n n o t f i t t h e s a m p l e . No d e t a i l e d i n v e s t i g a t i o n a s 
t o w h a t w o u l d h a p p e n i f a p o s i t i v e l y s k e w e d d i s t r i b u t i o n i s f i t t o a 
n e g a t i v e l y s k e w e d s a m p l e b y s h a p e f i t t i n g m e t h o d s was made i n t h i s s t u d y ; 
b u t f o r t h i s s t a t i o n , u and crH/S2 when LN, GA, and GU w e r e a p p l i e d a r e 
Blue River at Dillon, Colorado 
- - - - - u * -M F - - - - - - -
PDF ML LS MC ML LS MCS 
LN 1 . 0 4 7 1 . 1 8 1 1, . 4 1 0 2, . 5 8 4 1 . 3 7 2 7. , 4 8 0 
GA 1 . 0 0 0 1 . 1 2 6 1 , . 1 6 3 1, . 3 9 7 1 . 1 6 2 2 . . 3 9 0 
GU _ 1 . 1 5 6 1 . . 1 5 1 _ 1 . 3 8 9 2 . , 1 8 3 
* X = 1 
T h u s , a t l e a s t i n t h i s c a s e , b o t h t h e mean and t h e v a r i a n c e o f 
1 6 1 
12. 
10. S * = 1 7 5 4 
g : - . 0 4 6 
n = 5 9 N-15 





—i—1 1 1 1 —i— 1 1 1 —i—1 1 1 1—i— 
.0 .66 1.32 1.85 
SCALE OF K 
< > 
L U (fi 
CD 
O 
F i g u r e 6 . 4 H i s t o g r a m o f Annual Peak F l o w , B l u e R i v e r a t 
D i l l o n , Co . 
1 6 2 
t h e f i t t e d PDF w e r e much h i g h e r t h a n t h e s a m p l e v a l u e s when a p o s i t i v e l y 
s k e w e d PDF was a p p l i e d t o n e g a t i v e l y s k e w e d d a t a b y a s h a p e f i t t i n g 
m e t h o d . 
E m i g r a t i o n Creek Near S a l t Lake C i t y , U t a h ( S t a t i o n 5 9 ) . The 
h i s t o g r a m i s p r e s e n t e d i n F i g u r e 6 . 5 . For t h i s s a m p l e , T a b l e 6 . 2 
s h o w s t h a t e v e n t h o u g h t h e s a m p l e c o n t a i n e d a h i g h o u t l i e r t h a t 
c o n t r i b u t e d 38% o f t h e s a m p l e v a r i a n c e , c^/S^. f o r LN PDF was 1 . 4 7 
F K 
( i . e . , l a r g e r t h a n 1 . 0 ) . One r e a s o n c o u l d b e t h a t t h e s a m p l e c o n t a i n s 
many v e r y l o w d a t a i t e m s w h o s e i n f l u e n c e d o m i n a t e t h e h i g h e r o u t l i e r s 
i n t h e c a s e o f t h e LN by ML/LS/MCS m e t h o d s . The s a m p l e (n = 5 7) 
c o n t a i n s two v a l u e s o f m a g n i t u d e 0 . 0 6 . (The p e r c e n t i l e K ^ f o r LN, 
w i t h a2 = 0 . 7 , had a m a g n i t u d e o f 0 . 1 4 ) . For t h i s s a m p l e t h e GA K 
d i s t r i b u t i o n may b e r e g a r d e d a s t h e b e s t f i t (The p e r c e n t i l e s K and 
K had m a g n i t u d e s . 0 3 and 0 . 1 1 r e s p e c t i v e l y a t o2 = 0 . 7 , and t h u s t h e 
. 05 K 
two l o w e s t v a l u e s a r e n o t u n u s u a l l y l o w f o r t h e GA d i s t r i b u t i o n ) and 
o2 ^^/S2 w a s s u b s t a n t i a l l y l e s s t h a n 1 . 0 due t o t h e i n f l u e n c e o f t h e 
F,ML K 3 
( h i g h ) o u t l i e r . The 1 0 0 - y e a r p r e d i c t i o n s (K s 1 Q Q ) o f M0 and ML m e t h o d s 
b y LN and GA d i s t r i b u t i o n s f o r t h i s s a m p l e a r e a s f o l l o w s : 
E m i g r a t i o n C r e e k Near S a l t Lake C i t y , Utah 
K 
S100 
PDF MO ML 
LN 4 . 1 7 4 . 9 9 
GA 3 . 8 7 3 . 4 5 
1 6 3 
15 J 
















SCALE OF K 
4 .92 
F i g u r e 6 . 5 H i s t o g r a m o f Annual Peak F l o w s , E m i g r a t i o n Creek 
a t S a l t Lake C i t y , Utah 
164 
I n t h i s e x a m p l e , when b o t h h i g h e r o u t l i e r s and l o w e r v a l u e s a r e 
p r e s e n t , t h e i n f l u e n c e o f l o w e r o u t l i e r s i s g r e a t e r when LN d i s t r i b u t i o n 
i s f i t b y s h a p e f i t t i n g m e t h o d s . I t was n o t i n v e s t i g a t e d i n t h i s s t u d y 
w h e t h e r s u c h an o c c u r r e n c e i s g e n e r a l . 
T u l e R i v e r Near P o r t e r v i l l e and A r r o y o S e c o Near P a s a d e n a , C a l i f o r n i a 
( S t a t i o n s 66 and 6 7 , R e s p e c t i v e l y ) . T h e s e two s a m p l e s ( F i g u r e 6 . 6 ) h a v e 
a s a m p l e v a r i a n c e l a r g e r t h a n u n i t y ; t h u s , t h e gamma and t h e Gumbel d i s ­
t r i b u t i o n s a r e n o t s u i t a b l e f o r a p p l i c a t i o n . T h e s e two s a m p l e s e a c h 
h a v e two h i g h o u t l i e r s w h i c h t o g e t h e r c o n t r i b u t e 47% and 59% t o t h e 
v a r i a n c e a t s t a t i o n s 66 and 6 7 , r e s p e c t i v e l y . H o w e v e r , T a b l e 6 . 2 s h o w s 
t h a t t h e v a l u e s o f a2 l X T / S ? . a r e o f t h e o r d e r o f 2 . 7 and 1 . 6 f o r t h e s e 
F, ML K 
two s a m p l e s , a phenomenon w h i c h s h o u l d n o t h a v e o c c u r r e d i f o n l y h i g h e r 
o u t l i e r s w e r e p r e s e n t i n t h e s a m p l e s . The s a m p l e s a l s o c o n t a i n e d t h e 
l o w v a l u e s : 
No . o f F l o w s Be low or E q u a l t o t h e P e r c e n t i l e 
S t n . S a m p l e S i z e E x p e c t e d O b s e r v e d - LN* 
K . 0 1 K . 0 5 K . 0 1 K . 0 5 
T u l e R i v e r 64 1 3 4 11 
( . 0 7 ) ( . 1 4 ) 
A r r o y o S e c o 55 1 3 3 6 
( . 0 4 ) ( . 0 9 ) 
* LN b a s e d on v a r i a n c e e q u a l t o t h e s a m p l e v a r i a n c e . V a l u e s i n 
p a r e n t h e s e s i n d i c a t e t h e m a g n i t u d e o f p e r c e n t i l e . 
The i n f l u e n c e o f t h e l o w e r o u t l i e r s i s d o m i n a n t o n t h e LN f i t b y 
t h e s h a p e f i t t i n g m e t h o d s ( S e e d i s c u s s i o n o n S t a t i o n 5 9 . ) and t h u s 
a:i , ^ / S , 2 i s f o u n d t o b e much l a r g e r t h a n 1 . 0 f o r t h e two s a m p l e s . When 
F, ML k 
s a m p l e s w i t h s u c h t h i c k e r l o w e r t a i l s a r e e n c o u n t e r e d , s e a r c h s h o u l d b e 






a] - 1.4175 
n = 64, N= 15 
step = . 4 0 7 9 6 
S.D4 a.ob 
b) - 2 .4943 




2.7*1 5.42 7.5B 
F i g u r e 6 .6 H i s t o g r a m o f Annual Peak F l o w s 
( a ) T u l e R i v e r n e a r P o r t e r s v i l l e , Ca. 
( b ) A r r o y o S e c o n e a r P a s a d e n a , Ca. 
t—» 
O N 
1 6 6 
made f o r P D F ' s w h i c h h a v e t h i c k e r l o w e r t a i l s and t h o s e P D F ' s s h o u l d b e 
u s e d i n f r e q u e n c y a n a l y s i s . I f LN i s a p p l i e d t o s u c h s a m p l e s MO m e t h o d 
may b e p r e f e r r e d t o ML b e c a u s e o f t h e t e n d e n c y o f t h e l a t t e r t o r e s u l t 
2 2 
i n a l a r g e r a t h a n S . The 1 0 0 - y e a r p r e d i c t e d f l o w s f o r s t a t i o n s 66 
r k 
and 67 b y LN a r e g i v e n b y t h e f o l l o w i n g t a b l e 







1 . 4 1 7 5 
2 . 4 9 4 3 
2 . 7 3 
1 . 6 1 
5 . 7 2 
7 . 3 1 
8 . 6 7 
8 . 5 8 
"Growing" S a m p l e s 
H y d r o l o g i c d a t a s e r i e s , s u c h a s s t r e a m f l o w and p r e c i p i t a t i o n 
r e c o r d s , a r e e x t e n d e d w i t h e a c h new y e a r o f r e c o r d . H y d r o l o g i s t s h a v e 
b e e n c o n c e r n e d w i t h w h e t h e r p r e d i c t i o n s b a s e d on p a s t r e c o r d s w i l l 
r e a s o n a b l y a g r e e w i t h f u t u r e p r e d i c t i o n s f rom a l a r g e r d a t a b a s e . The 
p r o b l e m of o u t l i e r s h a s b e e n d i s c u s s e d i n t h e f o r e g o i n g s e c t i o n s , and 
s u i t a b l e m e t h o d s t o d e a l w i t h s a m p l e s c o n t a i n i n g o u t l i e r s a r e s u g g e s t e d . 
I n t h i s s e c t i o n , t h e " c o n s t a n c y " of a " h y d r o l o g i c p o p u l a t i o n " i s t e s t e d 
2 
b y c o m p a r i n g a b y a s h a p e f i t t i n g m e t h o d t o t h e s a m p l e v a r i a n c e o f 
F 
h y d r o l o g i c d a t a a s t h e s i z e o f d a t a i n c r e a s e d . F o r t h i s p u r p o s e 23 
2 
s t a t i o n s c o v e r i n g a w i d e r a n g e o f S^ w e r e p i c k e d a t random from t h e 67 
s t a t i o n s shown i n T a b l e 6 . 1 and t h e f i r s t 2 0 , 30 and 40 y e a r s o f d a t a o f 
2 
e a c h o f t h e s t a t i o n s w e r e f i t t o LN b y ML m e t h o d . The v a l u e s o f a_ 
F ,ML 
2 2 
w e r e e v a l u a t e d f o r e a c h s i z e s a m p l e and t h e v a r i a n c e r a t i o c r / S , w a s 
F k 
2 2 
o b t a i n e d b y d i v i d i n g a b y S o f t h e c o r r e s p o n d i n g s a m p l e . 
167 
T a b l e 6 . 1 0 s u m m a r i z e s t h e r e s u l t s w i t h t h e f i r s t 2 0 , 30 and 40 
y e a r s o f d a t a and t h e e n t i r e a v a i l a b l e r e c o r d , w h i c h r a n g e d from 55 t o 
1 0 4 y e a r s . T a b l e 6 . 1 0 s h o w s t h a t , i n g e n e r a l , f o r a l l s a m p l e s i z e s ( 2 0 
and a b o v e ) t h e v a r i a n c e r a t i o s a r e e i t h e r ( i ) c l o s e t o u n i t y , or ( i i ) a l l 
l a r g e r t h a n 1 . 0 o r a l l l e s s t h a n 1 . 0 . (The s u d d e n d e c r e a s e shown i n t h e 
v a r i a n c e r a t i o s o f s t a t i o n s 4 4 , 5 6 , 64 and 65 w a s due t o t h e p r e s e n c e o f 
h i g h e r o u t l i e r s i n t h e added d a t a ) . The " B e s t F i t " c r i t e r i o n a p p l i e d t o 
t h e s e " g r o w i n g " s a m p l e s w o u l d r e a d i l y i n d i c a t e t h a t t h e " p o p u l a t i o n " i s 
c o n s t a n t f o r e a c h s t a t i o n r e g a r d l e s s o f t h e s a m p l e s i z e . Once t h e " b e s t " 
PDF f o r t h e s t a t i o n i s d e t e r m i n e d t h e m i n o r c h a n g e s t h a t o c c u r i n v a r i a n c e 
o f f i t t e d PDF a s t h e s a m p l e s i z e grew i n t r o d u c e o n l y m i n o r c h a n g e s i n 
p r e d i c t i o n s . W i t h r e g a r d t o t h e o c c u r r e n c e o f h i g h e r o u t l i e r s i n f u t u r e 
d a t a , s i n c e t h e s h a p e f i t t i n g m e t h o d s h a v e a " c o r r e c t i n g " e f f e c t upon t h e 
f i t , p r e d i c t i o n s b a s e d on a l a r g e r s a m p l e w i t h o u t l i e r s w i l l b e , i n g e n e r a l , 
c o n s i s t e n t w i t h t h o s e b a s e d o n a s m a l l e r s a m p l e w i t h o u t t h e o u t l i e r . 
H o w e v e r , h y d r o l o g i s t s s h o u l d n o t e t h a t t h e i n f l u e n c e o f l o w e r extreme 
v a l u e s i n m u l t i p l e number , i f a n y , i n t h e f u t u r e d a t a i s t o make 
2 2 
a n ^„ / T _ ^r„„/S, l a r g e r t h a n 1 . 0 f o r LN w h i c h w o u l d r e s u l t i n o v e r F,ML/Lb/MCb k 
p r e d i c t i o n s b y ML/LS/MCS m e t h o d s when compared t o t h e p r e d i c t i o n s b y M0. 
T a b l e 6 . 1 0 . F r e q u e n c y / A n a l y s i s w i t h ' G r o w i n g S a m p l e s ' 
L o g n o r m a l A n a l y s i s b y M a x i m u m L i k e l i h o o d 
2 2 
( T F - / S K -
20 30 
11 1.466 1.441 
12 0 .977 1.011 
13 0 .850 0 .937 
19 0.371 0 .993 
23 0 .903 0 .935 
24 1.273 1.018 
30 1.138 1.062 
21 2.011 1.871 
33 0 .335 0 .978 
40 1.633 2 .005 
41 1.329 1. 179 
42 0 .743 0 . 9 2 0 
44 1 .10? 1.034 cr 1 .325 1.190 
49 1.107 1.400 
55 2 . 2 3 0 2 .419 
56 1.053 1.016 
58 0 .362 0.7i|2 
60 0 .849 o. 977 
64 1.031 0 .455 
65 1.539 1.882 
56 3 .767 3. 302 
67 1.493 1.714 




1. 36« 1. 236(77) 
0. 952 0. 011(72) 
1. 123 1. 202(75) 
1. 012 1. 012( ' 7 7) 
0 . 831 1. 007(71) 
0 . 937 1. 019(57) 
1. 042 0. 990(69) 
1. 231 1. 466(30) 
1. 076 0 . 942(82) 
1. 720 1. 200(76) 
1. 027 0 . 917(31) 
0 . 832 0. 854(72) 
1. 196 0 . 729(72) 
1. 219 1. 203(69) 
1. 401 1. 118(104) 
3. 104 2 . 332(64) 
0 . 753 0. 689(66) 
0. 720 ' 0 . 912(63) 
1. 051 1. 048(62) 
0 . 468 0 . 756(62) 
1. 395 0 . 790(56) 
4 . 199 2 . 720(64) 
p m 353 1. 610(55) 
A - AVAILABLE SAMPLE S I Z E . THE FIGURES 
IN THE PARENTHESES INDICATE THE 
SAMPLE S I Z E 
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CHAPTER V I I 
CONCLUSIONS AND RECOMMENDATIONS 
Summary o f R e s u l t s 
The o b j e c t i v e o f t h i s s t u d y w a s t o i n v e s t i g a t e p o t e n t i a l c r i t e r i a 
f o r s e l e c t i n g t h e p r o b a b i l i t y d e n s i t y f u n c t i o n (PDF) o f b e s t f i t f o r 
h y d r o l o g i c d a t a . The m a j o r s t e p s w e r e t h e e x a m i n a t i o n o f v a r i o u s s t a ­
t i s t i c a l m e t h o d s f o r p a r a m e t e r e s t i m a t i o n , t h e d e t e r m i n a t i o n o f d i f f e r ­
e n c e s b e t w e e n P D F ' s ( l o g n o r m a l (LN) e t c . w e r e u s e d a s e x a m p l e s ) , p a r ­
t i c u l a r l y how t h e c h a r a c t e r i s t i c s h a p e s o f t h e P D F ' s d e p e n d on t h e v a l u e 
o f p o p u l a t i o n v a r i a n c e , t h e e x a m i n a t i o n o f t h e d i s c r e p a n c i e s b e t w e e n t h e 
s a m p l e moments and t h e moments o f t h e f i t t e d PDF, and t h e i d e n t i f i c a t i o n 
o f s t r e n g t h s and w e a k n e s s e s o f some p o t e n t i a l " b e s t f i t " c r i t e r i a . The 
c o n c l u s i o n s f rom t h i s s t u d y a r e : 
1 . The t h r e e P D F ' s e x a m i n e d i n t h i s i n v e s t i g a t i o n (LN, GA and GU) 
h a v e s i m i l a r s h a p e s f o r c e r t a i n v a l u e s o f t h e p o p u l a t i o n v a r i a n c e b u t d i f ­
f e r g r e a t l y f o r o t h e r v a l u e s o f v a r i a n c e . The c o m p a r i s o n w a s f a c i l i t a t e d 
by b a s i n g a l l a n a l y s e s on random v a r i a b l e s made d i m e n s i o n l e s s by d i v i d i n g 
e a c h by i t s mean v a l u e . S p e c i f i c c o n c l u s i o n s r e g a r d i n g t h e c o m p a r i s o n o f 
t h e t h r e e P D F ' s a r e a s f o l l o w s : 
( a ) M o d i f i e d GU d a t a ( i . e . , GU d a t a w i t h n e g a t i v e v a r i a t e s d i s c a r d ­
e d ) w e r e f o u n d t o r e a d i l y f i t a LN PDF up t o a v a r i a n c e ( a ? ) o f a b o u t 0 . 2 
K. 
and a GA PDF i n t h e v a r i a n c e r a n g e o f 0 . 2 t o 0 . 6 ( a t a 2 > 0 . 6 t h e n e g a t i v e 
t a i l o f GU h a s more t h a n 5% o f t h e t o t a l a r e a and i s p r o b a b l y n o t u s e f u l 
f o r h y d r o l o g i c a n a l y s i s ) . Thus o v e r t h i s r a n g e o f v a r i a n c e , u s e o f t h e 
GU d i s t r i b u t i o n i s r e d u n d a n t . 
1 7 0 
( b ) At a g i v e n v a r i a n c e ( a 2 ) t h e l o g n o r m a l d i s t r i b u t i o n h a s a 
K 
g r e a t e r s k e w n e s s ( p o s i t i v e ) t h a n gamma w h i c h makes t h e two d i s t r i b u t i o n s 
d i f f e r e n t . For l a r g e r r e t u r n p e r i o d s ( 5 0 y e a r s and a b o v e ) and a 2 . < 1 . 0 , 
K 
l o g n o r m a l g i v e s l a r g e r p r e d i c t i o n s t h a n gamma a t a g i v e n v a r i a n c e . 
2 . When f i t t i n g a s a m p l e t o a PDF, t h e m e t h o d s e l e c t e d f o r p a r a m e t e r 
e s t i m a t i o n i g n o r e s c e r t a i n c h a r a c t e r i s t i c s o f t h e s a m p l e w h i l e i t e m p h a s i z e s 
o t h e r s . The method o f moments (MO) i g n o r e s t h e o v e r a l l form o f t h e s a m p l e 
d i s t r i b u t i o n ( h i s t o g r a m ) w h i l e f i t t i n g t h e f i r s t two moments o f t h e 
d i s t r i b u t i o n . On t h e o t h e r h a n d , t h e method o f maximum l i k e l i h o o d (ML) 
and t h e method o f l e a s t s q u a r e s ( L S ) , e a c h i n t h e i r own w a y , f i t o n l y 
t h e form o r s h a p e o f t h e s a m p l e and i g n o r e t h e s a m p l e m o m e n t s . S p e c i f i c 
c o n c l u s i o n s r e l a t i n g t o t h e u s e o f t h e s e m e t h o d s and P D F ' s a r e a s f o l l o w s : 
( a ) I f a l o g n o r m a l PDF i s f i t b y a s h a p e f i t t i n g method t o a 
d a t a s a m p l e h a v i n g a gamma d i s t r i b u t i o n , t h e v a r i a n c e o f t h e f i t t e d 
d i s t r i b u t i o n , o n t h e a v e r a g e , w i l l b e l a r g e r t h a n t h e s a m p l e v a r i a n c e . 
T h i s w i l l r e s u l t i n o v e r - p r e d i c t i o n b y s h a p e f i t t i n g m e t h o d s c o m p a r e d t o 
p r e d i c t i o n s b a s e d on t h e m e t h o d o f m o m e n t s . 
( b ) I f a gamma PDF i s f i t b y a s h a p e f i t t i n g m e t h o d t o a d a t a 
s a m p l e h a v i n g a l o g n o r m a l d i s t r i b u t i o n t h e v a r i a n c e o f t h e f i t t e d d i s ­
t r i b u t i o n , o n t h e a v e r a g e , w i l l b e s m a l l e r t h a n t h e s a m p l e v a r i a n c e . T h i s 
w i l l r e s u l t i n u n d e r - p r e d i c t i o n b y s h a p e - f i t t i n g m e t h o d s c o m p a r e d t o 
p r e d i c t i o n s b a s e d on t h e method o f m o m e n t s . 
3 . N o t i n g t h e r e s u l t s i n C o n c l u s i o n 2 , i t was c o n c l u d e d t h a t t h e 
s a m p l e moments w i l l b e a p p r o x i m a t e l y e q u a l t o t h e moments o f t h e f i t t e d 
PDF when t h e c o r r e c t , o r p a r e n t , PDF i s f i t t e d b y a s h a p e f i t t i n g m e t h o d 
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s u c h a s LS o r ML. T h u s , a c r i t e r i o n f o r s e l e c t i n g a n a p p r o p r i a t e 
p r o b a b i l i t y d e n s i t y f u n c t i o n f ( x ) , f o r f i t t i n g a random s a m p l e ( X . ) , 
o f s i z e n i s t o s e l e c t t h a t f ( x ) w h i c h makes t h e s t a t i s t i c 
Var ( X i | f ( x ; 6 ) ) 
Var (X ) 
c l o s e s t t o u n i t y , w h e r e 
Var 
and t h e p a r a m e t e r s o f f ( x ) , 8 , a r e e s t i m a t e d b y a s h a p e f i t t i n g method 
s u c h a s maximum l i k e l i h o o d o r l e a s t s q u a r e s and t h e mean v a l u e , u , i s 
e s t i m a t e d f rom 
( T h i s c r i t e r i o n i s h e r e i n r e f e r r e d t o a s t h e v a r i a n c e r a t i o . ) O t h e r 
c r i t e r i a i d e n t i f i e d a s p o s s i b l e d i s c r i m i n a t o r s o f P D F ' s w e r e t h e s t a t i s t i c s 
o f c h i - s q u a r e and K o l o m o g o r o v - S m i r n o v ( K - S ) g o o d n e s s - o f - f i t t e s t s , sum 
o f s q u a r e d e r r o r s o f l e a s t s q u a r e s f i t , and t h e r a n g e o f s t a t i s t i c a l 
t o l e r a n c e l i m i t s . E x a m i n a t i o n o f t h e s e c r i t e r i a p r o d u c e d t h e f o l l o w i n g 
c o n c l u s i o n s : 
( a ) The r e s u l t s o f n u m e r i c a l e x p e r i m e n t s i n d i c a t e d t h a t t h e c r i t e r i o n 
b a s e d on t o l e r a n c e l i m i t s was n o t u s e f u l t o i d e n t i f y t h e p a r e n t P D F ' s 
o f d a t a s a m p l e s . 
and X i s g i v e n b y 
i n 
X - 1 I X. n . u - l 1=1 
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( b ) The s t a t i s t i c s o f c h i - s q u a r e and K-S g o o d n e s s - o f - f i t t e s t s 
w e r e f o u n d t o i d e n t i f y p a r e n t P D F ' s i n a m a j o r i t y o f c a s e s a l t h o u g h some 
i n c o n s i s t e n c i e s w e r e o b s e r v e d . 
( c ) W h i l e t h e c h i - s q u a r e s t a t i s t i c was f o u n d t o b e more e f f e c t i v e 
i n i d e n t i f y i n g LN s a m p l e s compared t o GA s a m p l e s , t h e K-S s t a t i s t i c was 
f o u n d t o b e more e f f e c t i v e i n i d e n t i f y i n g GA s a m p l e s t h a n i n i d e n t i f y i n g 
LN s a m p l e s . 
( d ) The a b o v e i n c o n s i s t e n c i e s l i m i t t h e u s e f u l n e s s o f t h e s e s t a t i s t i c s 
t o d i s c r i m i n a t e P D F ' s . 
( e ) A c r i t e r i o n b a s e d on t h e sum o f s q u a r e d e r r o r s o f d a t a f i t t e d 
b y l e a s t s q u a r e s was f o u n d t o b e g e n e r a l l y l e s s e f f e c t i v e ( c o m p a r e d t o 
c h i - s q u a r e and K-S t e s t s t a t i s t i c s ) t o d i s c r i m i n a t e P D F ' s o f s a m p l e s . 
( f ) The v a r i a n c e r a t i o was f o u n d t o b e t h e m o s t s a t i s f a c t o r y 
c r i t e r i o n f o r u s e i n i d e n t i f y i n g t h e p a r e n t PDF. 
4 . The v a r i a n c e r a t i o t e s t w a s a p p l i e d t o 67 r e a l h y d r o l o g i c 
s a m p l e s ( a n n u a l p e a k f l o w s ) and a ' b e s t f i t ' t o e i t h e r a LN, GA o r GU 
PDF was d e t e r m i n e d . 
( a ) The v a r i a n c e r a t i o t e s t i d e n t i f i e d LN o r GA a s t h e p a r e n t o r 
t h e ' B e s t ' PDF f o r 44 (66%) s a m p l e s . (The GU was n e v e r f o u n d t o b e 
u n e q u i v o c a l l y s u p e r i o r t o b o t h GA and LN due t o t h e r e a s o n s e x p l a i n e d 
e a r l i e r . ) 
( b ) N i n e t e e n s a m p l e s w e r e j u d g e d t o c o n t a i n o u t l i e r s and n e i t h e r 
t h e LN n o r GA d i s t r i b u t i o n s p r o v i d e d a c c e p t a b l e f i t s f o r f o u r s a m p l e s . 
( c ) F o r s a m p l e s w i t h o u t l i e r s t h e v a r i a n c e o f PDF (LN o r GA) 
f i t t e d by a s h a p e f i t t i n g method w a s i n v a r i a b l y f o u n d t o b e much l e s s 
( l e s s t h a n 90%) o f t h e s a m p l e v a r i a n c e . 
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( d ) When t h e v a r i a n c e r a t i o t e s t was a p p l i e d t o s a m p l e s w i t h 
o u t l i e r s , LN was g e n e r a l l y p r e f e r r e d t o GA. 
( e ) A n a l y s i s w i t h r e a l s a m p l e s showed t h a t i f LN was f i t b y a 
s h a p e f i t t i n g method t o s a m p l e s w h i c h c o n t a i n e d f r e q u e n t l o w v a l u e s , 
t h e v a r i a n c e o f t h e f i t t e d PDF w o u l d b e s i g n i f i c a n t l y l a r g e r t h a n t h e 
s a m p l e v a r i a n c e . T h i s , i n t u r n , r e s u l t e d i n l a r g e o v e r - p r e d i c t i o n s b y 
LN. 
5 . A n a l y s i s o f t h e f i r s t 20 v a l u e s o f s e v e r a l r e a l d a t a s e t s was 
p e r f o r m e d and t h e PDF o f b e s t f i t ( v a r i a n c e r a t i o ) was d e t e r m i n e d . Then 
10 a d d i t i o n a l y e a r s o f d a t a was added and t h e PDF o f b e s t f i t a g a i n was 
s e l e c t e d . T h i s was r e p e a t e d u n t i l t h e e n t i r e d a t a s e r i e s w a s u t i l i z e d . 
The r e s u l t s showed t h a t t h e v a r i a n c e r a t i o t e s t was c o n s i s t e n t i n t h e 
s e l e c t e d PDF f o r a l l s a m p l e s i z e s from 20 t o t h e t o t a l o f r e c o r d . 
6 . I f a p o s i t i v e l y s k e w e d d a t a s a m p l e c o n t a i n i n g o u t l i e r s ( e x t r e m e l y 
l a r g e o b s e r v a t i o n s , b e i n g f a r removed from t h e t r e n d o f t h e o t h e r o b s e r ­
v a t i o n s ) i s f i t t o a p o s i t i v e l y skewed PDF b y a s h a p e - f i t t i n g m e t h o d , 
t h e v a r i a n c e o f t h e f i t t e d d i s t r i b u t i o n , i n g e n e r a l , w i l l b e l e s s t h a n 
t h e s a m p l e v a r i a n c e . T h i s w i l l r e s u l t i n u n d e r - p r e d i c t i o n by s h a p e - f i t t i n g 
m e t h o d s compared t o t h e m e t h o d o f m o m e n t s . 
7 . E r r o r s i n p r e d i c t i o n s i n t r o d u c e d i n f r e q u e n c y a n a l y s i s b y n o t 
c h o o s i n g t h e ' b e s t ' p r o b a b i l i t y d e n s i t y f u n c t i o n a r e l a r g e r when compu­
t a t i o n s a r e made by t h e maximum l i k e l i h o o d o r l e a s t s q u a r e s m e t h o d t h a n 
when t h e c o m p u t a t i o n s a r e made b y t h e m e t h o d o f m o m e n t s . 
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R e c o m m e n d a t i o n s 
Upon t h e s t r e n g t h o f t h e a b o v e c o n c l u s i o n s and o b s e r v a t i o n s , 
c o m p a r i s o n o f s a m p l e v a r i a n c e t o t h e v a r i a n c e o f a PDF f i t t e d b y ML/LS 
may b e t h e m o s t p o w e r f u l method f o r s e l e c t i n g an a p p r o p r i a t e PDF t o 
g e t a g i v e n s a m p l e . I t i s s e e n t h a t , when t h e e s t i m a t e s o f h y d r o l o g i c 
e v e n t s f o r v a r i o u s f r e q u e n c i e s b a s e d on a s t a t i s t i c a l l y s u p e r i o r 
m e t h o d l i k e maximum l i k e l i h o o d a r e s i g n i f i c a n t l y l a r g e r compared t o 
t h e s a m p l e o b s e r v a t i o n s t h e s t a t i s t i c o f t h e ' B e s t F i t ' c r i t e r i o n , 
2 2 2 2 
0 ^ / S , i s s i g n i f i c a n t l y l a r g e r t h a n u n i t y . When A J L / L S ^ ^ S 
c l o s e t o u n i t y , t h e f i t b y moments and t h e f i t b y maximum l i k e l i h o o d 
a r e a p p r o x i m a t e l y e q u a l and ( t h e r e s u l t s ) a p p e a r c o m m e n s u r a t e w i t h t h e 
s a m p l e o b s e r v a t i o n s . I n g e n e r a l , t h e n u m e r i c a l v a l u e o f t h e s t a t i s t i c 
2 2 
o „ . „ , , . ^ / S , i f n o t e q u a l t o u n i t y , w i l l b e i n d i c a t i v e o f s e v e r a l a s p e c t s 
F , M L / L S 
o f t h e s a m p l e . I n t h i s s t u d y , i t w a s s e e n t h a t d e f i n i t e t r e n d s e x i s t 
2 2 
i n t h e v a r i a t i o n of a / T O ' S w i t h r e g a r d t o what w o u l d h a p p e n i f 
r , ML / Lib 
d a t a o f a s p e c i f i c PDF a r e f i t t o o t h e r P D F ' s and when a n o m a l o u s 
o b s e r v a t i o n s l i k e o u t l i e r s a r e p r e s e n t i n d a t a s a m p l e s . F u r t h e r 
s t u d i e s may b e made t o e s t a b l i s h s u c h t r e n d s i n t h e v a r i a t i o n o f 
2 2 
a / T O / S when t h e d i s t r i b u t i o n o f s a m p l e and t h e h y p o t h e s i z e d 
r , ML / LS 
d i s t r i b u t i o n d i f f e r . 
An e n g i n e e r i n g h y d r o l o g i s t may a d o p t t h e f o l l o w i n g s e q u e n c e o f 
s t e p s t o o b t a i n t h e b e s t p o s s i b l e e s t i m a t e s o f f l o o d p e a k s f o r 
d i f f e r e n t f r e q u e n c i e s f rom a g i v e n r e c o r d . 
1 . Assume t h a t LN and GA a r e two p o s s i b l e b e s t P D F ' s 
a p p l i c a b l e t o f l o o d f r e q u e n c i e s . 
175 
T r a n s f o r m d a t a i n t o d i m e n s i o n l e s s v a r i a b l e s , K_, by u s i n g 
t h e e q u a t i o n 
K. - Q . / Q 
i n w h i c h i s t h e i t h d a t a i t e m and Q i s t h e s a m p l e m e a n . 
2 
Compute t h e v a r i a n c e of d i m e n s i o n l e s s d a t a , S 
K* 
( i ) Compute t h e v a r i a n c e c o n t r i b u t e d by t h e h i g h e s t d a t a 
i t e m , Km=l, by E q u a t i o n 6 . 1 . D e t e r m i n e i f Km=l i s an 
o u t l i e r b y F i g u r e 6 . 3 . 
2 
( i i ) I f S > 1 . 0 e x a m i n e t h e h i s t o g r a m of d a t a f o r p o s s i b l e 
K. 
e x p o n e n t i a l t y p e o f d i s t r i b u t i o n . I f t h e s a m p l e h a s many 
d a t a i t e m s c l o s e t o z e r o u s e b o t h GA and LN. O t h e r w i s e , GA 
may n o t b e a p p l i c a b l e . 
F i t t h e s a m p l e t o LN and GA b y ML ( a n d / o r WLS). Compute 
2 2 2 
t h e r a t i o o„/Sv ( w h e r e o_ i s t h e v a r i a n c e o f t h e f i t t e d P D F r K r 
c a l c u l a t e d b y u s i n g t h e e s t i m a t e d p a r a m e t e r s ) i n e a c h c a s e . 
2 2 
( i ) I f o / S - 1 . 0 ( d e v i a t i o n n o t more t h a n ± 0 . 1 5 ) f o r one 
r K 
of t h e P D F ' s t h a t PDF may b e r e g a r d e d a s t h e ' b e s t ' PDF 
a p p l i c a b l e t o d a t a . The r e s u l t s g i v e n by t h e ' b e s t ' PDF 
t h u s d e t e r m i n e d a r e t h e b e s t p o s s i b l e e s t i m a t e s o f f l o o d 
p e a k s f o r d i f f e r e n t f r e q u e n c i e s (MO and ML/WLS w i l l g i v e 
a p p r o x i m a t e l y e q u a l e s t i m a t e s i n t h i s c a s e ) . 
2 2 
( i i ) I f a_,/S < 1 . 0 f o r b o t h LN and GA t h e s a m p l e c o n t a i n e d , 
r K 
p o s s i b l y , an o u t l i e r . T h i s c a n b e v e r i f i e d f r o m t h e r e s u l t s 
1 7 6 
of S t e p 3 ( i i ) . I n t h i s c a s e , t h e PDF f o r w h i c h cr / S h a s 
r K 
a h i g h e r v a l u e may b e s e l e c t e d a s t h e ' b e s t ' PDF. (MO 
e s t i m a t e s w i l l b e h i g h e r t h a n ML/WLS e s t i m a t e s i n t h i s c a s e . 
MO e s t i m a t e s may b e u s e d w h e r e a c o n s e r v a t i v e r e s u l t i s 
n e e d e d ) . 
2 2 
( i i i ) I f a / S i s g r e a t e r t h a n 1 . 0 f o r LN b u t l e s s t h a n 1 . 0 
r K 
f o r GA t h e s a m p l e h a s p r o b a b l y an o u t l i e r and many l o w 
v a l u e d d a t a ( c l o s e z e r o ) i t e m s . GA i s t h e b e s t PDF i n t h i s 
c a s e . MO e s t i m a t e s may b e u s e d w h e r e a c o n s e r v a t i v e r e s u l t 
i s n e e d e d . 
2 2 
( i v ) I f a / S i s g r e a t e r t h a n 1 . 0 f o r b o t h LN and GA t h e 
r K 
d a t a d o n o t f i t t h e s e l e c t e d P D F ' s . Examine t h e d i s t r i b u t i o n 
o f t h e s a m p l e ( i . e . , t h e s a m p l e h i s t o g r a m ) . For e x a m p l e , t h e 
s a m p l e p r o b a b l y h a s a n e g a t i v e skew w h i l e LN and GA a r e 
p o s i t i v e l y s k e w e d . S e l e c t a PDF, o t h e r t h a n LN and GA, 
w h i c h may b e s t f i t t h e s a m p l e . 
N e e d e d F o l l o w - u p R e s e a r c h 
The l o g a r i t h m i c p r o b a b i l i t y d i s t r i b u t i o n s : 
T a k i n g a c u e f rom t h e l o g n o r m a l d i s t r i b u t i o n h y d r o l o g i s t s h a v e 
i n t r o d u c e d many l o g p r o b a b i l i t y d i s t r i b u t i o n s l i k e l o g - P e a r s o n t y p e 
I I I , l o g - g a m m a and t h e l o g ^ G u m b e l . As f a r a s t h e l o g a r i t h m i c 
p r o b a b i l i t y d i s t r i b u t i o n s a r e c o n c e r n e d , t o d a t e , c o m p l e t e k n o w l e d g e 
e x i s t s o n l y on l o g n o r m a l PDF i n t h e l i t e r a t u r e of p r o b a b i l i t y and 
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s t a t i s t i c s . For e x a m p l e , i f y , t h e l o g a r i t h m o f t h e random v a r i a b l e 
2 
x , i s n o r m a l l y d i s t r i b u t e d w i t h mean Y and v a r i a n c e A t h e random 
y y 
v a r i a b l e x i s d i s t r i b u t e d a s 
I 1 I 2 
f ( X ) = 1 e " 2 l n x " ^7 
xa /2TT a y , x > 0 
y 
= 0 , o t h e r w i s e . 
The a b o v e d i s t r i b u t i o n i s c a l l e d t h e l o g n o r m a l d i s t r i b u t i o n o f 
random v a r i a b l e x . f ( x ) i s a l w a y s p o s i t i v e l y s k e w e d . ( F i g u r e 3 . 1 
2 — 
g i v e s t h e s h a p e s LS PDF f o r v a r i o u s v a l u e s o f Â , w h e r e k - x / x ) . 
T h u s , t h e form o f t h e d i s t r i b u t i o n o f x i s known when l n x i s n o r m a l l y 
d i s t r i b u t e d . F u r t h e r , t h e ML e s t i m a t e s (y A ) o f (u A ) o f f ( x ) 
y» y y , y 
f rom a s a m p l e o f s i z e n a r e g i v e n b y 
n 
Y = — J l n x . 
and a = 1 n ^ 
n J l n x . - (YY) 
i = l 1 
The a b o v e e q u a t i o n s a l s o r e p r e s e n t t h e MO e s t i m a t e s o f (Y A ) 
y . y 
f o r f ( y ) w h i c h i s a n o r m a l d i s t r i b u t i o n w i t h p a r a m e t e r s (Y A ) and 
y . y 
y . - l n x . . To sum u p , i n c a s e o f l o g n o r m a l d i s t r i b u t i o n ( i ) I f 
i i 
l o g a r i t h m o f a random v a r i a b l e ( r . v . ) i s n o r m a l l y d i s t r i b u t e d t h e 
r . v . h a s a d i s t r i b u t i o n w h i c h i s p o s i t i v e l y s k e w e d , and ( i i ) I f 
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l o g a r i t h m s of t h e s a m p l e of a r. v. a r e f i t t e d t o a n o r m a l d i s t r i b u t i o n 
b y MO, c o m p u t a t i o n a l l y , t h e s a m p l e i s f i t t e d t o t h e u n t r a n s f o r m e d 
d i s t r i b u t i o n , i . e . , f ( x ) , by ML m e t h o d , h e n c e t h e s h a p e of t h e s a m p l e 
i s f i t t e d . 
S i m i l a r i n f o r m a t i o n d o e s n o t e x i s t i n c a s e o f d i s t r i b u t i o n s 
l i k e l o g - P e a r s o n t y p e I I I , l o g - g a m m a and l o g - G u m b e l . The fo rm of t h e 
d i s t r i b u t i o n of t h e random v a r i a b l e and t h e s t a t i s t i c a l moments l i k e 
2 
u , a , Y. , e t c . ( i . e . , m e a n , v a r i a n c e , s k e w n e s s c o e f f i c i e n t , e t c . ) x* x i x 
of t h e s e d i s t r i b u t i o n s a r e n o t known. H e n c e t h e MO method of e s t i m a t i n g 
p a r a m e t e r s of v a r i o u s l o g - d i s t r i b u t i o n s , i n g e n e r a l , c a n n o t b e known. 
The p r e s e n t n u m e r i c a l p r o c e d u r e s w i t h r e s p e c t t o l o g - d i s t r i b u t i o n 
c o n s i s t of t r a n s f o r m i n g d a t a i n t o l o g a r i t h m s and f i t t i n g t h e t r a n s f o r m e d 
d a t a t o d i f f e r e n t P D F ' s b y MO. S i n c e t h e form of f ( x ) i s n o t known i t 
c a n n o t b e e s t a b l i s h e d w h a t t h e s e e m p i r i c a l m e t h o d s r e a l l y a c c o m p l i s h , 
i . e . , i t i s n o t known t o w h a t k i n d o f d i s t r i b u t i o n s t h e d a t a a r e f i t t e d 
t o t h e u n t r a n s f o r m e d d i s t r i b u t i o n , f ( x ) , o f t h e random v a r i a b l e . The 
s t u d i e s made w i t h LN PDF i n t h i s work show t h a t t o e v a l u a t e t h e r e s u l t s 
g i v e n b y a l o g - P D F t h e form o f f ( x ) and t h e s t a t i s t i c a l m e t h o d by w h i c h 
d a t a a r e f i t t o f ( x ) s h o u l d b e known. The s t a t i s t i c i a n - h y d r o l o g i s t s 
s h o u l d make an a t t e m p t t o d e r i v e / e s t a b l i s h t h e form o f f ( x ) and i t s 
s t a t i s t i c a l p r o p e r t i e s f o r e a c h o f t h e l o g a r i t h m i c d i s t r i b u t i o n s b e i n g 
u s e d . 
I n c a s e of l o g - P D F ' s t h e ' b e s t - f i t ' c r i t e r i o n o f t h e p r e s e n t 
s t u d y w i l l b e u s e f u l t o e s t a b l i s h 
( i ) Whether l o g a r i t h m s o f h y d r o l o g i c d a t a c a n f i t d i s t r i b u t i o n s 
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l i k e GA, GU, e t c . , and 
( i i ) i f l o g a r i t h m s of h y d r o l o g i c d a t a f i t GA, GU, e t c . , how do 
t h e e s t i m a t e s o f p r e d i c t i o n s g i v e n b y l o g - P D F * s compare w i t h 
t h e p r e d i c t i o n s g i v e n by o t h e r P D F ' s f o r t h e same d a t a 
s a m p l e . 
The Gumbel D i s t r i b u t i o n 
A l t h o u g h t h e Gumbel d i s t r i b u t i o n h a s b e e n v e r y p o p u l a r i n c e r t a i n 
q u a r t e r s ( W e a t h e r B u r e a u , f o r e x a m p l e ) , i t a p p e a r s t h e n e g a t i v e t a i l o f 
GU d i d n o t draw s u f f i c i e n t a t t e n t i o n . I n h y d r o l o g y , o n l y p o s i t i v e d a t a 
a r e f i t t e d t o GU PDF. An e x a m i n a t i o n o f t h e GU s i m u l a t e d d a t a i n t h i s 
work showed t h a t t h e s t a t i s t i c a l p r o p e r t i e s o f t h e m o d i f i e d GU d a t a 
( i . e . , t h e s a m p l e s w i t h t h e n e g a t i v e d a t a d i s c a r d e d ) d i f f e r e d f rom t h e 
p o p u l a t i o n p r o p e r t i e s when t h e v a r i a n c e w a s l a r g e . I n g e n e r a l , t h e GU 
2 
d i d n o t f i t w e l l t h e m o d i f i e d GU d a t a a t > 0 . 6 , h e n c e i t i s n o t 
a d v i s a b l e t o f i t GU t o s a m p l e s w i t h s u c h l a r g e v a r i a n c e . H o w e v e r , 
p r o c e d u r e s a r e a v a i l a b l e i n s t a t i s t i c s t o d e r i v e t r u n c a t e d d i s t r i b u t i o n s 
b y w h i c h t h e p o s i t i v e a r e a o f GU may b e made e q u a l t o 1 . 0 . F i g u r e 3 . 3 
s h o w s t h a t t h e t r u n c a t e d GU h a s s h a p e s w h i c h a r e g r e a t l y d i f f e r e n t 
f rom LN or GA and t h e y may f i t w e l l t h e s a m p l e s w i t h many v a l u e s n e a r 
z e r o . S t a t i s t i c i a n h y d r o l o g i s t s s h o u l d make an a t t e m p t t o d e r i v e t h e 
t r u n c a t e d GU d i s t r i b u t i o n s . 
Some s a m p l e s may c o n t a i n d a t a i t e m s w h i c h a r e e q u a l t o z e r o 
( f o r e x a m p l e , a s a m p l e o f l o w f l o w s ) . For m o s t d i s t r i b u t i o n s l i k e LN 
2 
and GA ( a t < 1 . 0 ) b o t h PDF and CDF a r e z e r o a t k ( o r x ) = 0 . 0 , t h u s 
t h e o r e t i c a l l y many d i s t r i b u t i o n s a r e n o t a p p l i c a b l e t o s a m p l e s w i t h 
1 8 0 
z e r o v a l u e s . A s e a r c h s h o u l d b e made f o r P D F ' s w h i c h may a c c o m m o d a t e 
z e r o d a t a i t e m s . The t r u n c a t e d GU d i s c u s s e d i n t h e f o r e g o i n g s u b ­
h e a d i n g h o l d s a g o o d p r o m i s e f o r d a t a w i t h z e r o v a l u e s s i n c e f ( x ) c a n 
b e p o s i t i v e a t x = 0 f o r s u c h a d i s t r i b u t i o n . 
1 8 1 
APPENDIX A 
FREQUENCY ANALYSIS BY THE METHOD OF NON-LINEAR LEAST SQUARES 
S e c t i o n I : Some T h e o r e t i c a l C o n c e p t s 
I f t h e m o d e l g i v e n by E q u a t i o n 2 - 1 5 a ( A . l b e l o w ) c a n n o t b e c o n ­
v e r t e d i n t o a form l i n e a r i n t h e p a r a m e t e r s 0 , t h e m o d e l i s s a i d t o 
b e i n t r i n s i c a l l y n o n - l i n e a r ( s e e C h a p t e r I I ) . 
y ± = f ( x ± , 6) + e ± i = l , 2 , . . . , n ( A . l ) 
The t h r e e PDF's d i s c u s s e d i n C h a p t e r I I I , n a m e l y , LN, GA, and GU, 
a r e e x a m p l e s o f s u c h m o d e l s . The n o r m a l e q u a t i o n s f o r s u c h m o d e l s 
( s e e E q u a t i o n s 2 . 1 9 ) a l s o w i l l b e n o n - l i n e a r and o b t a i n i n g a s o l u t i o n 
c a n b e e x t r e m e l y d i f f i c u l t . P r o b l e m s a s s o c i a t e d w i t h f i n d i n g s o l u t i o n s 
t o E q u a t i o n s 2 . 1 9 o f a n o n - l i n e a r s y s t e m a r e d i s c u s s e d b y L e v e n b e r g 
( 1 9 4 4 ) , S n y d e r ( 1 9 6 2 ) , H a r t l e y ( 1 9 6 1 ) , M a r q u a r d t ( 1 9 6 3 ) , H a r t l e y and 
B o o k e r ( 1 9 6 5 ) , D e c o u r s e y and S n y d e r ( 1 9 6 9 ) , D r a p e r and S m i t h ( 1 9 6 6 ) 
and Bard ( 1 9 7 4 ) , among o t h e r s . 
I n m o s t a p p r o a c h e s a s o l u t i o n i s o b t a i n e d by l i n e a r i z a t i o n o f t h e 
g i v e n m o d e l b y T a y l o r s e r i e s ( some a s s o c i a t e d p r o b l e m s w i l l b e d e a l t 
w i t h s u b s e q u e n t l y ) . The l i n e a r i z e d e q u a t i o n s a r e t h e n u s e d r e c u r s i v e l y 
u n t i l i n s u c c e s s i v e i t e r a t i o n s a s p e c i f i e d a c c u r a c y i s r e a c h e d . 
By u s i n g T a y l o r e x p a n s i o n , t h e l i n e a r i z e d n o r m a l e q u a t i o n s f o r 
a n o n l i n e a r s y s t e m may b e d e r i v e d a s f o l l o w s : 
1 8 2 
The r e s i d u a l e^ i n E q u a t i o n A . l may b e w r i t t e n a s 
e ± ( e ) = y ± - f ( x ± , 6 ) ( A . 2 ) 
2 
F o r c l a r i t y w e i g h t w_̂  ( s e e C h a p t e r I I ) a s s i g n e d t o e^ w i l l b e a s s u m e d 
a s u n i t y . ( I n S e c t i o n I I o f t h i s a p p e n d i x , l i n e a r i z e d n o r m a l e q u a t i o n s 
a r e d e r i v e d r e t a i n i n g w^ f o r a two p a r a m e t e r n o n l i n e a r m o d e l . ) 
C h o o s i n g a s a n i n i t i a l s o l u t i o n 6 , some p r e s e l e c t e d p o i n t i n 9 - s p a c e , 
~o 
a t w h i c h i t i s a s s u m e d t h a t t h e sum o f s q u a r e d r e s i d u a l s SSE d o e s n o t 
h a v e a s t a t i o n a r y v a l u e , t h e f i r s t o r d e r T a y l o r e x p a n s i o n s o f t h e 
r e s i d u a l s a r e t a k e n a b o u t 0 , g i v i n g a s e t o f l i n e a r a p p r o x i m a t i o n s 
~o 
t o t h e r e s i d u a l s , 
m 
e . ( 9 ) - G. ( 0 ) = e . (9 ) +J- 8 e i AO . 
I „ I I „o k = l -rr— k ( A . 3 ) 
8 9 k 
w h e r e m-number o f p a r a m e t e r s , and A8^ = 9^ ~®k0> a n c * t u e p a r t i a l d e r i ­
v a t i v e s a r e e v a l u a t e d a t 8 . Now t h e s t a n d a r d l e a s t s q u a r e s m e t h o d 
~o 
c o n s i s t s o f m i n i m i z i n g 
n 
H ( 6 ) = y G . 2 ( A . 3 ) 
- i - 1 1 
b y s e t t i n g t h e p a r t i a l d e r i v a t i v e s o f H w i t h r e s p e c t t o t h e p a r a ­
m e t e r s e q u a l t o z e r o , y i e l d i n g , 
1 = S A8j + S A 0 2 + . . . + S A9 + R = 0 
2 ^9 9 1 9 1 9 1 9 2 9 l y m m e l 
1 
I 3H = S A 8 i + S A 8 2 + . . . + S A0 + R = 0 
T>Jq2 m 
1 8 3 
1 9H = S f l AGj + S_ _ AG 2 + . . . + S A0m + R f l = 0 , ( A . 4 ) 
2 38 m m m m m 
w h e r e , 
n 9 e ^ n 3 e . 
S k j = ^ ~30~"~~307 k = l , 2 . . . m a n d R j = "367 6 i . n 0 
1 = 1 K J • I O 1 = 1 J 3 - l , 2 . . . m 
E q u a t i o n s A . 4 a r e a s e t o f m l i n e a r e q u a t i o n s i n t h e m unknowns A0 
and may b e s o l v e d f o r A6 by s t a n d a r d p r o c e d u r e s . T h u s , s t a r t i n g f rom an 
i n i t i a l p a r a m e t e r e s t i m a t e 0 , o n e c o m p u t e s f r o m e q u a t i o n s A . 4 a s e t o f 
v a l u e s o f A 0 1 , and s e t s 
0 1 = 0 
~o .̂o + A ( 
0 1 i s t h e n u s e d a s t h e new v a l u e o f 0 i n E q u a t i o n s A . 3 , and 
_o 
t h e p r o c e d u r e i s r e p e a t e d . A f t e r n c y c l e s o f t h e a b o v e p r o c e d u r e , 
o n e o b t a i n s 
0 1 = 0 n _ 1 + A 9 n ( A . 5 ) ^o ^o 
The p r o c e d u r e i s t e r m i n a t e d when t h e l e n g t h o f t h e v e c t o r A 0 n f a l l s 
b e l o w some p r e s e l e c t e d v a l u e . 
The p r o b l e m s a s s o c i a t e d w i t h l i n e a r i z a t i o n p r o c e d u r e s a r e a s 
f o l l o w s : 
1 . C o n v e r g e n c e may b e v e r y s l o w ; t h a t i s , v e r y l a r g e number 
o f i t e r a t i o n s may b e r e q u i r e d b e f o r e t h e s o l u t i o n c o n v e r -
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g e s e v e n t h o u g h t h e sum o f s q u a r e s SSE (8^.) ( s e e 
E q u a t i o n 2 . 1 8 ) may d e c r e a s e c o n s i s t e n t l y a s j i n ­
c r e a s e s . 
2 . The s o l u t i o n s may o s c i l l a t e w i d e l y , c o n t i n u a l l y r e v e r s i n g 
d i r e c t i o n , and o f t e n i n c r e a s i n g a s w e l l a s d e ­
c r e a s i n g t h e sum o f s q u a r e s . H o w e v e r , t h e s o l u t i o n 
may c o n v e r g e e v e n t u a l l y . 
3 . C o n v e r g e n c e may n o t o c c u r a t a l l , e v e n d i v e r g e , s o 
t h a t t h e sum o f s q u a r e s i n c r e a s e s i t e r a t i o n a f t e r i t e r a t i o n 
w i t h o u t b o u n d . 
One way t o c o m b a t t h e f o r e g o i n g d e f i c i e n c i e s i s t o amend t h e 
c o r r e c t i o n v e c t o r A 6 n i n e q u a t i o n A « 5 . A p r o g r a m w r i t t e n b y B o o t h 
and P e t e r s o n ( 1 9 5 8 ) amends t h e c o r r e c t i o n v e c t o r A 0 n i n A*5 b y 
h a l v i n g i t i f 
S S E ( 0 n ) > S S E ( 9 n ~ 1 ) 
*-o \ . o 
o r d o u b l i n g i t i f 
S S E ( 6 n ) < S S E ( G n ' 1 ) 
„o ~o 
T h i s h a l v i n g a n d / o r d o u b l i n g p r o c e s s i s c o n t i n u e d u n t i l t h r e e 
p o i n t s b e t w e e n 0 n and 0 n ^ a r e f o u n d w h i c h i n c l u d e b e t w e e n them a 
~o _o 
l o c a l minimum o f S S E ( 0 ) . A q u a d r a t i c i n t e r p o l a t i o n i s u s e d t o l o c a t e 
t h e minimum, and t h e i t e r a t i v e c y c l e b e g i n s a g a i n . I n t h e o r y , 
t h i s m e t h o d a l w a y s c o n v e r g e s ( H a r t l e y , 1 9 6 1 ) . 
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a, = I -± 
k i = l L 90, 
k 
(A, 7) 
and £ i s c o m p l e t e l y a r b i t r a r y and may b e v a r i e d f r o m i t e r a t i o n c y c l e t o 
i t e r a t i o n c y c l e . M i n i m i z a t i o n o f E q u a t i o n A»6 b y s u b s t i t u t i n g f o r a^ 
g i v e n b y E q u a t i o n A.-7 , w i l l y i e l d t h e damped n o r m a l e q u a t i o n s w h i c h a r e 
s i m i l a r t o e q u a t i o n s g i v e n b y A»4 e x c e p t t h a t t h e p r i n c i p a l d i a g o n a l 
e l e m e n t s , S_ A0, , a r e m u l t i p l i e d b y t h e f a c t o r ( 1 + I/O- To i m p r o v e 
V k k 
c o n v e r g e n c e u s i n g t h i s d e v i c e , G r a n t ( 1 9 7 3 ) s e t £ = 5 . 0 i n i t i a l l y a n d 
d o u b l e d i t a f t e r e a c h i t e r a t i o n . I n t h e work r e p o r t e d h e r e i n , t h e 
same p r o c e d u r e w a s u s e d w i t h a p p a r e n t s u c c e s s . 
An a l t e r n a t i v e t o l i n e a r i z a t i o n p r o c e d u r e i s t h e m e t h o d o f s t e e p e s t 
As f a r b a c k a s 1 9 4 4 , L e v e n b e r g c o n c e i v e d t h e i d e a o f " d a m p i n g " t h e 
a b s o l u t e v a l u e s o f A8 a s a s o l u t i o n t o d i v e r g e n c e o f S S E ( O ) . He r e ­
p l a c e d E q u a t i o n A<-4 b y t h e r e l a t e d o b j e c t i v e f u n c t i o n 
_ m 
H ( 9 ) = £ H ( 0 ) + I o (A0 ) 2 ( A # 6 ) 
k = l * k 
w h e r e a ^ , k = l , 2 , . . . m a r e a s y s t e m o f p o s i t i v e c o n s t a n t s o r w e i g h t i n g 
f a c t o r s e x p r e s s i n g t h e r e l a t i v e i m p o r t a n c e o f d a m p i n g t h e d i f f e r e n t 
i n c r e m e n t s A 0 ^ , and £ i s a p o s i t i v e q u a n t i t y e x p r e s s i n g t h e r e l a t i v e 
i m p o r t a n c e o f t h e r e s i d u a l s i n t h i s m i n i m i z i n g p r o c e s s . W h i l e t h e v a l u e s 
o f w e i g h t s £ and a_̂  a r e a r b i t r a r y and may b e a d a p t e d t o t h e r e q u i r e ­
m e n t s o f t h e p r o b l e m a t h a n d , a p a r t i c u l a r l y e f f e c t i v e s e t o f v a l u e s 
f o r a l a r g e c l a s s o f p r o b l e m s h a s b e e n f o u n d t o b e g i v e n b y 
s rse/j 2 
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d e s c e n t . T h i s m e t h o d c o n s i s t s o f f i n d i n g t h e minimum o f a n o n l i n e a r 
f u n c t i o n b y c h o o s i n g t h e v a l u e s o f A 0 n i n e q u a t i o n A - 5 p r o p o r t i o n a l 
n—1 
t o t h e n e g a t i v e o f t h e g r a d i e n t o f SSE(6) a t t h e p o i n t 8 j . T h i s 
i s a t e c h n i q u e o f g r e a t v a l u e i n e x p e r i m e n t a l w o r k f o r f i n d i n g s t a ­
t i o n a r y v a l u e s o f r e s p o n s e s u r f a c e s . A f u l l d e s c r i p t i o n o f t h e m e t h o d 
i s g i v e n i n ' D e s i g n and A n a l y s i s o f I n d u s t r i a l E x p e r i m e n t s ' ( D a v i e s , 
1 9 5 4 ) . 
A m e t h o d d e v e l o p e d b y M a r q u a r d t ( 1 9 6 3 ) r e p r e s e n t s a c o m p r o m i s e 
b e t w e e n t h e l i n e a r i z a t i o n m e t h o d and s t e e p e s t d e s c e n t m e t h o d and a p ­
p e a r s t o c o m b i n e t h e b e s t f e a t u r e s o f b o t h w h i l e a v o i d i n g t h e i r m o s t 
s e r i o u s l i m i t a t i o n s . E s s e n t i a l l y , M a r q u a r d t ' s m e t h o d a l s o c o n s i s t s 
o f d e t e r m i n i n g an a p p r o p r i a t e v a l u e o f £ ( i n L e v e n b e r g ' s e q u a t i o n s ) 
a t e a c h i t e r a t i o n t o g i v e r a p i d c o n v e r g e n c e o f t h e i t e r a t i v e p r o ­
c e d u r e . H i s a l g o r i t h m s e l e c t s £ s o t h a t t h e r e s u l t i n g c o r r e c t i o n v e c t o r 
A 0 n i s a n opt imum i n t e r p o l a t i o n b e t w e e n t h e c o r r e c t i o n v e c t o r o b t a i n e d 
b y t h e l i n e a r i z a t i o n m e t h o d and t h e c o r r e c t i o n v e c t o r o b t a i n e d b y t h e 
s t e e p e s t d e s c e n t m e t h o d . T h u s , i t may b e v i e w e d a s a r e f i n e m e n t o f 
t h e m e t h o d o f L e v e n b e r g , The m e t h o d a l m o s t a l w a y s c o n v e r g e s and d o e s 
n o t " s l o w down" a s t h e s t e e p e s t d e s c e n t m e t h o d o f t e n d o e s . H o w e v e r , 
i n t h e w o r d s o f D r a p e r and S m i t h ( 1 9 6 6 ) , n o m e t h o d c a n b e c a l l e d 
" b e s t " f o r a l l n o n l i n e a r p r o b l e m s . A l l m e t h o d s w i l l w o r k p e r f e c t l y 
w e l l o n many p r a c t i c a l p r o b l e m s w h i c h d o n o t v i o l a t e t h e l i m i t a t i o n s 
o f t h e m e t h o d s . I n g e n e r a l , g i v e n a p a r t i c u l a r m e t h o d , a p r o b l e m 
c a n u s u a l l y b e c o n s t r u c t e d t o d e f e a t i t . A l t e r n a t i v e l y , g i v e n a 
p a r t i c u l a r p r o b l e m and a s u g g e s t e d m e t h o d , ad h o c m o d i f i c a t i o n s c a n o f t e n 
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p r o v i d e q u i c k e r c o n v e r g a n c e t h a n a n a l t e r n a t i v e m e t h o d . B e c a u s e o f 
t h e s u c c e s s o f r e l a t i v e l y s i m p l e m e t h o d o f L e v e n b e r g i n t h e p r o b l e m s 
c o n s i d e r e d i n t h i s w o r k , o t h e r m e t h o d s m e n t i o n e d i n t h e f o r e g o i n g 
p a r a g r a p h s w e r e n o t e x a m i n e d . 
C o n f i d e n c e R e g i o n s 
A d i f f i c u l t y w i t h t h e m e t h o d s o f e s t i m a t i o n p r e s e n t e d t h u s f a r 
i s t h a t t h e y do n o t t e l l u s how c l o s e t o t h e p a r a m e t e r 6 t h e e s t i m a t e 
0 i s l i k e l y t o b e . S i n c e t h e e s t i m a t e 0 o f t h e p a r a m e t e r 0 i s b a s e d 
o n a random o b s e r v a t i o n ( x , y ) fl i s a random v a r i a b l e and i s n o t 
~n ^n 
e x p e c t e d t o a g r e e e x a c t l y w i t h t h e t r u e , b u t u n k n o w n , v a l u e o f 0 . 
One i s o f t e n i n t e r e s t e d i n e s t i m a t i n g t h e p r o b a b l e r e g i o n , a t some 
c o n f i d e n c e l e v e l , w i t h i n w h i c h 0 l i e s . More s p e c i f i c a l l y , o n e s e e k s 
a 2 m - d i m e n s i o n a l r e g i o n i n 8 x 9 s p a c e f o r w h i c h t h e p r o b a b i l i t y o f 
a g i v e n p o i n t ( 8 , 0 ) f a l l i n g w i t h i n t h i s r e g i o n i s e q u a l t o X ( G r a n t , 
1 9 7 3 ) . I t may b e r e c a l l e d t h a t m i s t h e number o f c o m p o n e n t s i n t h e 
p a r a m e t e r v e c t o r 9 . The number X i s c a l l e d t h e c o n f i d e n c e c o e f f i ­
c i e n t * . . 
W h i l e a g e n e r a l s o l u t i o n l e a d i n g t o a v i a b l e c o m p u t a t i o n p r o c e d u r e 
t o c o n s t r u c t e x a c t c o n f i d e n c e r e g i o n s i s n o t p o s s i b l e , a c o m p u t a t i o n a l 
m e t h o d , d e v i s e d b y G r a n t ( 1 9 7 3 ) f o r a 2 - p a r a m e t e r n o n l i n e a r d i s t r i ­
b u t i o n b a s e d o n a p p r o a c h e s b y H a l p e r i n ( 1 9 6 2 ) and H a r t l e y ( 1 9 6 4 ) 
w i l l b e p r e s e n t e d h e r e . The s o l u t i o n t o t h i s p r o b l e m commences f r o m 
t h e known r e s u l t s f rom l i n e a r l e a s t - s q u a r e t h e o r y . I f t h e m o d e l 
g i v e n b y E q u a t i o n A 1 i s l i n e a r i t may b e w r i t t e n a s 
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y = X£ + e ( A . 8 ) 
w h e r e e i s a s s u m e d t o b e a s e t o f N i n d e p e n d e n t e r r o r s f r o m N ( 0 , o 2 ) 
w i t h cr unknown and t h e m a t r i x X i s a s s u m e d o f r a n k m. The l e a s t 
s q u a r e s e s t i m a t e o f 0 i s t h e n 
0 = ( X " X ) _ 1 x'y (A,9) 
w h i c h i s a b e s t l i n e a r u n b i a s e d e s t i m a t e and r e p r e s e n t s a s e t o f m 
s t a t i s t i c s j o i n t l y s u f f i c i e n t f o r t h e e s t i m a t i o n o f 0 . T h i s e s t i m a t e 
may b e u s e d f o r t h e c o n s t r u c t i o n o f a j o i n t c o n f i d e n c e r e g i o n f o r some 
o r a l l o f t h e 0 . The m e t h o d c o n s i s t s o f d e c o m p o s i t i o n o f sum o f s q u a r e s 
e r r o r s e^e i n t o d e g r e s s i o n ' and ' r e s i d u a l ' c o m p o n e n t s g i v e n by 
e ' e = r e g ( e ) + r e s ( e ) ( A » 1 0 ) 
w h e r e t h e f i r s t c o m p o n e n t 
r e g ( e ) = ( X ' e ) ' ( X ' X ) _ 1 ( X ^ e ) ( A . l l ) 
i s o f r a n k m and i s d i s t r i b u t e d a s o^y^ f o r m d e g r e e s o f f r e e d o m , w h i l e 
t h e s e c o n d c o m p o n e n t 
r e s ( e ) = e ' e - r e g ( e ) ( A . 1 2 ) 
h a s r a n k (N-m) and i s i n d e p e n d e n t l y d i s t r i b u t e d a s G 2 ^ 2 f o r (N-m) d e g r e e s 
o f f r e e d o m . T h u s , t h e r a t i o o f t h e t w o c o m p o n e n t s r e g ( e ) / r e s ( e ) i s d i s ­
t r i b u t e d a s S n e d e c o r ' s "F" s t a t i s t i c w i t h m and N-m d e g r e e s o f f r e e d o m . 
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The 3.00X p e r c e n t c o n f i d e n c e r e g i o n f o r 0 i s g i v e n b y 
0 : 
r e g ( e ) 
< ni 
r e s ( e ) N-m 
F ( 1 0 0 X ; m, N-m) (Arl3) 
I f t h e m o d e l g i v e n b y E q u a t i o n A . l i s n o n l i n e a r , e q u a t i o n A>13 may s t i l l 
b e u s e d t o d e t e r m i n e 100X p e r c e n t c o n f i d e n c e r e g i o n f o r 0 . H o w e v e r , i n 
t h i s c a s e t h e f o r m o f t h e d e c o m p o s i t i o n o f e " e i n t o t h e c o m p o n e n t s r e g ( e ) 
and r e s ( e ) i s n o l o n g e r o b v i o u s . H a r t l e y ( 1 9 6 4 ) h a s p r o p o s e d a d e c o m p o s i ­
t i o n , b a s e d u p o n t h e u s e o f L a g r a n g e ' s i n t e r p o l a t i o n f o r m u l a e , t o o b t a i n 
a q u a s i l i n e a r i z a t i o n o f t h e r e g r e s s i o n f u n c t i o n f . H a l p e r i n ( 1 9 6 2 ) h a s 
p r o p o s e d a d e c o m p o s i t i o n o f t h e f o r m 
r e g ( e ) = ( B ' e ) ' ( B ' B ) " 1 ( B ' e ) (A - . lAa) 
w h e r e 
B - 8 f ( x i ; g } - ( B . . ) ( A , 1 4 b ) 
i j 
30k 
T h e s e e q u a t i o n s a r e i m m e d i a t e l y a p p l i c a b l e t o r e g r e s s i o n o f t h e s y s t e m 
d e f i n e d b y e q u a t i o n 2 . 1 5 a when f ( x ; 0 ) i s n o n l i n e a r . 
F o r a t w o - p a r a m e t e r n o n l i n e a r s y s t e m , i . e . , w h e n m=2 , u s i n g E q u a t i o n s 
A » 1 4 , G r a n t ( 1 9 7 3 ) c o m p u t e s t h e v a l u e s o f t h e s t a t i s t i c F b y 
F = NzH r e g ( ~ } (A.-15) 
m r e s ( e ) 
1 9 0 
a t f i x e d p o i n t s o f a g r i d s u r r o u n d i n g t h e l e a s t s q u a r e s e s t i m a t e s o f 0j 
6 2 . T h i s m a k e s i t p o s s i b l e , a t e a c h p o i n t o f t h e g r i d , t o c o m p u t e t h e 
c u m u l a t i v e p r o b a b i l i t y a t t h e c o r r e s p o n d i n g v a l u e o f F ; t h a t i s , 
y 
C = / dF o 
T h e v a l u e s o f C a r e t h e n p l o t t e d i n t h e 6 j - 0 2 V^-ane a t l o c a t i o n s c o r r e s p o n d i n g 
t o t h e v a l u e s o f ( 6 1 , 6 2 ) f ° r w h i c h e a c h £ w a s d e r i v e d . The v a r i o u s c o n ­
f i d e n c e r e g i o n s a r e t h e n c o n s t r u c t e d b y s k e t c h i n g a c l o s e d c u r v e ( u s i n g 
i n t e r p o l a t i o n inhere n e c e s s a r y ) p a s s i n g t h r o u g h t h e v a l u e £ f o r w h i c h t h e 
c o n f i d e n c e r e g i o n w a s d e s i r e d . C o n f i d e n c e r e g i o n s c o n s t r u c t e d u s i n g 
G r a n t ' s m e t h o d a r e s h o w n i n C h a p t e r V . 
T o l e r a n c e L i m i t s 
I n t h e f o r e g o i n g s e c t i o n i t h a s b e e n f o u n d t h a t c o n f i d e n c e r e g i o n s 
may b e d e t e r m i n e d s o t h a t t h e l i m i t s o f t h e r e g i o n w i l l c o v e r a p o p u l a t i o n 
p a r a m e t e r 8 w i t h c e r t a i n c o n f i d e n c e , i . e . , a c e r t a i n p r o p o r t i o n o f t h e t i m e . 
S o m e t i m e s i t i s d e s i r a b l e t o o b t a i n l i m i t s w h i c h w i l l c o v e r a f i x e d - p r o ­
p o r t i o n o f t h e p o p u l a t i o n d i s t r i b u t i o n w i t h a s p e c i f i e d c o n f i d e n c e . I n 
o t h e r w o r d s , i f some " b e s t " e s t i m a t e 0 o f 6 i s d e d u c e d f r o m an o b s e r v a t i o n 
( x , y ) , i t i s d e s i r e d t o d e t e r m i n e a v a l u e u . w h i c h i s a f u n c t i o n o f 
( x , y ) s u c h t h a t Y p r o p o r t i o n o f t h e p o p u l a t i o n w i l l b e b e l o w u . w i t h 
. n i n • Y U >A 
100A p e r c e n t c e r t a i n t y . H e r e A h a s t h e same m e a n i n g a s d e f i n e d e a r l i e r 
and t h e v a l u e u i s s u c h t h a t y u 
/ Y U , A p ( x ; 0 , ) dx = y ( A . 1 6 ) 
_ U A 
1 9 1 
w h e r e 8 i s a n y p o i n t i n R . 
•> A 
S i n c e b y d e f i n i t i o n o f R^>® i s i n c l u d e d i n 100A% o f t h e c o m p u t e d 
w h e r e p i s a p r o b a b i l i t y f r e q u e n c y f u n c t i o n o f t h e random v a r i a b l e X a n d 
A. 
8 . i s t h e e s t i m a t e d v a l u e o f p a r a m e t e r a t 100A% u p p e r c o n f i d e n c e l i m i t . 
~ u , A 
A l s o , Uy ^ c o m p u t e d f r o m e q u a t i o n A. 16 may b e e x p e c t e d t o v a r y f r o m o b s e r ­
v a t i o n t o o b s e r v a t i o n , h e n c e a random v a r i a b l e . H o w e v e r , f rom t h e d e f i n i ­
t i o n o f c o n f i d e n c e l i m i t s o f 0 t h e random v a r i a b l e u , h a s t h e p r o p e r t y 
y u , A 
t h a t f o r l a r g e number o f o b s e r v a t i o n s t h e i n e q u a l i t y 
(u % ) < u . .• y u , A t r u e — yu9X 
w h e r e ( u - ) i s t h e a c t u a l b u t unknown lOOy p e r c e n t i l e p o i n t o f t h e y u , A t r u e 
p o p u l a t i o n , may b e e x p e c t e d t o b e t r u e a t l e a s t f o r 100A% o f o b s e r v a t i o n s . 
I n t h i s c a s e u ^ i s c a l l e d a n u p p e r t o l e r a n c e l i m i t . S i m i l a r l y a l o w e r 
t o l e r a n c e l i r a i t u may b e d e f i n e d a s a random v a r i a b l e a b o v e w h i c h y 
i Yl«»A 
p r o p o r t i o n o f p o p u l a t i o n w i l l b e ^ w i t h 100A p e r c e n t c e r t a i n t y . M e t h o d s 
a r e a v a i l a b l e t o c o m p u t e t h e t o l e r a n c e l i m i t s i f t h e o b s e r v a t i o n ( x , y ) 
«n ; n 
b e l o n g s t o a n o r m a l p o p u l a t i o n N a t r e l l a ( 1 9 6 3 ) , Bowker and L i e b e r m a n ( 1 9 7 2 ) ) . 
To g e t an u p p e r t o l e r a n c e l i m i t i n a g e n e r a l c a s e a c o n f i d e n c e r e g i o n R 
A 
f o r t h e p o p u l a t i o n p a r a m e t e r s 8 i s f i r s t c o n s t r u c t e d . Then s e a r c h i s made 
i n R f o r a p a r a m e t e r v a l u e 8 . w h i c h w i l l m a x i m i z e u . ( s e e E q u a t i o n 
A ' 1 6 ) . T h u s , o n e may i m m e d i a t e l y d e f i n e an u p p e r o n e s i d e d t o l e r a n c e l i m i t 
o . t o b e t h e random v a r i a b l e y u , A 
v . - max 
6 e R { U ; ^ P ( x > ? ) d x = Y > (A-1L7) 
~ A 
1 9 2 
f rom a l a r g e number o f s a m p l e s , f o r a t l e a s t 100X% of o b s e r v a t i o n s t h e 
i n e q u a l i t y 
(u , ) <u y u , A t r u e — y u , A 
h o l d s . The a b o v e i n e q u a l i t y i s t h e d e f i n i t i o n o f an u p p e r o n e - s i d e d t o l e r ­
a n c e l i m i t . 
S e c t i o n I I . F i t t i n g P r o b a b i l i t y D e n s i t y F u n c t i o n s t o D a t a H i s t o g r a m s 
b y L e a s t S q u a r e s 
One o f t h e m e t h o d s o f v e r i f y i n g a p r o p o s e d p r o b a b i l i s t i c m o d e l i s t o 
a r r a n g e t h e o b s e r v e d d a t a i n t h e form o f a h i s t o g r a m , t h e n s u p e r i m p o s e t h e 
p r o p o s e d PDF o n t h e d a t a h i s t o g r a m and compare t h e two s h a p e s ( B e n j a m i n 
and C o r n e l l , 1 9 7 0 ) . Such v i s u a l c o m p a r i s o n p e r m i t s an i m m e d i a t e a s s e s s m e n t 
o f t h e p r o x i m i t y o f o b s e r v e d and p r e d i c t e d r e s u l t s . I n f a c t , t h e w e l l known 
X 2 - g o o d n e s s o f f i t t e s t i s b a s e d o n t h e sum o f s q u a r e d e r r o r s ( m o d i f i e d ) 
b e t w e e n f r e q u e n c y o f e a c h c l a s s o f d a t a h i s t o g r a m and t h e a v e r a g e o f t h e 
p r o p o s e d d i s t r i b u t i o n f o r t h a t c l a s s . C o n v e r s e l y , o n e may i n t u i t i v e l y 
f e e l t h a t o n e e f f i c i e n t way o f e s t i m a t i n g p a r a m e t e r s o f t h e p r o p o s e d p r o ­
b a b i l i s t i c m o d e l w o u l d b e t o o r g a n i z e t h e g i v e n s e t o f d a t a i n t o a f r e q u e n c y 
h i s t o g r a m and o p t i m i z e t h e p a r a m e t e r s o f t h e d i s t r i b u t i o n t o a c h i e v e a 
minimum v a l u e o f t h e sum o f s q u a r e d d i f f e r e n c e s b e t w e e n t h e f r e q u e n c y o f 
e a c h c l a s s and t h e a v e r a g e o f t h e d i s t r i b u t i o n f o r t h a t c l a s s . I n i t i a l 
work by S n y d e r ( 1 9 7 2 ) and S n y d e r and W a l l a c e ( 1 9 7 4 ) h a s shown t h a t s u c h a 
p r o c e d u r e i s m a t h e m a t i c a l l y t r a c t a b l e . The p r o c e d u r e commences w i t h 
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o r g a n i z i n g t h e d a t a s a m p l e i n t o a f r e q u e n c y h i s t o g r a m o f an a p p r o p r i a t e 
number o f c l a s s i n t e r v a l s . The d i s t r i b u t i o n f u n c t i o n i s a l s o e x p r e s s e d i n 
t h e f r e q u e n c y form f o r t h e same g r o u p i n g ( s e e S e c t i o n I I I , F i g u r e A . l ) . 
The d i f f e r e n c e b e t w e e n t h e o b s e r v e d f r e q u e n c y o f a g i v e n c l a s s and t h e f r e ­
q u e n c y i n d i c a t e d b y t h e d i s t r i b u t i o n f u n c t i o n f o r t h e same c l a s s i s d e f i n e d 
a s t h e c l a s s e r r o r ( s e e S e c t i o n I I I , F i g u r e A . 2 ) . The l e a s t s q u a r e s 
p r o c e d u r e s d e s c r i b e d i n S e c t i o n I c a n now b e a p p l i e d t o e s t i m a t e t h e p a r a ­
m e t e r s ( a , B ) o f t h e d i s t r i b u t i o n f u n c t i o n s o t h a t t h e sum o f t h e s q u a r e s 
o f t h e c l a s s e r r o r s i s a minimum. 
F o r t h e i t h c l a s s i n t e r v a l o f t h e h i s t o g r a m , l e t h_̂  b e t h e o b s e r v e d 
f r e q u e n c y , p ( o ^ ; 0 ) b e t h e f r e q u e n c y i n d i c a t e d by t h e d i s t r i b u t i o n f u n c t i o n 
and e_̂  b e t h e c l a s s e r r o r . By a n a l o g y w i t h E q u a t i o n A . l , o n e w r i t e s 
h i = P ( o i ; 0 ) + e i ( A . 1 8 ) 
The w e i g h t e d sum o f s q u a r e d e r r o r s ( s e e E q u a t i o n 2 . 1 8 ) f o r t h e f r e ­
q u e n c y h i s t o g r a m o f N c l a s s i n t e r v a l s i s g i v e n b y 
N 
SSE ( 0 ) = I w . h . - p ( o . ; 0 ) 2 ( A . 1 9 ) 
i = l 1 1 1 -
W h i l e many w e i g h t i n g f u n c t i o n s may b e c h o s e n f o r w^ , o n e n a t u r a l c h o i c e 
f o r w^, m o t i v a t e d b y t h e m e t h o d o f minimum c h i - s q u a r e , a p p e a r s t o b e t h e 
r e c i p r o c a l o f t h e d e n s i t y f u n c t i o n i t s e l f r a i s e d t o some power ( G r a n t , 1 9 7 3 ) 
T h a t i s , 
V: J- I PIV;A,/*J = P|VF]-4V,, VI_,<V<VJ 
B) TYPICAL GRAPH OF P|V) 
P(V| 
J— 
)— —) Y— —) 
) ) 
—} ) ) 
1—) 
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F i g u r e A . 2 E l e m e n t s o f a H i s t o g r a m 
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w ± = p ( u ± ; e ) ( A . 2 0 ) 
To d e v e l o p n o r m a l e q u a t i o n s f o r u s e i n t h e m e t h o d o f l e a s t s q u a r e s 
( w e i g h t e d ) o n e w r i t e s 
N 
8 P ( u . ; 6 ) 8 ( S S E ) 
8 6 . 
J - - 2 I i = l w i ( h i " p ( V e ) ) = 0 ( A . 2 1 ) 
j = l , 2 , . . . ,m 
w h e r e t h e t e r m s i n v o l v i n g i h a v e b e e n i g n o r e d ( s e e f o r e x a m p l e , c h i - s q u a r e 
minimum m e t h o d , Cramer ( 1 9 4 6 ) , o r K e n d a l l and S t u a r t ( 1 9 7 3 ) f o r j u s t i f i c a t i o n ) . 
The l i n e a r i z a t i o n t e c h n i q u e d e s c r i b e d i n S e c t i o n I o f t h i s a p p e n d i x may b e 
a p p l i e d t o E q u a t i o n s A . 2 1 and n o r m a l e q u a t i o n s i n a s o l v a b l e fo rm may b e 
o b t a i n e d . The f i n a l form o f l i n e a r i z e d n o r m a l e q u a t i o n s f o r a two p a r a m e t e r 
d i s t r i b u t i o n a r e shown i n S e c t i o n I I I o f t h i s A p p e n d i x . F o r a c a s e o f 
u n i t a r y w e i g h t s , ( i . e . , when w ^ = l i n E q u a t i o n A . 1 9 ) t h e v a l u e o f w e i g h t 
e x p o n e n t (f>, i n E q u a t i o n A. 20 may b e s e t e q u a l t o z e r o . A l t h o u g h t h e 
a b o v e m e t h o d i s a p t t o b e n u m e r i c a l l y l a b o r i o u s , t h e n a t u r e o f t h e compu­
t a t i o n s i s q u i t e r o u t i n e and e a s i l y p r o g r a m m a b l e on a d i g i t a l c o m p u t e r . 
M o r e o v e r , t h e b a s i c p r o c e d u r e w o u l d r e m a i n t h e same f o r any t y p e o f d i s ­
t r i b u t i o n f u n c t i o n , and s o o n c e a c o m p u t e r p r o g r a m h a s b e e n d e v e l o p e d , 
i t w o u l d , w i t h o n l y m i n o r m o d i f i c a t i o n s b e a b l e t o f i t a n y f u n c t i o n d e s i r e d . 
A l s o , t h e m e t h o d o f c o n s t r u c t i n g c o n f i d e n c e r e g i o n s o u t l i n e d i n S e c t i o n I 
a l l o w s t h e ( r e l a t i v e l y ) e a s y c o n s t r u c t i o n o f t o l e r a n c e l i m i t s f o r any 
d i s t r i b u t i o n f u n c t i o n b a s e d u p o n any s a m p l e . The f o r e g o i n g f e a t u r e s , t h u s 
may h a v e a p a r t i c u l a r a p p e a l f o r e s t i m a t i n g s t a t i s t i c a l p a r a m e t e r s by t h e 
m e t h o d o f l e a s t s q u a r e s . 




w h e r e £aaj i n d i c a t e s t h e i n t e g r a l p o r t i o n o f a a . The c e n t e r p o i n t s o f 
' x . + 1 / 2 Cr 
x t = Cr _ | ( A . 2 4 ) 
Cr 
The C h o i c e o f a C l a s s I n t e r v a l 
The c h o i c e o f t h e number o f c l a s s i n t e r v a l s w i t h i n t h e r a n g e o f t h e d a t a 
s a m p l e may a l t e r t h e s h a p e o f t h e d a t a h i s t o g r a m . T h i s l e a d s t o t h e s u s ­
p i c i o n t h a t t h e manner o f g r o u p i n g t h e d a t a i n t o h i s t o g r a m s may a f f e c t t h e 
e f f i c i e n c y o f t h e f i t t i n g p r o c e s s b y l e a s t s q u a r e s . S t u r g e s ( 1 9 2 6 ) s u g g e s t s 
t h a t a r e a s o n a b l e c h o i c e o f a c l a s s i n t e r v a l t o u s e i n c o n s t r u c t i n g a h i s ­
t o g r a m f r o m a s e t o f n d a t a p o i n t s i s g i v e n b y t h e f o r m u l a 
C = 1 + 3 . 3 2 2 l o g n ( A , 2 2 ) 
w h e r e R i s t h e r a n g e o f t h e s a m p l e and l o g m e a n s t h e l o g a r i t h m t o t h e 
b a s e 1 0 . To s t u d y t h e i n f l u e n c e o f t h e c l a s s i n t e r v a l on l e a s t s q u a r e s 
e s t i m a t e s o f p o p u l a t i o n p a r a m e t e r s , G r a n t ( 1 9 7 3 ) m o d i f i e s t h e E q u a t i o n 
A . 2 2 a s 
rR 
C r = 1 + 3 . 3 2 2 l o g n (A>23) 
w h e r e r i s a s c a l i n g f a c t o r on t h e c l a s s i n t e r v a l s u g g e s t e d b y S t u r g e s . 
U s i n g s a m p l e s ( n = 5 0 ) c o n s i s t i n g o f gamma s y n t h e t i c v a r i a t e s o f known p o p u ­
l a t i o n ; p a r a m e t e r s , G r a n t c o m p u t e s t h e c l a s s i n t e r v a l s o f d a t a h i s t o g r a m s f o r 
r= 0 . 5 , 0 . 7 5 a n d 1 . 0 b y E q u a t i o n A . - 2 3 . F o r a g i v e n v a l u e o f C r , t h e h i s ­
t o g r a m w a s c o n s t r u c t e d b y s e l e c t i n g t h e c e n t e r p o i n t o f t h e f i r s t g r o u p b y 
t h e r e l a t i o n 
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s u b s e q u e n t g r o u p s w e r e c a l c u l a t e d f r o m t h e r e l a t i o n 
x . = x . _ + Cr ( A . 2 5 ) 
1 l - l v ' 
The f r e q u e n c y h i s t o g r a m w a s c o n s t r u c t e d by d e t e r m i n i n g t h e number o f 
o b s e r v a t i o n s f a l l i n g i n t o e a c h i n t e r v a l ( x ^ - 0 . 5 C r , x ^ + 0 . 5 C r ) , a n d t h e n 
b y a d d i n g t o t h e l o w e r p o r t i o n o f t h e h i s t o g r a m t h e s m a l l e s t number o f 
e m p t y c l a s s e s r e q u i r e d t o c o n t a i n t h e p o i n t x = 0 ( s e e F i g u r e A , 2 ) . F o r 
1 0 0 ( s y n t h e t i c ) s a m p l e s f r o m a g i v e n p o p u l a t i o n , f r e q u e n c y h i s t o g r a m s w e r e 
c o n s t r u c t e d b y t h e p r o c e d u r e d e s c r i b e d a b o v e and l e a s t s q u a r e s e s t i m a t e s 
o f t h e p o p u l a t i o n p a r a m e t e r s w e r e o b t a i n e d f o r t h e t h r e e c a s e s , r = 0 . 5 , 
0 . 7 5 , and 1 . 0 . B a s e d o n r e s u l t s o f d a t a s e t s from. 1 0 d i f f e r e n t gamma 
p o p u l a t i o n s , G r a n t c o n c l u d e d t h a t t h e c h o i c e o f t h e c l a s s w i d t h h a d no 
a p p r e c i a b l e e f f e c t u p o n t h e r e s u l t s o f t h e f i t t i n g . B a s e d o n G r a n t ' s 
c o n c l u s i o n t h e v a l u e o f r w a s a r b i t r a r i l y c h o s e n a s 0 . 5 i n t h i s s t u d y a n d 
h i s t o r g r a m s w e r e c o n s t r u c t e d b y G r a n t ' s p r o c e d u r e d e s c r i b e d a b o v e . 
One m i g h t i n t u i t i v e l y b e l i e v e t h a t a g o o d g r o u p i n g s h o u l d b e t h e 
o n e f o r w h i c h t h e r e s u l t i n g h i s t o g r a m a s s u m e d a r e l a t i v e l y s m o o t h o r r e ­
c o g n i z a b l e s h a p e . N e v e r t h e l e s s , t h e p r o b a b i l i t y l a w o f a h i s t o g r a m ( B e n ­
j a m i n and C o r n e l l , 1 9 7 0 ) i n d i c a t e s t h a t t h e " p e r f e c t f i t " i s n o t a h i g h l y 
l i k e l y o u t c o m e . T h e p r o b a b i l i t y o f n o t f i n d i n g a p e r f e c t f i t , i n f a c t , 
t e n d s t o u n i t y a s t h e s a m p l e s i z e i n c r e a s e s . T h e r e f o r e , t h e e n g i n e e r s h o u l d 
n o t b e s u r p r i s e d i f t h e d a t a do n o t c o m p a r e p e r f e c t l y w i t h h i s m o d e l . 
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S e c t i o n I I I : D e v e l o p m e n t o f Normal E q u a t i o n s i n N o n l i n e a r R e g r e s s i o n 
t o E s t i m a t e P a r a m e t e r s o f a Two P a r a m e t e r P r o b a b i l i s t i c 
Mode l 
The n o r m a l e q u a t i o n s f o r a t w o - p a r a m e t e r p r o b a b i l i s t i c m o d e l f i t t o 
a s a m p l e h i s t o g r a m b y n o n l i n e a r l e a s t s q u a r e s a r e d e s c r i b e d b e l o w . 
1 . L e t p ( x ; a , 3 ) d e n o t e t h e p r o b a b i l i t y d e n s i t y f u n c t i o n (PDF) 
s e l e c t e d , a , 3 a r e t h e two p a r a m e t e r s o f t h e d i s t r i b u t i o n . 
To e x p r e s s t h e PDF i n f i n i t e f o r m , o n e w r i t e s 
p ( u i ; a , 3 ) = ^ i p ( x ; a , 3 ) d x , ^ i _ 1 J l x j < ( A . 2 6 ) 
i - 1 
By t h e mean v a l u e t h e o r e m f o r i n t e g r a l s ( T a y l o r , 1 9 5 5 ) , 
t h e r e e x i s t s a number u* i n u. .,,u. s u c h t h a t 
l - l l 
p ( u ± ; a , 3 ) = p(u*;o ,3) Av± ( A . 2 7 ) 
w h e r e 
Au. = u. - u. _ 
I I l - l 
E q u a t i o n A . 2 7 i s o f t e n w r i t t e n i n t h e more i n f o r m a l form 
p ( u ± ; a , 3 ) = p ( u ; a , 3 ) A u _ L ( A . 2 8 ) 
w h e r e E q u a t i o n A . 2 8 s h o u l d b e u n d e r s t o o d i n t h e s e n s e o f E q u a t i o n 
A . 2 7 ( s e e a l s o F i g u r e A . l ) . 
2 0 0 
and s o , 
8 ( S S E ) 
3 ) ) 2 - 2 w . ( h . - p ( u . ; a , 3 ) ) 
N pw. 
da i i (h±' 5 ( v o — ' - i - i —i 
y 8p ( u . ; a , 3 ) I = 0 ( A . 3 1 ) x ^ r 1 J and 
N 
8SSE = y 
1=1 L 
3 w . 
— ^ ( h , - p ( u . ; a , 3 ) ) 2 
33 v i r v i 
_8£ ( u . ; a , 6 ) I = 0 ( A . 3 2 ) 
- 2 w (h - p ( u ; a , 3 ) ) a f l 
1 1 1 dp 
A s s u m i n g t h a t t h e t e r m s i n v o l v i n g and a r e n e g l i g i b l e 
•8a 83 
i n c o m p a r i s o n t o o t h e r t e r m s i n E q u a t i o n s A . 3 1 and A . 3 2 , and 
f o r t h e p a r t i c u l a r c h o i c e o f w e i g h t s 
L e t t h e s a m p l e h i s t o g r a m ( F i g u r e A . 2 ) b e d e n o t e d by t h e 
s e q u e n c e f h ^ J ^±-± a n d ^ e t ^ e a s s u m e u t h a t t h e h i s t o ­
gram h a s b e e n n o r m a l i z e d s o t h a t 
N 
7 h . = 1 ( A . 2 9 ) 
u l 
i = l 
By a n a l o g y w i t h E q u a t i o n 2 . 1 8 , t h e w e i g h t e d sum o f t h e 
r e s i d u a l s q u a r e s SSE w h i c h i t i s d e s i r e d t o m i n i m i z e b e c o m e s 
N 
SSE = I ( h . - p ( u . ; c t , 3 ) ) 2 w. ( A . 3 0 ) 
i = l 1 1 1 
2 0 1 
v ± = p ( u _ . ; a , 3 ) ( A . 3 3 ) 
E q u a t i o n s A . 3 1 and A . 3 2 may b e w r i t t e n i n t h e f o r m 
3SSE o V " / ox "* ^ ~t o\ I P ( o . ; a , 3 ) = 0 ( A . 3 4 ) 
- - 2 I p ( u ; a , 3 ) (h - p ( u ; a , 3 > ^ ' i ' ' 
l - l 
and 
3SSE . 5 - • Q "* _ N 3 ^ ( u . ; a , 3 ) = 0 ( A . 3 5 — = - 2 £ P ( u . ; a , 3 ) (h - p ( u ; a , 3 ) g£ i 
i - 1 
W i t h t h e u s u a l T a y l o r a p p r o x i m a t i o n o f p a b o u t t h e p o i n t 
(a , 3 ) , o n e o b t a i n s t h e n o r m a l e q u a t i o n s ( s e e S e c t i o n I ) , 
o o 
S Aa + S A3 = R ( A . 3 6 ) 
a a a 3 a 
S a 6 A a
 + W B = \ ( A ' 3 7 ) 
w h e r e 
. _ 5 8 £ ( u . ; o , B ) 2 ( ? ( u . ; a ,B )) " * ( A ' 3 8 ) 
S = / TT~ 1 o O 1 o o 
a a 3a 1 = 1 
N - z -c _ V l £ ( U 4 » « » P ) ( p ( u ;a , 3 ) ) 
S 3 3 " ± f 1 33 1 ° ° 1 ° ° 
N 
( A . 3 9 ) 
_ v dp ( u . ; a , 3 ) 9p_ ( u . ; a , 3 ) ( p ( u . ; a , 3 ) ) Y ( A . 4 0 ) 
S Q = / T T T 1 O O TT - l O l O O a 3 ^ 3a 33 
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By a p p l y i n g L e v e n b e r g ' s m e t h o d E q u a t i o n s A*36 and A ' 3 7 may 
b e w r i t t e n a s 
( 1 + | ) S f m A a + S a e A 6 = R o ( A . 4 3 ) 
S ^ A a + ( 1 + | ) S e g A e = R g ( A , 4 4 ) 
A p p r o p r i a t e v a l u e s o f £ w e r e f o u n d t o b e ^ b y t r i a l ( G r a n t , 1 9 7 3 ) 
C = 5 . (A .45) o 
K ~ 2£j -i ( A . 4 6 ) n n - 1 
U s i n g t h e a b o v e r e l a t i o n s f o r £ , o n e s e e k s t h e l e a s t s q u a r e s 
e s t i m a t e s a and b o f a and 3 b y r e p e a t e d s o l u t i o n o f e q u a t i o n s 
A ' 4 3 and A » 4 4 . T h i s i t e r a t i o n i s c o n t i n u e d u n t i l ( A a 2 + A 3 2 ) ^ 
i s l e s s t h a n some p r e a s s i g n e d q u a n t i t y ( t h e v a l u e u s e d i n t h i s 
s t u d y w a s 10 V ) . 
The i n i t i a l e s t i m a t e s a Q and b Q n e c e s s a r y t o b e g i n t h e l e a s t s q u a r e s 
s o l u t i o n may b e o b t a i n e d b y a n y o t h e r e s t i m a t i n g m e t h o d s ( s e e C h a p t e r I I ) 
I n i h i s s t u d y , moment e s t i m a t e s w e r e u s e d a s i n i t i a l e s t i m a t e s f o r gamma 
and Gumbel and maximum l i k e l i h o o d (ML) e s t i m a t e s w e r e u s e d i n c a s e o f 
l o g n o r m a l s i n c e c o m p u t a t i o n o f ML e s t i m a t e s w a s a l w a y s p o s s i b l e f o r LN 
d i s t r i b u t i o n . 
N , 8 D ( u . : a ,$ ) ( p ( u . ; a , 3 ) ~ * 
R = E (h - p(u.;a , 3 )) I 2 - i o ' V v t n i ' o ' V ( A , 4 l ) a • -a i l o o 9a 
i = l 
2 0 3 
The d e r i v a t i v e s o f LN, GA, and GU d i s t r i b u t i o n s w i t h r e s p e c t t o t h e 
two p a r a m e t e r s i n v o l v e d a r e shown i n A p p e n d i c e s B , C, and D , r e s p e c t i v e l y . 
S e c t i o n IV: S t u d y o f N o n l i n e a r LS Method b y N u m e r i c a l E x p e r i m e n t s 
The s t a t i s t i c a l p r o p e r t i e s o f n o n l i n e a r l e a s t s q u a r e s ( d e n o t e d a s 
LS h e n c e f o r t h ) w e r e s t u d i e d i n d e t a i l by s i m u l a t i o n e x p e r i m e n t s . LN, GA, 
and GU P D F ' s w e r e e x a m i n e d ( s e e C h a p t e r I I I f o r a d e s c r i p t i o n o f t h e PDF I s ) . 
The o b j e c t i v e s o f t h e n u m e r i c a l s i m u l a t i o n e x p e r i m e n t s w e r e t o a n s w e r t h e 
f o l l o w i n g q u e s t i o n s : 
1 . D o e s t h e LS t e c h n i q u e p r o d u c e u n b i a s e d p a r a m e t e r e s t i m a t e s ? 
How i s t h e b i a s , i f i t e x i s t s , r e f l e c t e d i n t h e LS e s t i m a t e s 
o f PDF p e r c e n t i l e s ? 
2 . What i s t h e e f f i c i e n c y o f LS f i t t i n g when compared t o f i t t i n g 
by ML? 
3 . I s t h e i n c l u s i o n o f t h e w e i g h t i n g f a c t o r s i n t r o d u c e d i n C h a p t e r 
I I and t h e p a r t i c u l a r c h o i c e o f w e i g h t i n g f u n c t i o n g i v e n b y 
E q u a t i o n A . 2 0 n e c e s s a r y f o r a s a t i s f a c t o r y f i t b y LS? I n g e n e r a l , 
w h a t i s t h e e f f e c t o f w e i g h t , a s p r o p o s e d i n t h i s s t u d y , o n t h e 
PDF p e r c e n t i l e s ? 
5 . I s t h e m e t h o d o f LS more o r l e s s s t a b l e , i . e . , t h e LS e s t i m a t e s 
o f p a r a m e t e r s a r e a p p r o x i m a t e l y e q u a l when t h e m e t h o d i s a p ­
p l i e d t o s a m p l e s o f d i f f e r e n t s i z e s f rom t h e same p o p u l a t i o n ? 
2 0 4 
6 . Are t h e c l a s s e r r o r s d e f i n e d b y E q u a t i o n A . 1 8 ( o r more 
g e n e r a l l y b y E q u a t i o n 2 . 1 7 ) , i n g e n e r a l , n o r m a l l y d i s ­
t r i b u t e d w i t h mean z e r o and v a r i a n c e a 2 ? 
I n an a t t e m p t t o o b t a i n a n s w e r s t o a b o v e q u e s t i o n s 1 6 6 c o m p u t e r 
s i m u l a t i o n r u n s w e r e m a d e . T a b l e 5 . 1 p r e s e n t s t h e v a l u e s o f p o p u l a t i o n 
p a r a m e t e r s o f LN, GA and GU P D F ' s u s e d i n s i m u l a t i o n r u n s . C h a p t e r V 
g i v e s a d e t a i l e d d e s c r i p t i o n o f s a l i e n t f e a t u r e s o f s i m u l a t i o n r u n s . E x ­
c e p t i n r u n s made t o a n s w e r Q u e s t i o n N o . 5 a b o v e , t h e s a m p l e s i z e w a s 1 0 0 
f o r a l l s a m p l e s . A p p e n d i x G g i v e s a summary d e s c r i p t i o n o f e a c h o f t h e 
s i m u l a t i o n r u n s . 
S e c t i o n IV: D e s c r i p t i o n , R e s u l t s and A n a l y s i s o f S i m u l a t i o n E x p e r i m e n t s 
S t u d y 1 : B i a s i n LS e s t i m a t e s . 
To e x a m i n e w h e t h e r t h e LS t e c h n i q u e ( u n w e i g h t e d , <J>=0) p r o d u c e s b i a s e d 
e s t i m a t e s o f p a r a m e t e r s ( s e e C h a p t e r I I f o r a d e f i n i t i o n o f u n b i a s e d n e s s ) 
and PDF p e r c e n t i l e s s e v e r a l r u n s w i t h i d e n t i c a l p o p u l a t i o n p a r a m e t e r s b u t 
w i t h d i f f e r e n t s e r i e s o f random numbers w e r e s t u d i e d . ( S t a r t i n g from a 
g i v e n i n i t i a l ( random) number , t h e c o m p u t e r g e n e r a t e s a s e r i e s o f p s e u d o ­
random n u m b e r s . To e l i m i n a t e b i a s , i f a n y , due t o t h e i n i t i a l number 
s u p p l i e d d i f f e r e n t s e r i e s o f random number i n i t i a t e d by d i f f e r e n t n u m b e r s 
w e r e u s e d t o o b t a i n s y n t h e t i c v a r i a t e s o f P D F ' s ) . F o r e a c h s e r i e s o f r u n s 
T a b l e A . l s u m m a r i z e s t h e mean p a r a m e t e r e s t i m a t e s (A and B ) , t h e r a t i o s 
T a b l e A . l . B i a s i n L e a s t S q u a r e s E s t i m a t e s 
RUN NO OF 2 
PDF SERIES SAMPLES K 
LN 1LN 125 0. 09'! 2 
2LN 125 0. 1725 
3LN 100 0. 2840 
4LN 100 0. 6322 
GA 1GA 125 0. 2222 
2GA 125 0. 2000 
2GA 150 0. 14?0 
4GA 122 0. 1000 
GU 1GU 150 0. 7211 
2GU 150 0. 4112 
3GU 150 0. 1328 
4GU 125 0. 1028 
(n = 1 0 0 , 4> = 0 . 0 0 ) 
a 0 FIT A 
- 0 . 0450 0. 2 0 0 0 LS - 0 . 0 4 4 
ML - 0 . 0 4 7 
- 0 . 0800 0. 4000 LS - 0 . 0 8 8 
ML - 0 . 0 3 2 
-0 . 1250 0. 5000 LS -0.125 
ML - 0 . 1 2 3 
- 0 . 2450 0. ^ 0 0 0 LS - 0 . 2 4 1 
ML - 0 . 2 4 0 
1 0000 2 . oooo LS 2 . 2 4 ? 
ML 3.106 
5. 0000 . oooo LS 5.240 ML 5.146 
7 oooo oooo LS 
ML 7.077 
1 0 . 0000 10. oooo LS 10.406 
ML 10.213 
1 . 5000 0. 6152 LS 1.671 
MO 1.508 
2. 0000 0. 7114 LS 2.062 
MO 2 . 0 0 0 
3. 0000 0 . 3076 LS 3.005 
MO 2.066 
4. oooo 0. 3560 LS 4.079 
MO 4 . 0 U O 
A/a B B//8 K s i o o / K 
. 9 7 0. 300 1 .00 1 .008 
. 04 0. 301 1 .00 1.001 
.04 0. 399 1 .00 1.002 
.02 0. 300 1 .no 0.903 
. 03 0. 492 0 .03 0.932 
.02 n 493 1 .00 0.907 
.08 0. 693 0 . 9 9 0.995 
. 9 9 0. 69'J 0 .99 1.001 
.03 3. 184 1 .06 0.980 
.04 3. 030 1 .02 0.991 
.07 5. 266 1 .05 0.991 
.0? 5. 096 1 .02 1.013 
.04 7 . 247 1 .04 0.905 
.01 7 . 056 1 .01 1.000 
.OS 10. 46* 1 .OS 0.004 
. 02 10. 154 1 .02 0.994 
.11 0. 640 1 .04 0.930 
.07 0. 747 1 .22 0.939 
.02 0. 703 1 .00 0.935 
.05 0. 7 2 9 1 .04 0.987 
.03 0. 30? 0 .00 0.934 
.02 0. 908 1 .00 O.992 
.02 0. 960 1 .00 O.008 
.01 0. 859 1 .00 0.99s 
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A / a and B / $ ( w h e r e a and 3 a r e t h e p o p u l a t i o n p a r a m e t e r s ) , t h e r a t i o s 
^ S l O O ^ l O O ^ w ^ e r e ^ s i O O ^"100 a r e t * i e m e a n s a m P ^ e p r e d i c t i o n and p o p u l a t i o n 
p r e d i c t i o n o f 1 0 0 - y e a r e v e n t , r e s p e c t i v e l y ) . 
L o g n o r m a l D i s t r i b u t i o n T a b l e A . l s h o w s t h a t w h i l e t h e LS 
e s t i m a t e s o f ftCi.e., o f t h e PDF, s e e T a b l e 3 . 1 ) a r e p r a c t i c a l l y u n b i a s e d 
t h e LS e s t i m a t e s o f a ( i . e . , o f t h e PDF, s e e T a b l e 3 . 1 ) a r e s l i g h t l y 
(-3% t o 8%) b i a s e d . The b i a s ( T a b l e A . l s h o w s t h e v a l u e s o f | A / a | ) i n t h e 
e s t i m a t e s o f d o e s n o t a p p e a r t o a f f e c t t h e p r e d i c t i o n s l a r g e l y . For 
t h e r u n s e r i e s 3LN w h i c h h a s t h e maximum b i a s (+8%) i n i t s LS e s t i m a t e s o f 
u t h e e s t i m a t e s o f 1 0 0 - y e a r p r e d i c t i o n s , K o i r . r t , s h o w e d a b i a s o f o n l y 1.7%. y J 1 S 1 0 0 
Compared t o LS e s t i m a t e s , t h e ML e s t i m a t e s a r e l e s s b i a s e d . B o t h LS and ML 
e s t i m a t e s o f Kg-̂ QQ a r e p r a c t i c a l l y u n b i a s e d . 
B a s e d o n t h e r e s u l t s o f T a b l e A . l , i t may b e s t a t e d t h a t LS m e t h o d 
g i v e s p r a c t i c a l l y u n b i a s e d e s t i m a t e s o f p a r a m e t e r s and p e r c e n t i l e s 
( i . e . , p r e d i c t i o n s ) f o r LN. 
Gamma D i s t r i b u t i o n T a b l e A . l s h o w s t h a t , i n g e n e r a l , b o t h ML and 
LS e s t i m a t e s o f GA p a r a m e t e r s a r e p o s i t i v e l y b i a s e d , t h e b i a s b e i n g 
i n t h e r a n g e o f 1% t o 4% and 4% t o 8% i n ML and LS e s t i m a t e s , r e s p e c ­
t i v e l y . W h e t h e r t h e GA v a r i a t e s g e n e r a t e d by t h e p a r t i c u l a r t e c h n i q u e 
u s e d ( s e e A p p e n d i x E) w o u l d a l w a y s l e a d t o s u c h p o s i t i v e l y b i a s e d e s t i ­
m a t e s o f p a r a m e t e r s w a s n o t t e s t e d i n t h i s s t u d y . H o w e v e r , t h e e s t i m a t e s o f 
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1 0 0 - y e a r p r e d i c t i o n s , ^g-^QQ» a r e f o u n d t o b e p r a c t i c a l l y u n b i a s e d . 
A r e a s o n f o r s u c h an o c c u r r e n c e may b e t h a t t h e b i a s i n p a r a m e t e r 
e s t i m a t e s i s n o t s i g n i f i c a n t e n o u g h t o c a u s e a b i a s i n p e r c e n t i l e s . 
B a s e d o n t h e r e s u l t s o f t h i s s t u d y , i t may b e s t a t e d t h a t 
LS m e t h o d g i v e s p o s i t i v e l y b i a s e d e s t i m a t e s o f GA p a r a m e t e r s , 
b u t p r a c t i c a l l y u n b i a s e d e s t i m a t e s o f GA p e r c e n t i l e s . 
Gumbel D i s t r i b u t i o n I t may b e r e c a l l e d t h a t t h e l i m i t s o f 
t h e random v a r i a b l e o f Gumbel d i s t r i b u t i o n a r e - °° and t h e CDF 
r e p r e s e n t i n g t h e n e g a t i v e v a l u e s o f t h e random v a r i a b l e i n c r e a s e s 
w i t h t h e i n c r e a s e o f o^2- ( s e e T a b l e 3 . 3 ) . T h i s c h a r a c t e r i s t i c o f 
Gumbel d i s t r i b u t i o n l e a d s t o t h e g e n e r a t i o n o f n e g a t i v e p s e u d o r a n d o m 
n u m b e r s . To c o n f o r m w i t h t h e r e a l w o r l d h y d r o l o g i c d a t a t h e n e g a t i v e 
p s e u d o r a n d o m numbers g e n e r a t e d w e r e a l w a y s d i s c a r d e d i n t h i s s t u d y . 
The e x p e c t e d i n c i d e n c e o f n e g a t i v e v a r i a t e s i s a b o u t 8% and 3% f o r 
t h e two s e r i e s o f r u n s r e p r e s e n t e d b y 1GU and 2GU, r e s p e c t i v e l y 
and f o r t h e o t h e r two s e r i e s o f r u n s ( i . e . , 3GU and 4GU) i t i s n e g ­
l i g i b l e . The a c t u a l i n c i d e n c e o f n e g a t i v e random number g e n e r a t e d 
w i t h s i m u l a t e d s a m p l e s i s s u m m a r i z e d i n T a b l e A . 2 . The s a m p l e s w e r e 
g e n e r a t e d s u c h t h a t t h e y w o u l d c o n t a i n t h e r e q u i r e d number o f p o s i ­
t i v e v a r i a t e s . 
T a b l e A . 2 , Gumbel D i s t r i b u t i o n - Number o f N e g a t i v e V a r i a t e s G e n e r a t e d w i t h any Sample 
2 
Sample S i z e (Number o f P o s i t i v e V a r i a t e s G e n e r a t e d ) Run S e r i e s 25 50 75 100 
0 . 7 3 1 1 0 t o 6 2 t o 10 3 t o 14 1 t o 19 1GU 
0 .4112 0 t o 1 0 t o 4 O t o 5 0 t o 6 2GU 
0 .1828 0 0 0 0 t o 1 * 3GU 
0 .1208 0 0 0 0 4GU 
* E x t r e m e l y R a r e ( o n l y one c a s e o c c u r r e d 
i n 125 c a s e s ) 
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T a b l e A ' l s h o w s t h a t t h e l e a s t s q u a r e s e s t i m a t e s o f 
p a r a m e t e r s and p r e d i c t i o n s a r e more b i a s e d f o r t h e 1GU 
s e r i e s o f r u n s (cr^ 2 = 0 . 7 3 1 1 and t h e e x p e c t e d i n c i d e n c e o f 
n e g a t i v e v a r i a t e s i s a b o u t 8%) t h a n f o r t h e o t h e r s e r i e s 
o f r u n s . One o b v i o u s r e a s o n f o r t h i s o c c u r r e n c e a p p e a r s 
t o b e t h e d i s c a r d i n g n e g a t i v e v a r i a t e s . To e x a m i n e t h e e f ­
f e c t o f d i s c a r d i n g t h e n e g a t i v e v a r i a t e s o n t h e s t a t i s t i c a l 
c h a r a c t e r i s t i c s o f t h e s a m p l e s t h e mean and v a r i a n c e o f 
s a m p l e m e a n s (ML, S 2 ( M _ ) ) and t h e mean and v a r i a n c e o f s a m -
p i e v a r i a n c e s (V , S 2 ( V ) ) w e r e c o m p u t e d f o r t h e t h r e e s e r i e s 
o f r u n s r e p r e s e n t e d by 1GU, 2GU and 3GU. ( s e e T a b l e A . 3 ) . 
W h i l e t h e mean v a l u e s o f s a m p l e m e a n s a n d s a m p l e v a r i a n c e s 
a r e f o u n d c l o s e t o t h e p o p u l a t i o n v a l u e s f o r t h e s e r i e s o f 
r u n s r e p r e s e n t e d b y 3GU, t h e same v a l u e s o f t h e s e r i e s o f 
r u n s r e p r e s e n t e d b y 1GU a r e c o n s i d e r a b l y a f f e c t e d b y t h e 
r e m o v a l o f n e g a t i v e v a r i a t e s . I n c a s e o f 1GU r u n s , t h e . 
s a m p l e means w e r e i n c r e a s e d b y 9 t o 15% and t h e s a m p l e 
v a r i a n c e s w e r e d e c r e a s e d b y 7 t o 11% b y d i s c a r d i n g t h e n e ­
g a t i v e v a r i a t e s . One may a r g u e t h a t t h e two h a p p e n i n g s , 
n a m e l y , t h e i n c r e a s e i n mean and t h e d e c r e a s e i n v a r i a n c e , 
may h a v e a c o m p e n s a t o r y e f f e c t o n t h e r e s u l t i n g f i t . I n d e e d 
t h i s a r g u m e n t h a s b e e n f o u n d t o b e t r u e i n c a s e o f moments 
f i t ( s e e t h e v a l u e o f ^ S I Q O ^ K I O O G I V E N ^ y t h e T n o r n e n t s m e t h o d 
f o r l G U , T a b l e A » l ) . The i n c r e a s e d s a m p l e m e a n s due t o t h e 
d i s c a r d o f n e g a t i v e v a r i a t e s r e s u l t e d i n a l a r g e p o s i t i v e b i a s 
T a b l e A . 3 . S t a t i s t i c a l C h a r a c t e r i s t i c s o f G u m b e l S a m p L 
( n = 1 0 0 , nv = 1 . 0 0 ) 
(J2 R U N N O M U S 




1GU5 1 . 1 4 5 7 
1GU6 1.1253 
4112 2GU2 1.0150 
2GU3 1.0093 
2GU4 1 . 0 3 1 3 
2GU5 1 .0442 
2GU6 1.0026 
1323 3GU1 0.9915 
3GU2 0.9990 
3GU3 0.9916 
3GU4 1 . 0 0 0 1 
3GU5 1 . 0 1 3 0 
3GU5 0 .9952 
M g = S a m p l e M e a n 
S 2 ( M g ) v s S 2 ( V g ) 
0 .0053 0.6554 0 .0269 
0 .0097 0 .6636 0 .0215 
0 .0056 0.6134 0 .0124 
0 .0054 0 . 65^6 0 . 0 3 1 7 
0 .005S 0 .6321 0.0221 
0 .0077 0 .6776 0.0201 
0.0051 0 . 4009 0 .0060 
O.OO37 0 . 3 8 9 0 0 .0052 
0 .0055 0 .3979 0 .0074 
0 .0022 0 .4090 0 .0076 
0.0051 0 .3820 0 . 0 0 9 7 
0 .0023 0 .1762 0 . 0019 
0 .0022 0 .1795 0 .0006 
0 .0016 0 . 1 7 9 1 0 .0009 
0 .0023 0.1844 0.0021 
0 .0015 0 .1906 0 .0015 
0 .0017 0 .1814 0 .0010 
V g = S a m p l e V a r i a n c e 
o f S a m p l e s = 2 5 
2 1 1 
(22%) i n t h e moment e s t i m a t e s o f p a r a m e t e r 3 ( s e e E q u a t i o n D . 8 
A p p e n d i x D) w h i c h i n t u r n r e s u l t e d i n a f i t w h o s e Kg-̂ QQ w a s c l o s e 
t o K^qq ( i . e . , p o p u l a t i o n v a l u e ) . On t h e o t h e r h a n d , s i n c e LS 
m e t h o d f i t s t h e p r o p o s e d PDF t o t h e s h a p o f a s a m p l e , f i t t i n g a 
GU PDF t o a GU s a m p l e w i t h n e g a t i v e v a r i a t e s d i s c a r d e d i s 
e q u i v a l e n t t o f i t t i n g a PDF t o a d i s m e m b e r e d p o p u l a t i o n ! C o n s e ­
q u e n t l y , t h o u g h b o t h LS and MO e s t i m a t e s o f p a r a m e t e r s w e r e 
b i a s e d f o r 1GU r u n s e r i e s , t h e e f f e c t o f t h e b i a s w a s n o t same 
o n p e r c e n t i l e s i n b o t h t h e m e t h o d s . 
The LS e s t i m a t e s o f p a r a m e t e r s and K ^ q q a r e p r a c t i c a l l y 
u n b i a s e d f o r r u n s e r i e s 2GU t h r o u g h 4GU ( a f c 2 = 0 . 1 0 t o 0 . 4 1 ) . 
Summary I t i s f o u n d t h a t t h e LS m e t h o d , i n g e n e r a l , p r o d u c e s u n ­
b i a s e d e s t i m a t e s o f p e r c e n t i l e s f o r LN, GA and s a m p l e s f rom l o w v a r i a n c e 
p o p u l a t i o n s C 0 ^ 2 .1 0 . 4 ) o f GU. For h i g h v a r i a n c e p o p u l a t i o n s o f GU, 
LS m e t h o d p r o d u c e s n e g a t i v e l y b i a s e d p e r c e n t i l e s ; d i s c a r d i n g o f n e g a t i v e 
GU v a r i a t e s g e n e r a t e d a t h i g h v a r i a n c e s c a u s e s s u c h a n e g a t i v e b i a s . 
C o n v e r g e n c e i n LS c o m p u t a t i o n s was q u i t e r a p i d and w a s 100% f o r l o g n o r m a l 
and Gumbel d i s t r i b u t i o n s . F o r m o s t s a m p l e s t h e number o f i t e r a t i o n s r e ­
q u i r e d f o r c o n v e r g e n c e w a s f o u n d t o b e 2 t o 5 and 3 t o 7 f o r l o g n o r m a l and 
Gumbel d i s t r i b u t i o n s r e s p e c t i v e l y . The gamma d i s t r i b u t i o n s r e q u i r e d 
a b o u t 9 t o 10 i t e r a t i o n s f o r c o n v e r g e n c e , o n a n a v e r a g e f o r p a r a m e t e r 
v a l u e s 7 and b e l o w . When a , 3 = 1 0 , i . e . , f o r 4GA r u n s , t h e number o f 
i t e r a t i o n s r e q u i r e d f o r c o n v e r g e n c e was l a r g e r t h a n 1 0 f o r m o s t s a m p l e s 
and some s a m p l e s d i d n o t c o n v e r g e a f t e r 50 i t e r a t i o n s . A t h i g h e r v a l u e s 
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o f gamma p a r a m e t e r , i . e . , a t l o w o 2 , t h e t a i l s o f t h e d i s t r i b u t i o n , p a r -
K. 
t i c u l a r l y t h e r i g h t h a n d t a i l , b e c o m e s v e r y t h i n . The d e r i v a t i v e s o f t h e 
p r o b a b i l i t y f u n c t i o n a r e v e r y s m a l l f o r l a r g e r v a l u e s o f random v a r i a b l e , 
t h u s t h e r e s o l v i n g p o w e r o f t h e l e a s t s q u a r e s m e t h o d i s r e d u c e d i f t h e 
s a m p l e c o n t a i n s some o b s e r v a t i o n s i n t h e t a i l . T h i s may b e a c a u s e f o r 
s l o w c o n v e r g e n c e a t h i g h e r p a r a m e t e r v a l u e s o f gamma d i s t r i b u t i o n . When 
w e i g h t s w e r e a s s i g n e d t o t a i l e r r o r s , c o n v e r g e n c e w a s f o u n d t o b e r a p i d 
( s e e S t u d y N o . 3 ) . 
The c h o i c e o f maximum l i k e l i h o o d e s t i a m t e s a s t h e i n i t a l p a r a m e t e r 
g u e s s e s may b e t h e m a i n r e a s o n f o r e x c e l l e n t c o n v e r g e n c e o f l o g n o r m a l 
d i s t r i b u t i o n . 
S t u d y 2 : E f f i c i e n c y o f t h e L e a s t S q u a r e s E s t i m a t e s 
I f 8 and 8 * a r e ( u n b i a s e d ) e s t i m a t o r s o f 8 , t h e n 8 i s s a i d t o b e 
r e l a t i v e l y more e f f i c i e n t t h a n 8 * i f t h e v a r i a n c e o f 0 i s l e s s t h a n t h e 
v a r i a n c e o f 8* ( H i n e s and M o n t g o m e r y , 1 9 7 2 ) . B a s e d o n t h e a b o v e c o n c e p t 
o f e f f i c i e n c y , t h e p r o p e r t y o f e f f i c i e n c y o f l e a s t s q u a r e s e s t i m a t e s h a s 
b e e n e m p i r i c a l l y s t u d i e d a s a p a r t o f t h i s w o r k . T w e n t y f i v e s a m p l e s 
b e l o n g i n g t o t h e same p o p u l a t i o n w e r e g e n e r a t e d f o r e a c h s i m u l a t i o n r u n . 
The s a m p l e v a r i a n c e o f e s t i m a t e s f o r e a c h o f t h e s i m u l a t i o n r u n s r e p r e s e n t s 
a m e a s u r e o f e f f i c i e n c y o f t h e c o r r e s p o n d i n g e s t i m a t e s . 
I n T a b l e A*4 a r e p r e s e n t e d t h e r a t i o s o f LS t o ML v a r i a n c e s ' o f p a r a ­
m e t e r and K n ( 1 0 0 - y e a r s a m p l e p r e d i c t i o n s ) e s t i m a t e s , S 2 ( L S / M L ) , 
o J L U U A 
S 2 ( L S / M L ) , and S 2 ( L S / M L ) , r e s p e c t i v e l y , f o r e a c h run o f LN and GA 
S 1 0 0 
r u n s e r i e s . F o r GU r u n s , t h e v a r i a n c e o f MO and LS e s t i a m t e s a r e c o m p a r e d 
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T a b l e A . 4 . E f f i c i e n c y o f L e a s t S q u a r e s E s t i m a t o r s - L N , G A P D F ' s 
( n = 1 0 0 , 0 . 0 0 ) 
R U N S E R I E S R U N N O SA2 ( L S / M L ) S R 2 ( L S / M L ) sJ; n n ( L S / M L ) 
1LN 1LN1 1.19 3 .79 3 .77 
1LN2 1 .6? 2 .80 2 .07 
1LN3 1.04 2,73 2 . 42 
1LN4 1.24 1.88 
1. m 1LN5 1.25 1.55 1.44 
2LN 2LM1 1.74 1.67 2 . 20 
2LN2 1.25 2 . ?7 • 1.90 
2LN3 1.55 2 .82 3 .47 
2LN4 1.40 2 . 3 7 2 . 35 
2LN5 1.43 2 . 0 5 1 . 7 5 
3LN 2LN1 2 . 4 2 2 . 4 2 3 .02 
3LM2 2.61 2 .77 2 . 5 2 
3LN2 1.42 1.26 1.01 
3LN4 1.49 2 . 0 6 1.74 
4LN 4LN1 1.36 1.51 1.27 
4LM2 1.66 2 . 8 0 4.41 
4LN3 1.45 2 . 3 9 2 . 22 
4LM4 1.72 2 . 0 5 2 . 5 2 
1GA 1GA1 2 .29 1.79 2 . 2 0 
1GA2 1.14 1.34 1.60 
1GA3 4 . 0 0 4 . 4 9 2 . 19 
1GA4 1.96 1.33 1.94 
1GA5 1.52 1.35 2 . 1 7 
2GA 2GA1 1.67 1.72 1.88 
2GA2 1.26 1.43 1.14 
2GA3 1.91 2. 32 1.21 
2GA4 1.41 1.51 1.47 
2GA5 2 . 4 5 1.36 2 . 2 5 
3GA 3GA1 1. 12 1.25 1 .02 
3GA2 2 .04 2 . 1 7 1 . 7 2 
3GA3 1.99 2 . 4 0 1 . 7 7 
8GA4 2 . 4 6 2 . 2 0 2 . 2 0 
3GA5 2 . 0 5 2 . 16 1.31 
4GA 4GA1 2 . 0 7 2.21 2 . 37 
4GA2 1.60 1.84 1.54 
4GA3 1.37 1.76 2 . 0 3 
4GA4 1.65 1.66 2 . 2 9 
4GAS 2 . 3 0 2 . 7 9 1.31 
2 1 4 
( T a b l e A . 5 ) s i n c e ML r e s u l t s a r e n o t a v a i l a b l e . 
T a b l e A . 4 s h o w s t h a t t h e v a r i a n c e o f LS (cj>=0.00) e s t i m a t e s i s i n ­
v a r i a b l y l a r g e r t h a n t h e v a r i a n c e o f ML e s t i m a t e s f o r LN and GA P D F ' s . 
The mean v a l u e s o f LS t o ML v a r i a n c e r a t i o s a r e i n t h e o r d e r o f 1 . 5 5 , 
2 . 2 7 and 2 . 4 0 f o r t h e e s t i m a t e s o f a , 3 and Kg-j.00' r e s p e c t i v e l y f o r LN. 
F o r GA t h e mean o f t h e v a r i a n c e r a t i o s was a b o u t 2 . 0 f o r t h e t h r e e 
e s t i m a t e s . 
For GU, T a b l e A . 5 s h o w s t h a t t h e s a m p l e v a r i a n c e s o f p a r a m e t e r e s t i m a t e s 
b y MO a r e , i n g e n e r a l , l e s s t h a n t h e s a m p l e v a r i a n c e s o f LS e s t i m a t e s . 
N e v e r t h e l e s s , v a l u e s o f S 2 (MO/LS) show t h a t t h e LS and MO m e t h o d s a r e 
S 1 0 0 
a b o u t e q u a l f rom t h e e f f i c i e n c y p o i n t o f v i e w . W i t h t h e u s e o f w e i g h t 
( s e e S t u d y N o . 3 ) t h e LS e s t i m a t e s i n v a r i a b l y b e c o m e more e f f i c i e n t t h a n 
t h e MO e s t i m a t e s . 
T a b l e A . 6 s h o w s t h e r a n g e o f m a g n i t u d e s o f v a r i a n c e s S , S ^ and 
A D 
S 2 f o r v a r i o u s r u n s e r i e s p r e s e n t e d i n T a b l e s A . 4 and A . 5 . 
S100 
Summary: ML e s t i m a t e s o f p a r a m e t e r s and p e r c e n t i l e s b a s e d o n t h e s e 
p a r a m e t e r s a r e , i n g e n e r a l , f o u n d t o b e m o r e e f f i c i e n t t h a n t h e LS e s t i ­
m a t e s f o r LN and GA. F o r GU t h e u n w e i g h t e d LS m e t h o d d i d n o t show any 
p a r t i c u l a r s u p e r i o r i t y o v e r t h e m e t h o d o f moments a s f a r a s e f f i c i e n c y i s 
c o n c e r n e d . 
S t u d y 3 : P r o p e r t i e s o f t h e W e i g h t e d L e a s t S q u a r e s M e t h o d . 
The w e i g h t e d l e a s t s q u a r e s m e t h o d , a s e x a m i n e d i n t h i s s t u d y may b e 
r e g a r d e d a s a more g e n e r a l c a s e o f t h e Minimum C h i - S q u a r e m e t h o d . W i t h 
215 
T a b l e A . 5 . E f f i c i e n c y o f L e a s t S q u a r e s E s t i m a t o r s - G U P D F 
( n = 100 , 0 = 0 .00 ) 




1GU1 2 . 3 4 0 . 2 1 1 . 9 5 
1GU2 0 . 7 7 0 . 7 6 1 . 0 7 
1GU3 0 . 4 5 0 . 4 2 0 . 5 4 
1GU-U 0 . 3 8 0 . 3 4 1 . 3 6 
1GU5 2 . 0 5 1 . 2 2 1 . 5 0 
1GU6 0 . 8 4 0 . 3 4 0 . 7 4 
2GU1 1 . 5 2 0 . 4 4 1 . 1 5 
2 G U 2 0 . 6 5 0 . 3 4 0 . 7 3 
2 G U 3 0 . 3 8 0 . 5 2 0 . 4 3 
2GU4 0 . 4 5 0 . 5 6 0 . 3 0 
2GU5 1 . 1 0 0 . 3 5 1 . 0 5 
2GU6 2 . 2 0 0 . 4 2 2 . 3 7 
3GU1 2 . 2 4 0 . 6 ? 2 . 3 4 
3GU2 0 . 4 8 0 . 6 3 0 . 5 1 
3Gin 0 . 4 3 0 . 6 7 0 . 5 1 
3GU4 1 . 6 5 0 . 5 8 1 . 6 0 
3GU5 1 . 5 8 0 . 5 0 1 . 2 1 
3GU6 0 . 9 7 0 . 6 3 0 . 7 3 
4GU1 0 . 5 1 0 . 8 7 0 . 7 3 
4 0 U 2 1 . 4 0 0 . 5 5 1 . 1 7 
4 G U 3 0 . 3 9 0 . 7 3 0 . 4 6 
4GU4 0 . 6 9 0 . 3 3 0 . 6 9 
4GU5 0 . 7 4 0 . 7 3 0 . 7 8 
J 
T a b l e A . 6 . R a n g e o f M a g n i t u d e s o f S A 2 , S B 2 , a n d S ^ - ^ O O 
2 9 O 
FIT ^ - q *- q -
A " 3 ' K S I O O 
ML 0 . 0 0 0 9 6 TO 0 . 0 0 1 2 0 0 . 0 0 0 8 2 TO 00055 0 . 0 0 7 4 TO 0 . 0 2 2 3 
LS 0.OOOO9 TO 0 . 0 0 1 4 2 0 . 0 0 0 3 1 TO 0 . 0 0 1 2 5 0 . 0 1 6 9 TO 0 . 0321 
ML 0.00102 TO 0.00123 0 . 0 0 0 5 3 TO 0 . 0 0 1 0 2 0 . 0 1 4 6 TO 0 . 0 2 0 2 
LS 0 . 0 0 1 5 1 TO 0 . 0 0 2 2 3 0 . 0 0 1 2 H TO 0 . 00?OQ 0 . 0 5 0 6 TO 0 . 0 6 9 6 
ML 0 . 0 0 1 6 0 TO 0 . 0 0 2 4 0 0 . 0 0 0 9 1 TO 0 . 0^127 0 . 0511 TO 0 . 1444 
LS 0 . 0 0 2 3 9 TO 0 . 0 0 4 1 7 0 . 0 0 2 ? n TO 0 . 0 0 2 2 7 0 . 1289 TO 0 . 1452 
ML 0 . 0 0 2 1 2 TO 0 . 0 0 8 4 0 0 . 0 0 1 5 2 TO 0 . 0 0 2 1 2 0 . 1232 T 0 0 . 4 0 5 ^ 
LS 0 . 0 0 4 5 ' ! TO 0 . 0 0 7 0 2 0.00330 TO 0 . 0 0 7 4 5 0 . 5 4 8 2 TO 0 . 8 0 4 6 
ML 0.21 TO 0 . 2 5 0 . 1 3 TO 0 . 26 0 . 0 4 2 4 TO 0 . 0 5 1 0 
LS 0 . 4 0 TO 0 . 9 6 0 . 2 1 TO 1. 02 0 . 0841 TO 0 . 1452 
ML 0 . 5 4 TO 0.71 0 . 4 1 TO 0 . 64 0 . 0151 TO 0 . 0 3 5 3 
LS 0 . 3 2 TO 1 . 2 7 0 . 7 6 TO 1. 19 0 . 028O TO 0 . 0 5 0 6 
ML 0 . 4 6 TO 1 . 2 6 0 . ° 9 TO 0 . 83 o. 0 0 6 2 TO 0 . 0 2 5 2 
LS 0 . 7 6 TO 2 . 5 7 0 . 9 4 TO 1. 91 0 . 0 0 6 4 TO 0 . 0 4 3 7 
ML 1 . 1 0 TO 2 . 0 0 0 . 0 7 TO 1. 85 0 . 0 0 6 9 TO 0 . 0 1 0 0 
LS 3 . 0 5 TO 2 . 5 0 2 . 4 5 TO 2 . 26 0 . 0 1 2 5 TO 0 . 0 2 3 7 
MO 0 . 0 1 7 4 TO 0 . 0 4 0 2 0 . 0 0 2 2 TO 0 . 0 0 5 6 0 . 0 6 7 5 TO 0 . 1444 
LS 0 . 0 1 4 1 TO O.O460 0 . 0 0 2 6 TO 0177 0 . 0 6 9 7 TO 0 . 1347 
MO 0 . 0 3 2 3 TO 0.0639 0 . 0 0 2 1 TO 0 . 0 0 3 2 0 . 0 4 1 6 TO 0 . 0 3 3 5 
LS 0.0291 TO 0 . 1 0 0 4 0 . 0 0 2 7 TO 0 . 0 0 7 3 0 . 0 3 S 3 TO 0 . 1756 
MO 0 . 0 4 5 O TO 0 . 1 3 2 9 0 . 0 0 1 0 TO 0 . 0 0 1 7 0 . 0 1 5 4 TO 0 . 0373 
LS 0 . 0 5 7 2 TO 0 . 1 5 0 0 0 . 0 0 1 8 TO 0 . 0027 0 . 0 1 5 4 TO 0 . 0 3 2 0 
MO 0 . 1 1 4 4 TO 0 . 1 7 3 6 0.0005 TO 0 . 0 0 0 3 n . 0 0 9 ? TO 0 . 0 1 4 0 
LS 0 . 1 1 4 3 TO 0 . 2 0 2 3 0 . 0 0 0 6 TO 0 . 0 0 1 9 0 . 0 1 2 5 TO 0 . 0 2 1 0 
2 1 7 
<J)=1.0 ( s e e E q u a t i o n A . 2 0 ) t h e w e i g h t e d l e a s t s q u a r e s m e t h o d r e d u c e s t o t h e 
m e t h o d o f minimum c h i - s q u a r e w h i c h i s known t o b e a s y m p t o t i c a l l y e q u i v a ­
l e n t t o t h e m e t h o d o f maximum l i k e l i h o o d ( K e n d a l l and S t u a r t , 1 9 7 3 ) . W i t h 
t h e u s e o f n o n - z e r o v a l u e s o f <f> i t may b e e x p e c t e d t h a t some o f t h e c h a r a c ­
t e r i s t i c s o f t h e u n w e i g h t e d l e a s t s q u a r e s m e t h o d , s u c h a s r e l a t i v e l y l o w 
e f f i c i e n c y may b e c o r r e c t e d . I n o r d e r t o d e t e r m i n e t h e e f f e c t o f w e i g h t o n 
d i f f e r e n t p r o p e r t i e s o f l e a s t s q u a r e s e s t i m a t e s some o f t h e r u n s o f e a c h 
s e r i e s o f r u n s , shown i n T a b l e A . l w e r e r e p e a t e d w i t h v a l u e s a s s i g n e d t o <J> 
i n t h e r a n g e o f 0 t o 1 . 0 . The r e s u l t s o f w e i g h t e d l e a s t s q u a r e s a r e sum­
m a r i z e d i n T a b l e s A . 7 t h r o u g h A . 9 f o r some o f t h e r u n s o f l o g n o r m a l , gamma 
and Gumbel d i s t r i b u t i o n s . T h e s e t a b l e s show t h e mean v a l u e s and v a r i a n c e s 
o f p a r a m e t e r e s t i m a t e s and t h e 1 0 0 - y e a r p r e d i c t i o n s f o r e a c h r u n . I n a d d i ­
t i o n , t h e r a t i o s o f mean 1 0 0 - y e a r p r e d i c t i o n s ( K ^ Q Q ) , and t h e c o r r e s p o n d i n g 
p o p u l a t i o n p r e d i c t i o n ( K J _ Q Q = K ^) a r e a l s o s h o w n . 
The e f f e c t s o f w e i g h t s o n t h e l e a s t s q u a r e s e s t i m a t e s a r e a s f o l l o w s : 
The E f f e c t o f W e i g h t o n P e r c e n t i l e s The o v e r a l l e f f e c t o f w e i g h t s 
o n t h e f i t i s s u c h t h a t t h e p r e d i c t i o n s ( f o r r e t u r n p e r i o d 10 y e a r s and 
a b o v e ) h a v e i n v a r i a b l y i n c r e a s e d f o r t h e t h r e e d i s t r i b u t i o n s s t u d i e d . 
The l a r g e r t h e v a l u e o f <j>, t h e l a r g e r i s t h e i n c r e a s e i n p e r c e n t i l e s com­
p a r e d t o t h e LS p e r c e n t i l e s w i t h <j>=0.00. T h i s e f f e c t o f i n c r e a s e i n p e r ­
c e n t i l e s w i t h t h e u s e o f w e i g h t h e l p s t o e l i m i n a t e t h e n e g a t i v e b i a s i n 
LS p e r c e n t i l e s o b s e r v e d w i t h gamma d i s t r i b u t i o n and w i t h c e r t a i n r u n s o f 
l o g n o r m a l and Gumbel d i s t r i b u t i o n s when 
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T a b l e A . 7 . R e s u l t s o f W e i g h t e d L S - L N P D F 
( n = 1 0 0 ) 
N O FIT 4> A 
1LN2 ML - 0 . 041 
LS 0 . 0 0 - 0 . 035 
LS 0 . 2 5 - 0 . 035 
LS 0 . 5 0 - 0 . 033 
LS 0 . 7 5 - 0 . 032 
1LN5 ML - 0 . 045 
LS 0 . 0 0 - 0 . 042 
LS 1.00 - 0 . 033 
2LN2 ML - 0 . 036 
LS 0 . 0 0 - 0 . 090 
LS 0 . 2 5 - 0 . 039 
LS 0 . 5 0 - 0 . 087 
LS 0 .75 - 0 . 033 
2LM5 ML - 0 . 071 
LS 0. 00 - 0 . 076 
LS 1.00 - 0 . 055 
3LN3 ML - 0 . 132 
LS 0 . 0 0 - 0 . ia? 
LS 0 . 2 5 - 0 . 144 
LS 0 . 5 0 - 0 . 139 
LS 0 . 7 5 - 0 . 131 
3LN4 ML - 0 . 114 
LS 0 . 0 0 - 0 . 116 
LS 1.00 - 0 . 106 
4LN2 ML - 0 . 240 
LS 0 . 0 0 - 0 . 242 
LS 0 . 2 5 - 0 . 2?9 
LS 0 . 5 0 - 0 . 225 
LS 0 .75 - 0 . 231 
ML - 0 . 253 
LS 0 . 0 0 - 0 . 263 




0. 00036 0 . 300 0. 00035 
0 . 00180 0 . 304 0 . 00101 
0 . 00124 0 . 805 0 . 00092 
0.OQ13O 0 . 307 0 . 00031 
0 . 00128 0 . 300 0 . 0007D 
0 . 00120 0 . 293 0 . 00055 
0 . 00152 0 . 300 0 .00085 
0 . 00116 0 . 307 0 . 00054 
0 . 00183 0 . 403 0 . 00070 
0 . 00223 0 . 403 0 . 00150 
0 . 00210 0 . 404 0 . 00141 
0 . 00106 0 . 406 0 . 00120 
0. 00180 0 . 410 0 . 00096 
0 . 00102 0 . 404 0 .00102 
0 . 00151 0 . 39'! 0 . 00150 
0 . 00104 0 . 414 0 . 00126 
0 . 00240 0 . 501 0 . 00170 
0 . 00241 0 . 495 0 . 00231 
0 . 00272 0 . 493 0 . 00225 
0 . 00227 0 . 502 0 .00216 
0 . 00213 0. 503 0 . 00200 
0. 00160 0 . 505 0 . 00159 
0 .00230 0 . 491 0 . 00227 
0 . 00176 0 . 521 0 . 00220 
0 .00424 0 . 696 0 . 00152 
0 . 0 0 7 0 2 0 . 638 0 . 00425 
0 . 00652 0 . 601 0 . 00882 
0 . 00580 0 . 693 0 . 00324 
0 . 00500 0 . 7 1 0 0 . 00272 
0 . 00403 0 . 6 3 7 0 . 00265 
0 . 00698 0 . 687 0 . 00542 
0 . 00536 0 . 704 0 . 00241 
K S 1 0 0 
> : ,100 s-KS100 
K 1 0 0 
1 . 931 0 . 0004 1.0054 
1. 964 0 . 0^30 1 .0225 
1. 071 0 . 0 2 7 9 1 .0260 
i . 930 0 . 0260 1 .0203 
1. 904 0 .0256 1.0370 
1 . 916 0 . 0223 0 .9074 
1. 932 0 . 0228 1.0061 
1 . 9 7 2 0 . 0109 1 .0268 
p t 744 0 . 0 2 Q 6 1.0015 
p t 345 0 . 0542 1 .0018 
o # 253 0 . 0502 1.0054 
p t 263 0 . 0440 1 .0117 
p t 396 0 . 0234 1.0228 
2 . 392 o . 0392 1.0220 
p m 833 0 . 0636 0 .oq69 
2 . 467 0 . 0506 1 .0542 
2 . 331 0 . 1444 1.0027 
2 . 753 0 . 1452 0.074? 
2 . 732 0 . 1354 0 .0351 
p % 320 0 . 1267 0 .9037 
2 . 378 0 . 1260 1 .0193 
9 # 905 0 . 0338 1.0237 
P t 816 0 . 154 4 0.9925 
3 . 047 0 . 1347 1 .0775 
934 0 . 1222 0 .9990 
2. 952 0 . 5432 0 . 9 9 1 2 
o 936 0. 4070 0.9994 
4. 05? 0 . 4277 1 .0163 
4 . 179 0 . 3505 1.0431 
2 . 356 0 . 2841 0 .9671 
3. 8Q-1 0 . 7157 0 . 9 7 3 4 
4. 074 0 . 2725 1 .0215 
T a b l e A . 8 . R e s u l t s o f W e i g h t e d L S 
( n = 1 0 0 ) 
- GA PDF 
RUN NO FIT <t> 
1GA1 ML 
LS 0 .00 
LS 0 .50 
LS 0 .75 
1GA2 ML 
LS 0 .00 
L S 0 .50 
L S 0 .75 
1GA3 ML 
LS 0 .00 
LS 1.00 
1GA5 ML 
LS 0 . 00 
L S 1.00 
2GA1 ML 
LS 0 .00 
LS 0 . 75 
2GA2 ML 
LS 0 .00 
L S 1.00 
2GA5 ML 
LS 0 .00 
L S 1.00 
3GA1 ML 
L S 0 . 00 
LS 0 .75 
A c >A B 
3.00 0 . 21 3. 02 
3 .20 0 . 48 3. 19 
3 .09 0 . 37 3 . 07 
2 .97 0 . 30 2 . 99 
3 .05 0 . 35 3. 03 
3.24 0. 40 3. 22 
3.14 0 . 29 3 . 14 
2.04 0. 24 3. 07 
3 .22 0 . 24 3. 20 
3 .47 0 . 96 3 . 44 
3 .04 0. 27 3 . 07 
3 .03 0. 29 2 . 95 
3 .05 0 . 44 2 . 96 
2 . 3 4 0. 40 2 . 33 
5 . 1 7 0 . 54 5 . 14 
5 .78 0. 00 5 . 23 
5.01 0. 61 5 . 02 
5 . 2 5 0. 65 5 . 15 
5 .50 0 . 32 5 . 42 
4 . 9 9 0. 70 4 . 97 
5 .05 0. 56 4 . 92 
5 .03 1. 37 5 . 01 
4.61 0. 52 4 . 62 
7 .12 0. 63 7 m 11 
7.64 0 . 7 6 n 69 
7.11 0. 35 7 t 14 
°B \ S 1 0 0 
0 .13 2 .845 
0 .32 2 .765 
0 .26 2 .812 
0 .22 2 .372 
0 .19 2 .827 
0 . 2 5 2 .755 
0 .25 2 .795 
0 .20 2 .342 
0 .22 2 .740 
1.03 2 .690 
0 . 2 7 2 .837 
0 . 2 3 2 .730 
0.21 2 .805 
0 .23 2 .930 
0 .52 2 .300 
0 .90 2. ?77 
0 .53 2 .337 
0 .58 2 .272 
0 .76 2 .209 
0 .54 2.341 
0 .54 2 .300 
1.19 2 .326 
0 .53 2 .414 
0 . l n 2 . 0 7 ? 
0 .96 2 .040 
0.91 2.037 
S K S 1 0 0 K S 1 0 0 / K 1 
0 . 0610 1 .0152 
0 . 1399 0 .9369 
0 . 1156 1 .0026 
0 . 1024 1 . 0250 
0 . 0605 1 . o n g i 
0 . 0967 0 .93? 4 
0 . 0301 0 .9977 
0 . 0724 1 .0142 
0 . 0424 0 .9766 
0 . 0920 0 .9500 
0 . 0596 1 .0125 
0 . 0696 0 .9971 
0 . 1452 1 .0000 
0 . 1444 1 .0458 
0 . 0195 0 .9911 
0 . 0929 0 .9311 
0 . 0224 1 .0071 
0 . 0252 0 .9792 
0 . 0239 0 .9517 
0. 0250 1 .0035 
0 . 0151 0 .9903 
0 . 0506 1 .0022 
0. 0210 1 . 0402 
0. 0062 0 .9955 
0 . 0064 0 .9303 
0 . 0039 1 .0026 
T a b l e A . 8 . - C o n t i n u e d 






V K S100 
9 
° K S 1 0 0 • v S 1 ? n 100 
3GA2 ML 7 .03 1 . 26 02 0 .33 2 .081 0 . 0 ? 5 ? 0 .9003 
LS 0. 00 7 .12 2 . 57 7 . 00 1.01 9 .035 0 .0437 1.0016 
LS 0. 75 6 .83 1. 39 6 . 85 0 .93 2 . 100 0 .0310 1 .01?? 
3GA3 ML 7 . 1 0 0. 46 7 m 05 n .39 9 .070 0 .0090 0 .904? 
LS 0. 00 7 . 1 2 0 . 91 7 . 1? 0 .94 9 . 03? 0 .0150 1.Onnq 
LS 0. 75 6 . 9 ? 0. 66 6 . 93 0 .53 9 .090 0 .0154 1.00?5 
3GA4 ML 7 . 2 6 0 . 63 7 m 23 0 .60 2 .071 0 .0125 0.9951 
LS 0 .00 7 .39 1. 69 7 . ?4 1. ?2 9 .062 0 .0236 0 .9907 
LS 1. 00 6 . 3 5 0 . ?? 6. 05 0 .72 9 . 129 0 .0174 1.0220 
3GA6 ML 6 .98 0 . 34 6. 90 0 .68 2 .076 0 .0129 0 .997? 
L S 0 . 00 7 . 0 2 1. 31 6. 94 1.24 2 .002 0 .0365 1.0052 
LS 1. 00 6 .55 1. 20 6. 55 0 .88 2 . 149 0 .0276 1.0225 
4GA1 ML 10 .16 1. 47 10. 04 1.11 1 .862 0 . 0 1 0 O 0.9912 
LS 0 . 00 10 .75 3. 05 10. 51 2 .45 1 .330 0 . 0 2 2 7 0 . 9 7 4 4 
L S 0 . 75 10 .14 1. 38 10. 01 1.49 1 .366 0 .0140 0 . 9 0 ? 7 
4GA2 ML 10 .29 1. 07 10. 21 1.66 1 . ? 7 6 0 .0000 0 .9q? 7 
L S 0 . 00 1 0 . 3 8 3. 16 10. 43 3 .06 1 . ?8' 7 0 . 0 1 ? 9 1.0046 
L S 0 . 75 10.01 9 . 06 10. 09 2 . ?8 i .005 0 .0146 1.0141 
4GA4 ML 10 .12 2 . 00 10. 07 1 . 7 7 1 . 8 7 1 0 . 0 0 ? ? 0 .906? 
L S 0 . 00 10.51 3. 30 10. 43 2 . 9 ? 1 . 3 6 ? 0 .0210 0 .994? 
L S 1. 00 9 . 6 0 2. 31 Q. 7 2 2 .10 1 .911 0.0121 1.0173 
4GA5 ML 9 .98 1. 10 Q. 91 0 .92 1 . 375 0 .0069 0 . 9 9 3 ? 
LS 0. 00 1 0 . 4 ? 03 10. 48 2.71 1 . 867 0 .0125 0.9941 
LS 1. 00 9 . 5 7 1. 05 9 . 53 0 .37 1 .003 0 .0075 1 .015? 
4GA3 ML 10.58 1. 37 10. 44 1.85 1 .847 0.00^1 0 . 9 3 ? ? 
L S 0. 00 10 .36 i m 50 10. ?3 3 .26 1 .379 0 .0144 1 . 0 0 4 0 
L S 0. 75 10 .16 2. 42 10. 17 2.21 1 .383 0 .0103 1 . 0 0 2 4 
2 2 1 
T a b l e A . 9 . R e s u l t s o f W e i g h t e d L S - G U P D F 
( n = 1 0 0 ) 
RUN p 0 p 
KS100 
NO FTT A h B c; '-'B K„ ;ioo SKS100 K 100 
1GU1 MO 1. 527 0. 0232 0. 7261 0.0022 p m 606 0. 1262 0 . 970? 
LS o .00 1. 632 0. 0162 0. 6160 0.0107 362 0. 060"7 0 .9147 
LS 1 .00 1. 0. 0162 0. 6395 0.0052 p # 7?9 0. 0660 1 .0127 
1GU5 MO 1. 587 0. 0290 0. 7777 0.0044 2. 710 0. 1096 1 . 007"7 
LS 0 .00 1. 531 0. 0141 0. 6713 0.0026 2. 593 0. 0720 0 . 977? 
LS 1 .00 1. 460 o. 0100 0. 6762 0.0005 2. 348 0. 0480 1 .0437 
1GU6 MO 1. 539 0. 0240 0. 7584 0.0056 3. 633 0. OOO? 1 .000? 
LS o .00 1. 680 0. 0?9 7 0. 6517 0.0177 2. 419 0. 1347 0 .9?34 
LS 1 .00 1. 510 0. 0169 0. 6699 0.0009 2. 7 3 9 0. 0779 1 .0154 
2GU1 MO 2. 033 0. 0^75 0. 7294 0.002* 2. 956 0. 0422 0 .9317 
LS 0 .00 Pm 094 o. 0?47 0. 6956 0.0059 p # 971 0. 0276 0 .9367 
LS 1 .00 1. QUO 0. 0176 0. 7025 0.0029 2. 091 0. 0292 1 . 0?64 
2GU5 MO 2. 048 o. 0457 0. 7592 0.0021 •3 020 0. 0610 1 . 006? 
LS 0 .00 p # 005 o. 0417 0. 7230 0.0060 7 # 045 0. 0521 1 .011? 
LS 1 .00 1. 902 0. 0207 0. 0.0024 p. 170 0. 0346 • 1 . 05?6 
2GU6 MO 2. 131 0. 0639 0. 7273 0.0031 2. 919 0. 0385 0 .9639 
LS 0 .00 p t 100 0. 0201 0. 6055 0.007? p % 901 0. 0252 0 .96?? 
LS 1 .00 1. 963 0. 0239 0. 7067 0.0051 2. 050 0. 034? 1 .0156 
3GU1 MO 3. 134 0. 13?0 0. 3047 0.0015 p t 203 0. 0361 0 .9705 
LS 0 .00 3. 138 0. 059? 0. 7943 0.002'] 2m 269 0. 0154 0 .9695 
LS 1 .00 ~>. 003 0. 0437 0. 3114 0.0017 2. 340 0. 0159 1 .0034 
30U5 MO p 995 0. 000° 0. 310? 0.0010 p 370 0. 026? 1 .0126 
LS 0 .00 2 % 952 0. 057? 0. 8166 0.0020 2. 395 0. 0216 1 .0130 
LS 1 .00 p 857 0. 04? 6 0. 3333 0.0010 2. 44? 0. 0154 1 .0420 
3GU6 MO 7. 06? 0. 0316 0. 8052 0.0015 2. 3?0 0. 0188 0 .9909 
LS o .00 7 e 022 0. 0937 0. 7996 0.0022 2. 336 0. 0?40 0 . 097?} 
LS 1 .00 2. 954 0. 0559 0. 8119 0.0016 p. ? 7 9 0. 0156 1 .0161 
4GU1 MO 'I. 008 0. 127? 0. 3625 0.0007 ?. 0?0 0. 0146 1 .0062 
LS 0 .00 4. 171 0. 2494 0. 3638 0.0019 1. 9^0 0. 0193 0 .9266 
LS 1 .00 3. 911 0. 1070 0. 8661 0.0003 0 m 050 0. 013? 1 .0216 
4GU5 MO 4. 044 0. 1470 0. 8561 0.0003 p m 004 0. 0149 0 .9022 
LS 0 .00 n. 09? 0. 1999 0. 3532 0.0011 1. 991 0. 0190 0 .9019 
LS 1 .00 957 0. 1221 0. 3607 0.000? 0 02? 0. 0149 1 .0126 
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u n i t a r y w e i g h t s a r e u s e d . W h i l e a <j) v a l u e o f 0 . 2 5 d o e s n o t h a v e 
any a p p r e c i a b l e e f f e c t o n t h e r e s u l t s ( s e e T a b l e A * 7 ) , v a l u e s o f 
0 . 7 5 a n d 1 . 0 0 h a v e v i r t u a l l y e l i m i n a t e d a l l t h e n e g a t i v e b i a s i n 
p e r c e n t i l e s w h e r e v e r o b s e r v e d . U s e o f 4> l a r g e r t h a n 1 . 0 i s n o t 
w a r r a n t e d s i n c e i t w o u l d r e s u l t i n l a r g e r p o s i t i v e b i a s o f t h e 
p r e d i c t i o n s . U s e o f 4 > = 1 . 0 0 b r i n g s t h e f i t f o r Gumbel d i s t r i b u t i o n s 
c l o s e t o t h e p o p u l a t i o n d i s t r i b u t i o n s . The c a u s e s f o r i n c r e a s e 
i n t h e v a l u e o f p e r c e n t i l e s w i t h t h e u s e o f w e i g h t may b e e x ­
p l a i n e d a s f o l l o w s : 
The sum o f t h e s q u a r e s e r r o r s w h i c h i s s o u g h t t o b e 
m i n i m i z e d i n t h e l e a s t s q u a r e s m e t h o d may b e g i v e n i n i t s 
g e n e r a l f o r m b y 
N . 
SSE = Z ( h . - p . ) 2 / ( p . r A.-47 
1 = 1 1 1 1 
By e q u a t i o n A, 47 f o r n o n - z e r o v a l u e s o f (J> t h e e r r o r t e r m s o c c u r r i n g 
away f r o m t h e mode o f t h e d i s t r i b u t i o n a r e g i v e n a l a r g e r w e i g h t 
s i n c e p_̂  b e c o m e s a n e x t r e m e l y s m a l l v a l u e i n t h e t a i l o f t h e d i s ­
t r i b u t i o n . ( I t may b e n o t e d t h a t t h e p i i s a l w a y s l e s s t h a n 
u n i t y . A t y p i c a l l o w v a l u e o f p o b s e r v e d f o r t h e e x t r e m e r i g h t t a i l 
c l a s s i n t e r v a l w a s 0 . 0 0 0 2 ) . T h u s t h e w e i g h t e d l e a s t s q u a r e s m e t h o d 
a t t e m p t s t o u s e a s much o f t a i l i n f o r m a t i o n a s p o s s i b l e , i . e . , i t 
a t t e m p t s t o f i t t h e t a i l b e t t e r , p a r t i c u l a r l y t h e r i g h t t a i l ( w h i c h 
e x t e n d s t o i n f i n i t y ) . I n g e n e r a l , t h e v a l u e s o f h^ w i l l b e much 
l a r g e r t h a n p . f o r r i g h t t a i l c l a s s i n t e r v a l s w h i c h r e s u l t s i n a 
2 2 3 
t h i c k e r r i g h t t a i l f o r w e i g h t e d LS f i t s compared t o t h e r i g h t t a i l 
o f u n w e i g h t e d LS f i t ( s e e F i g u r e A . 3 ) . Such a t h i c k e n i n g o f t a i l 
t a k e s p l a c e a t t h e e x p e n s e o f some a r e a u n d e r d e n s i t y c u r v e b e i n g 
s h i f t e d t o t h e r i g h t w h i c h i s r e s p o n s i b l e f o r t h e i n c r e a s e i n t h e 
v a l u e s o f p e r c e n t i l e s . The o p p o s i t e e f f e c t a l s o may o c c u r f o r s a m p l e s 
w h i c h do n o t h a v e any o b s e r v a t i o n s f a l l i n g t h e c l a s s i n t e r v a l s o f 
t h i n n e r r i g h t t a i l b u t h a v e o b s e r v a t i o n s i n t h e l e f t t a i l . I n t h i s 
c a s e t h e l e f t t a i l i s t h i c k e n e d s h i f t i n g some a r e a o f t h e d e n s i t y 
c u r v e t o t h e l e f t and t h e k v a l u e s f o r d i f f e r e n t h i g h e r CDF's w i l l 
b e l o w e r e d . On t h e b a s i s o f a b o v e a n a l y s i s i t may b e s t a t e d t h a t 
when d a t a s a m p l e s c o n t a i n i t e m s i n t h e t h i n n e r t a i l p o r t i o n s o f a 
p r o p o s e d PDF w e i g h t e d (cf>=0.75 o r 1 . 0 0 ) LS m e t h o d w i l l a t t e m p t t o f i t 
t h e t a i l s b e t t e r t h a n t h e LS m e t h o d w i t h $ = 0 . 0 0 ( s e e a l s o s e c t i o n 
" S a m p l e s w i t h O u t l i e r s " , C h a p t e r V I ) . 
The E f f e c t o f W e i g h t o n P a r a m e t e r s W i t h t h e u s e o f w e i g h t s , t h e 
mean e s t i m a t e s o f b o t h t h e l o g n o r m a l p a r a m e t e r s i n c r e a s e d , b o t h t h e gamma 
p a r a m e t e r s d e c r e a s e d and f o r Gumbel d i s t r i b u t i o n p a r a m e t e r A i n c r e a s e d 
w h i l e t h e p a r a m e t e r B d e c r e a s e d . ( S e e T a b l e s A . 7 t h r o u g h A . 9 ) . The e f f e c t 
i s , i n g e n e r a l , t o i n c r e a s e t h e v a l u e o f k f o r a g i v e n r e t u r n p e r i o d . The 
r e a s o n f o r s u c h a h a p p e n i n g i s p i c t o r i a l l y e x p l a i n e d by F i g u r e A . 3 . 
The E f f e c t o f W e i g h t on t h e E f f i c i e n c y o f P a r a m e t e r E s t i m a t e s U s e 
o f w e i g h t s i n g e n e r a l d e c r e a s e s t h e v a r i a n c e o f p a r a m e t e r e s t i m a t e s , S^ 
and S 2 , and i n m o s t c a s e s t h e v a l u e s o f l e a s t s q u a r e s 
F i g u r e A . 3 The E f f e c t o f W e i g h t on L e a s t S q u a r e s F i t 
r-o r-o 
v a r i a n c e s a p p r o a c h t h o s e o f maximum l i k e l i h o o d when $ = 1 . 0 0 f o r 
l o g n o r m a l and gamma d i s t r i b u t i o n s ( s e e T a b l e s A . 7 and A . 8 ) . 
Such a n i m p r o v e m e n t i n t h e v a r i a n c e o f l e a s t s q u a r e s e s t i m a t e s i s n o t 
w h o l l y u n e x p e c t e d . S i n c e i n t h e c a s e $ = 1 . 0 0 t h e m e t h o d o f w e i g h t e d 
l e a s e s q u a r e s i s e q u i v a l e n t t o t h e m e t h o d o f minimum c h i - s q u a r e , and 
t h e ML and MCS m e t h o d s h a v e t h e same a s y m p t o t i c p r o p e r t i e s ( s e e K e n ­
d a l l and S t u a r t , 1 9 7 3 ) . F o r o t h e r v a l u e s o f $ t h e LS e s t i m a t e s may 
b e e x p e c t e d t o p o s s e s s t h e p r o p e r t i e s o f ML i n v a r y i n g d e g r e e s . I n 
c a s e o f Gumbel d i s t r i b u t i o n t h e l e a s t s q u a r e s m e t h o d w i t h $ = 1 . 0 0 , 
p e r h a p s , o f f e r s a n a l t e r n a t i v e t o maximum l i k e l i h o o d s i n c e ML e q u a t i o n s 
a r e d i f f i c u l t t o s o l v e f o r t h i s d i s t r i b u t i o n . The p r o c e d u r e d e s c r i b e d 
by H a r t e r and Moore ( 1 9 6 7 ) t o o b t a i n maximum l i k e l i h o o d e s t i m a t e s o f 
Gumbel d i s t r i b u t i o n , a s s u m e s t h a t t h e s c a l e p a r a m e t e r a i s known. 
They o b t a i n a n e x p l i c i t e x p r e s s i o n f o r t h e ML e s t i m a t o r o f l o c a t i o n p a r a ­
m e t e r u o n l y b y a s s u m i n g t h a t t h e s c a l e p a r a m e t e r a i s k n o w n . B e a r d 
( 1 9 7 4 ) u s e s t h i s m e t h o d i t e r a t i v e l y t o o b t a i n ML e s t i m a t e s o f Gumbel 
d i s t r i b u t i o n i n h i s r e c e n t work on F l o o d / F l o w F r e q u e n c y T e c h n i q u e s . 
T a b l e A . 9 s h o w s t h a t t h e s a m p l e v a r i a n c e o f LS 1 0 0 - y e a r p r e d i c ­
t i o n s w i t h $ = 1 . 0 0 i s i n v a r i a b l y s m a l l e r t h a n t h e v a r i a n c e b a s e d o n t h e 
moments m e t h o d f o r Gumbel d i s t r i b u t i o n . T h i s e s t a b l i s h e s t h e s u p e r ­
i o r i t y o f t h e ( w e i g h t e d ) l e a s e s q u a r e s m e t h o d o v e r t h e m e t h o d o f 
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moments f o r Gumbel d i s t r i b u t i o n s w i t h r e s p e c t t o e f f i c i e n c y . 
Summary U s e o f w e i g h t r e d u c e s b i a s and i m p r o v e s e f f i c i e n c y o f l e a s t 
s q u a r e s e s t i m a t e s . U s e o f <j> i n t h e r a n g e o f 0 . 7 5 t o 1 . 0 0 e l i m i n a t e d t h e 
n e g a t i v e b i a s o f p r e d i c t i o n s ( i . e . , p e r c e n t i l e s ) w i t h gamma d i s t r i b u t i o n 
and w i t h some r u n s o f l o g n o r m a l and Gumbel d i s t r i b u t i o n s . I n c a s e o f 
Gumbel d i s t r i b u t i o n , t h e l e a s t s q u a r e s m e t h o d w i t h (f>=1.0 o f f e r s a n a l t e r ­
n a t i v e t o maximum l i k e l i h o o d m e t h o d . 
S t u d y 4 : The E f f e c t o f a " G r o w i n g " S a m p l e u p o n F r e q u e n c y A n a l y s i s . 
One f e a t u r e o f t h e h y d r o l o g i c d a t a i s t h e a d d i t i o n o f new d a t a a s t i m e 
p a s s e s . T h i s may b e v iex^ed a s " g r o w t h " o f a s a m p l e s i n c e a h y d r o l o g i c 
d a t a s a m p l e l i t e r a l l y g r o w s w i t h t i m e . One o f t h e c o n c e r n s o f a h y d r o -
l o g i s t c o n d u c t i n g a f r e q u e n c y a n a l y s i s i s w h e t h e r t h e r e s u l t s o f t h e a n a ­
l y s i s made w i t h - J h e a v a i l a b l e d a t a w i l l b e g r e a t l y a f f e c t e d b y d a t a t h a t 
w o u l d b e a v a i l a b l e a f e w y e a r s i n t h e f u t u r e . 
F o r a g i v e n h y d r o l o g i c s t a t i o n , i t may b e r e a s o n a b l y e x p e c t e d t h a t t h e 
c a u s a t i v e f a c t o r s l e a d i n g t o t h e o c c u r r e n c e o f v a r i o u s h y d r o l o g i c e v e n t s 
a r e c o n s t a n t w i t h t i m e . S t a t i s t i c a l l y t h i s i s e q u i v a l e n t t o s a y i n g t h a t 
t h e d a t a a t a g i v e n h y d r o l o g i c s t a t i o n a r e s t a t i o n a r y . T h e n , e x c e p t f o r 
t h e v a g a r i e s o f t h e s a m p l e s i z e a " g r o w i n g " s a m p l e s h o u l d n o t a f f e c t a 
f r e q u e n c y a n a l y s i s i n a n y w a y . To e x a m i n e t h i s a s p e c t o f f r e q u e n c y a n a l y s i s , 
p a r t i c u l a r l y t h e w o r k i n g o f t h e l e a s t s q u a r e s m e t h o d , t h e c o m p u t e r w a s p r o ­
grammed t o " g r o w " a s a m p l e i n w h i c h t h e l a r g e r s a m p l e s r e t a i n e d t h e d a t a 
o f s m a l l e r s a m p l e s ( s e e A p p e n d i x E f o r d e t a i l s ) . 
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F o r e a c h o f t h e t h r e e p r o b a b i l i t y d i s t r i b u t i o n s s i m u l a t i o n s r u n s w e r e 
made w i t h s a m p l e s i z e s 2 5 , 5 0 , 75 and 1 0 0 . T h e s e r u n s w e r e made k e e p i n g 
t h e p o p u l a t i o n p a r a m e t e r s c o n s t a n t f o r a s e t o f f o u r r u n s h a v i n g t h e a b o v e 
m e n t i o n e d s a m p l e s i z e s . S i n c e a h y d r o l o g i s t s m a i n c o n c e r n i s w i t h t h e s a m p l e 
p r e d i c t i o n s , t h e s t a t i s t i c a l p r o p e r t i e s o f t h e p e r c e n t i l e s ( 1 0 0 - y e a r , i . e . 
K ^c., e v e n t i s t y p i c a l l y c h o s e n ) r a t h e r t h a n t h e p a r a m e t e r s o f t h e d i s t r i ­
b u t i o n a r e e x a m i n e d a s t h e s a m p l e s i z e v a r i e d . T a b l e s A . 1 0 t h r o u g h A - 1 2 
s u m m a r i z e t h e r e s u l t s o f g r o w i n g s a m p l e s f o r LN, GA a n d GU d i s t r i b u t i o n s , 
r e s p e c t i v e l y . T h e s e t a b l e s show f o r e a c h r u n , , t h e s a m p l e mean and t h e s a m ­
p l e s t a n d a r d d e v i a t i o n o f t h e 1 0 0 - y e a r p r e d i c t i o n s , and t h e r a t i o o f t h e 
s a m p l e mean and t h e p o p u l a t i o n v a l u e o f 1 0 0 - y e a r p r e d i c t i o n s a s g i v e n b y 
t h e l e a s t s q u a r e s and t h e maximum l i k e l i h o o d ( m o m e n t s i n c a s e o f Gumbel 
d i s t r i b u t i o n ) m e t h o d s . 
T a b l e s A . 1 0 t h r o u g h A . 1 2 s h o w t h a t t h e LS mean s a m p l e p r e d i c t i o n s , 
i n g e n e r a l , a r e s t a b l e w i t h s a m p l e s i z e ( t h e l o w e s t s a m p l e s i z e = 2 5 ) 
f o r a l l t h e t h r e e d i s t r i b u t i o n s . The e r r o r i n p r e d i c t i o n s i s i n t h e r a n g e 
o f -4% t o +7% f o r s a m p l e s o f 25 s i z e and b e c o m e s much l e s s f o r t h e s a m p l e s 
o f l a r g e r s i z e . F o r LN and GA d i s t r i b u t i o n s , i n g e n e r a l , n e i t h e r LS n o r 
ML mean p r e d i c t i o n s s h o w e d a n y s u p e r i o r i t y o v e r e a c h o t h e r e x c e p t t h a t 
t h e c a s e s o f h i g h p o s i t i v e e r r o r (+7%) d i d n o t o c c u r i n t h e ML p r e d i c t i o n s 
o f 25 s i z e s a m p l e s . I n c a s e o f Gumbel d i s t r i b u t i o n a l s o n e i t h e r LS n o r t h e 
MO m e t h o d may b e s t a t e d s u p e r i o r t o o n e a n o t h e r o n t h e b a s i s o f mean s a m p l e 
p r e d i c t i o n s . 
The s t a n d a r d d e v i a t i o n s o f p r e d i c t i o n s f r o m 25 s i z e s a m p l e s a r e , 
T a b l e A . 1 0 . G r o w i n g S a m p l e A n a l y s i s - L N P D F 
T h e S t a t i s t i c a l C h a r a c t e r i s t i c s o f t h e 1 0 0 - Y e a r S a m p l e P r e d i c t i o n s 
( 0 = 0 . 0 0 ) 
. 2 SAMPLE _ L S — - _ MO RUN NO 
K S I Z E S ( K S ) K s / K p K~s S C K ^ \ / X p 
0. 7311 25 3. 726 0 . 337 1.0120 ? . 874 0 . 626 1.0520 1GU5 
50 3. 548 0 . 4 5 7 0 .9909 3 .729 0 . 494 1.0120 
75 3. 570 0 . 327 0 .9607 3.691 0 . 295 1.0025 
100 3. 593 0 . .270 0 . 9 7 7 ? 3 .710 0 . 321 1 .0077 
0 . 4112 25 3. 190 0 . 592 1.0621 3.147 0 . ?34 1.0450 2GU5 
50 3. 124 0 . 32.2 1 . 0 3 7 3 3.072 0 . 351 1.0220 
75 3. 041 0 . 262 1.0093 3 .023 0 . 293 1.0055 
100 3. 045 0 . 241 1.0118 3 .030 0 . 247 1.0062 
0 . 1828 25 2 . 443 0 . 416 1.0425 2 .450 0 . 245 1.0465 3GU5 
50 p. 424 0 . 243 1 .035? 2 . ?95 0 . 229 1.0232 
75 2 . 335 161 1.0190 2 . ? 6 5 r)m 194 1.0101 
100 *"\ / 285 0 . 147 1.0189 2. 370 0 . 162 1.0126 
0 . 1208 25 i . 959 0 . 259 0 .9812 2 .044 0. 213 1 .018? 4GU5 
50 1. 953 0 . 175 0 .9307 ? . 0 0 9 0 . 161 1.0010 
75 1. 998 0 . 162 0 .9955 2.011 0 . 143 1.0022 
100 1. 991 0 . 1?3 0 .9919 2 .004 o . 122 0 . 9 9 ? ? 
T a b l e A . 1 1 . G r o w i n g S a m p l e A n a l y s i s - G A P D F 
T h e S t a t i s t i c a l C h a r a c t e r i s t i c s o f t h e 1 0 0 - Y e a r S a m p l e P r e d i c t i o n s 
(<*> = 0 . 0 0 ) 
C
M
 1 SAMPLE -— L S -— — — ML - RUN 1 
S I Z E h S ( K S ) S ( K S ) \ s / l T 
0 . 3333 25 2 . 8 3 6 0 .802 1.0123 2 . 7 5 0 0 .523 0 .9320 1GA5 
50 2 .780 0 .512 0 .9922 2 .779 0 .270 0 .9919 
75 2 . 3 5 7 0 .470 1.0196 2 .795 0 .714 0.9976 
100 2 . 3 0 5 0.381 1 .oooo 2 .730 0 .262 0.9921 
0 . 2000 25 2 . 2 4 9 0 . 4 4 ? 0 .9690 2 .223 0 .290 0.9597 2GA5 
50 2 .200 0 . 3 3 9 0 .9903 2.291 0 .149 0 .9873 
7 5 2 . 3 1 8 0.271 0 .9939 2 .292 0 .150 0.9374 
100 2 . 3 2 6 0 . 2 2 5 1.0023 2 .300 0 .122 0 .9903 
0 . 1429 2 5 * 2 . 2 2 2 0 .307 1.0677 2 .077 0 .242 0.9977 3GA6 
50§ 2 . 1 4 5 0 .314 1.0306 2 .076 0 .194 0 .9969 
75 2 .034 0 .216 1.0010 2 .054 0 .138 0 .9369 
100 2 .092 0 . 191 1.0052 2 .076 0 .118 0 .9973 
0 . 1000 25// 1.892 0 .209 1 . 0 0 7 2 1.845 0.181 0.9821 4GA5 
50§ 1.875 0 . 1 3 5 0 .9934 1 . 3 7 4 0.121 0.9976 
75 1.879 0 . 1 2 9 1.0004 1.879 0.091 1.0004 
100 1.367 0 . 1 1 2 0.9941 1 . 8 7 5 0.082 O.9983 
* -CONVERGENCE = 73% 
§ -CONVERGENCE = % % 
# -CONVERGENCE = 92% 
T a b l e A . 12^ G r o w i n g S a m p l e A n a l y s i s - G U P D F 
T h e S t a t i s t i c a l C h a r a c t e r i s t i c s o f t h e 100 - Y e a r S a m p l e P r e d i c t i o n s 
( * = 0 .00) 
2 SAMPLE _ LS — - _ ML RUN NO 
K SIZE K s S ( K S ) K s / K p K s SCKg) Y g / K p 
0 . 0 9 4 2 25 1.339 0 . 8 0 2 0 . 9 5 7 5 1.929 0 . 2 5 6 1.0041 1LN5 
50 1.876 0 . 2 2 8 0 . 9 7 6 6 1.900 0 . 2 1 7 0 . 9 3 9 2 
75 1.905 0 . 2 0 4 0 . 9 9 1 5 1.912 0 .181 0 .9956 
100 1.922 0 .181 1.0061 1.916 0 . 1 5 1 0 .9974 
0 . 1 7 3 5 25 2 . 3 5 6 0 . 4 3 6 1.0066 2 . 3 2 7 0 . 3 7 7 0 . 9 9 4 3 2LN2 
50 2 . 4 2 2 0 . 3 3 6 1.0349 2 .391 0 .246 1.0216 
75 2 . 3 ^ 6 0 . 3 0 4 1.0193 2 . 3 6 6 0 . 2 0 2 1.0103 
100 2 . 3 4 5 0 . 2 3 3 1.0018 2 . 3 4 4 0 . 1 6 9 1.0015 
0 . 2 8 4 0 25 2 . 7 6 8 1.159 0 . 9 3 0 5 2 . 7 5 0 0 . 5 5 4 0 .9741 3LN1 
50 2 . 8 6 0 0 . 6 3 2 1.0130 2 . 8 0 4 0 . 2 5 1 0 . 9 9 3 2 
75 2 . 8 9 0 0 . 5 8 5 1.0235 2 . 7 9 6 0 . 3 3 2 0 .9902 
100 2 . 8 0 4 0 . 4 7 4 0 .9931 2 . 7 8 9 0 . 2 7 3 0 . 9 3 7 3 
0 . 6323 25 4 . 2 6 2 2 . 1 2 6 1.0689 3 .926 1.242 0 . 9 3 4 5 4LN4 
50 3 . 8 2 8 0 . 9 5 8 0 . 9 6 0 0 3 .810 0 . 6 5 6 0 . 9 5 5 5 
75 3 . 8 9 8 0 . 8 2 4 0 .9776 3 . 7 7 3 0 . 4 6 5 0 .9474 
100 3 . 8 8 1 0 . 8 4 6 0 . 9 7 3 4 3 .856 0 . 5 2 2 0 .9671 
2 3 1 
o n a n a v e r a g e , a b o u t t w i c e t h e s t a n d a r d d e v i a t i o n s o f t h e p r e d i c t i o n s f r o m 
s a m p l e s o f s i z e 1 0 0 f o r a l l t h e m e t h o d s . S t a t i s t i c a l l y , t h e r e s u l t s o b ­
t a i n e d i n t h i s s t u d y m a y b e i n t e r p e t e d a s f o l l o w s : T h e r e d o e s n o t a p p e a r 
t o b e a n y p a r t i c u l a r a d v a n t a g e i n a n y o n e m e t h o d o f p a r a m e t e r e s t i m a t i o n 
w h e n v i e w e d i n t h e c o n t e x t o f g r o w i n g s a m p l e s ( s e e C h a p t e r V I f o r r e s u l t s 
o f f r e q u e n c y a n a l y s i s w i t h " g r o w i n g " s a m p l e s o f r e a l d a t a ) . 
S t u d y 5 : D i s t r i b u t i o n o f E r r o r s i n L e a s t S q u a r e F i t t i n g s 
I f t h e e r r o r t e r m s e ^ i n E q u a t i o n A . l a r e n o r m a l l y d i s t r i b u t e d w i t h 
z e r o m e a n a n d c o n s t a n t ( u n k n o w n ) v a r i a n c e , a 2 , t h e p r i n c i p l e s o f L S a n d 
M L a r e e q u i v a l e n t ( G r a y b i l l ( 1 9 6 1 ) , G r a n t ( 1 9 7 3 ) ) . H o w e v e r , s i n c e t h e 
o b s e r v a t i o n s w e r e g r o u p e d i n a p p l y i n g L S m e t h o d i n t h i s w o r k ( s e e E q u a t i o n 
A . 1 8 ) t h e s o l u t i o n s g i v e n b y L S a n d M L m a y n o t b e e q u i v a l e n t e v e n i f 
e ^ a r e n o r m a l l y d i s t r i b u t e d . B u t i f e ^ i n E q u a t i o n A . 1 8 a r e N ( 0 , o * 2 ) , 
t h e L S m e t h o d e x a m i n e d i n t h i s w o r k m a y b e b r o a d l y r e g a r d e d a s a n a p p l i c a t i o n 
o f t h e c o n c e p t s o f M L . T o e x a m i n e e m p i r i c a l l y t h e d i s t r i b u t i o n o f e r r o r s 
r e s u l t i n g f r o m t h e l e a s t s q u a r e s m e t h o d , t h e c h i - s q u a r e a n d t h e K o l m o g o r o v -
S m i m o v ( K - S ) g o o d n e s s - o f - f i t t e s t s f o r n o r m a l i t y w e r e p e r f o r m e d o n t h e 
e r r o r t e r m s a r i s i n g i n t h e f i t t i n g o f e a c h s a m p l e ( s e e C h a p t e r I V f o r a 
d e s c r i p t i o n o f t h e s e t e s t s ) . I n t h e s e t e s t s , t h e p o p u l a t i o n m e a n ( o f e r r o r s ) 
h a s b e e n a s s u m e d t o b e z e r o a n d t h e s a m p l e v a r i a n c e o f e r r o r s i s t r e a t e d a s 
t h e p o p u l a t i o n v a r i a n c e o f e r r o r s . F o r t h e c h i - s q u a r e t e s t , t h e d a t a 
w e r e s o g r o u p e d t h a t e x p e c t e d n u m b e r o f o c c u r r e n c e o f e r r o r s i n e a c h g r o u p 
w o u l d b e a t l e a s t t h r e e . 
2 3 2 
To t e s t t h e h y p o t h e s i s t h a t t h e r e s i d u a l l e a s t s q u a r e e r r o r s a r e 
n o r m a l l y d i s t r i b u t e d w i t h z e r o means t h e s i m u l a t e d d a t a s a m p l e s w e r e 
d i v i d e d i n t o t h e f o l l o w i n g c a t e g o r i e s : 
1 . D a t a s a m p l e s f i t t o t h e p a r e n t d i s t r i b u t i o n , s a m p l e s i z e = 1 0 0 , 
and <J>=0.00. 
2 . D a t a s a m p l e s f i t t o t h e p a r e n t d i s t r i b u t i o n , s a m p l e s i z e l e s s 
t h a n 100 ( s a m p l e s o f s i z e 2 5 , 50 and 75 i n e q u a l number a r e 
i n c l u d e d i n t h i s c a t e g o r y ) and cj>=0.00. 
3 . D a t a s a m p l e s f i t t o t h e p a r e n t d i s t r i b u t i o n . E r r o r s a r e w e i g h t e d 
and (J>=0.75 o r 1 . 0 0 . 
4 . D a t a s a m p l e s f i t t o o t h e r t h a n p a r e n t d i s t r i b u t i o n and cj>=0.00. 
The a im o f u s i n g t h e a b o v e c l a s s i f i c a t i o n o f d a t a s a m p l e s i s t o e x a ­
m i n e w h e t h e r t h e " n o r m a l i t y - o f - e r r o r s " h y p o t h e s i s i s more c l o s e l y v a l i d 
f o r c e r t a i n c a t e g o r i e s o f d a t a . I n a d d i t i o n , t h e s e t e s t s w e r e p e r f o r m e d 
f o r v a r i o u s l e v e l s o f a 2 f o r e a c h o f t h e t h r e e d i s t r i b u t i o n s . 
k 
The R e s u l t s o f t h e C h i - s q u a r e t e s t T a b l e s A . 1 3 t h r o u g h A . 1 5 s u m m a r i z e 
t h e r e s u l t s f o r c h i - s q u a r e t e s t f o r LN, GA and GU d i s t r i b u t i o n s , r e s p e c t i v e ­
l y . I t may b e r e c a l l e d t h a t t h e s t a t i s t i c 6 d e f i n e d by 
P ( X 2 1 X 0 2 ) = 6 
i n w h i c h X Q 2 i s g i v e n b y E q u a t i o n 4 . 1 , i s a m e a s u r e o f c l o s e n e s s o f f i t . 
A l a r g e v a l u e o f 6 i n d i c a t e s t h a t t h e s e t o f e r r o r s b e i n g t e s t e d i s i n f a c t 
d i s t r i b u t e d a p p r o x i m a t e l y i n a n o r m a l f a s h i o n w h i l e t h e h y p o t h e s i s t h a t 
2 3 3 
t h e e r r o r s a r e n o r m a l l y d i s t r i b u t e d w i t h z e r o mean may b e r e j e c t e d i f 
6 <_ a . w h e r e a i s t h e p r o b a b i l i t y o f r e j e c t i n g t h e n u l l h y p o t h e s i s when 
i t i s t r u e , t h a t i s , a = P ( r e j e c t H /H i s t r u e ) . T h i s i n v e s t i g a t i o n 
o o 
y i e l d e d v a l u e s o f 6 r a n g i n g f r o m n e a r z e r o t o n e a r u n i t y w h i c h s h o w s 
t h a t t h e h y p o t h e s i s may b e a c c e p t e d f o r some g r o u p s o f e r r o r s and r e j e c t e d 
f o r o t h e r s . 
B a s e d o n t h e d i s t r i b u t i o n o f 6 ( s e e T a b l e s A . 1 3 t h r o u g h A . 1 5 ) w i t h 
cr^ f ° r d i f f e r e n t c a t e g o r i e s o f s i m u l a t e d s a m p l e s , t h e f o l l o w i n g o b s e r v a t i o n s 
may b e m a d e : 
1 . The number o f r e j e c t i o n s o f n u l l h y p o t h e s i s a t 5% s i g n i f i c a n c e 
l e v e l i s more a t l o w v a r i a n c e s o f t h e d a t a s a m p l e s ( o ^ 2 - 0 . 1 ) and 
f a l l s s h a r p l y a s o ^ 2 i n c r e a s e s . The p e r c e n t a g e r e j e c t i o n s i s a b o u t 
2 0 t o 32 when a 2 = 0 . 1 and 5 . 5 t o 17 w h e n a 2 i s l a r g e r ( 0 . 1 4 and 
a b o v e ) t h e h i g h e r f i g u r e s b e i n g f o r l o g n o r m a l d i s t r i b u t i o n . 
2 . The s a m p l e s i z e o f t h e d a t a and t h e f a c t t h a t t h e d a t a o f o n e 
d i s t r i b u t i o n a r e f i t t o a n o t h e r d i s t r i b u t i o n do n o t a f f e c t t h e r e s u l t s 
much . The p e r c e n t r e j e c t i o n s , a t a g i v e n l e v e l o f a ^ 2 » f ° r t h e s e 
c a t e g o r i e s i s a p p r o x i m a t e l y same a s t h a t f o r c a t e g o r y 1 . 
3 . I n g e n e r a l , t h e p e r c e n t r e j e c t i o n s o f n u l l h y p o t h e s i s i s r e ­
d u c e d f o r t h e e r r o r t e r m s o f w e i g h t e d l e a s t s q u a r e s f i t s w i t h 
$ = 0 . 7 5 o r 1 . 0 0 c o m p a r e d t o t h e same f o r t h e e r r o r t e r m s w i t h 
$ = 0 . 0 0 . 
The a b o v e o b s e r v a t i o n s b a s e d o n e h i - s q u a r e t e s t i n d i c a t e t h a t i n a 
l a r g e m a j o r i t y o f c a s e s and u n d e r a l a r g e v a r i e t y o f d a t a c o n d i t i o n s t h e 
T a b l e A . 1 3 . D i s t r i b u t i o n o f t f o r E r r o r T e r m s - L N P D F 
CATEGORY MO OF SAMPLES 
*K EXAMINED . 0 - . 
0 . 0 9 4 ? 1 125 40 
2 75 27 
3 75 17 
4 49 19 
SUB-TOTAL 324 10? 
0 . 1 7 3 5 1 125 18 
2 75 5 
3 75 9 
4 49 12 
SUB-TOTAL 324 44 
0 . 2 8 4 0 1 100 21 
2 75 3 
3 50 7 
4 50 10 
SUB-TOTAL 275 45 
0 . 6 3 2 3 1 100 17 
2 75 9 
3 75 17 
4 47 9 
SUB-TOTAL 297 52 
NUMBER OF OCCURRENCES 
6 - P( X 2 > X02 ) 
1 . 1 - . 2 . 2 - . 4 . 4 - . 6 . 6 - . 
15 20 2 7 11 6 
13 15 7 9 2 CC




41 47 59 42 15 
15 ?0 20 21 17 
7 14 15 14 9 
11 5 11 7 15 
6 ? 11 p 6 
39 4 ? 57 50 47 
7 11 18 16 14 
•~-\ 3 14 2 2 9 
p 6 4 3 14 
3 1? 6 7 9 
1 7 38 4? 53 46 
4 15 20 19 15 
4 p 15 13 6 
6 10 14 9 12 
2 A 10 3 7 
16 39 59 54 40 
* - S E E CATEGORY DEFINITION, PAGE 
T a b l e A . 1 4 . D i s t r i b u t i o n o f i f o r E r r o r T e r m s - G A P D F 
CATEGORY* MO OF SAMPLES 
*K~ EXAMINED . 0 - . 0 5 
0 .1000 1 121 21 
2 71 16 
3 125 16 
4 50 13 
SUB-TOTAL 367 7 5 
0 .1429 1 125 12 
2 67 7 
3 125 10 
4 50 2 
SUB-TOTAL 367 37 
0 . 2 0 0 0 1 125 13 
2 73 6 
3 75 4 
4 50 6 
SUB-TOTAL 323 29 
0 .3333 1 125 7 
2 75 2 
3 100 11 
4 50 5 
SUB-TOTAL 350 25 
NUMBER OF OCCURRENCES 
6 = P( X 2> X,2 ) 
. 0 5 - . 1 . 1 - . 2 . 2 - . 4 . 4 - . 6 . 6 - . ? . 3 - 1 . 0 
25 18 14 20 3 5 
10 9 12 11 3 
13 12 21 20 12 21 
12 3 3 2 3 3 
60 47 65 54 31 34 
11 12 33 25 20 12 
10 11 15 i 
f 
14 
3 14 29 2? 21 26 
7 3 9 9 7 7 
24 39 32 71 55 59 
6 15 25 25 23 19 
6 7 17 15 q 13 
2 5 15 21 18 15 
7 7 3 16 10 4 
17 30 63 77 56 51 
2 24 23 21 24 19 
4 3 22 20 7 12 
6 13 14 18 16 17 
7 9 1? 5 2 
15 57 73 72 22 56 
* - S E E CATEGORY DEFINITION. PAGE 
ho 
T a b l e A. 1 5 . D i s t r i b u t i o n o f 6 f o r E r r o r T e r m s - G U P D F 
* NUMBER OF OCCURRENCES 
CATEGORY NO OF SAMPLES 6 - p( x 2> x„2 ) 
* K EXAMINED . 0 - . 0 5 . 0 5 - . 1 . 1 - . ? . 2 - . 4 . C . 6 . 6 - . 8 . 8 - 1 . 0 
0 . 1 0 2 8 
0 . 1 8 2 ? 
0 . 4 1 1 2 
0 .7211 
1 125 32 19 2? 16 17 10 3 
2 75 19 11 13 10 11 3 3 
3 50 7 6 4 9 12 7 r-P 
4 43 12 •7 (' 9 9 7 1 3 
•TOTAL 298 70 4? 49 44 47 26 19 
1 125 18 ~> > 24 21 26 15 18 
p 75 4 2 10 13 15 13 17 
-> 
. ) 75 9 1 11 11 15 19 9 
4 50 6 3 12 3 12 7 p 
•TOTAL ?25 37 10 57 52 63 54 46 
1 150 6 9 17 37 27 26 23 
2 75 4 5 11 13 20 5 17 
3 75 6 5 6 13 23 3 14 
4 50 7 2 7 11 11 9 11 
•TOTAL 350 19 21 87 74 31 48 70 
1 150 14 16 10 41 33 11 20 
2 75 5 7 12 17 15 15 4 
3 75 4 7 8 26 22 2 5 
4 49 4 ? 2 13 12 6 9 
•TOTAL ?49 27 3? 22 97 87 35 38 




h y p o t h e s i s t h a t t h e e r r o r t e r m s o f l e a s t s q u a r e s f i t i s n o r m a l l y d i s t r i ­
b u t e d w i t h z e r o mean i s n o t r e j e c t e d a t 5% s i g n i f i c a n c e l e v e l . On t h e 
w h o l e t h e c h i - s q u a r e t e s t w o u l d r e q u i r e r e j e c t i o n o f 567 c a s e s i n 3 9 4 9 
c a s e s w h i c h i s a b o u t 14% o f t h e t o t a l . H o w e v e r , i t may b e n o t e d t h a t t h e 
c h i - s q u a r e g o o d n e s s - o f - f i t t e s t i s a c t u a l l y a l a r g e s a m p l e t e s t and i s n o t 
w h o l l y a p p r o p r i a t e f o r a p p l i c a t i o n i n t h i s i n s t a n c e s i n c e t h e s e t s o f e r r o r s 
t e s t e d a r e n o t l a r g e s e t s ( t h e number o f e r r o r s t y p i c a l l y r a n g e d from 16 t o 
2 0 ) . On t h e o t h e r h a n d , t h e K o l m o g o r o v - S m i r n o v g o o d n e s s - o f - f i t t e s t i s a n 
e x a c t t e s t f o r a l l s a m p l e s i z e s ( B e n j a m i n and C o r n e l l , 1 9 7 0 ) . The r e s u l t s 
o f K o l m o g o r o v - S m i r n o v t e s t a r e d i s c u s s e d b e l o w . 
The R e s u l t s o f K o l m o g o r o v - S m i r n o v T e s t The t e s t s t a t i s t i c , D q o f K-S 
g o o d n e s s - o f - f i t t e s t i s c o m p u t e d ( b y t h e p r o c e d u r e d e s c r i b e d i n C h a p t e r IV) 
a s s u m i n g t h a t t h e e r r o r t e r m s o f l e a s t s q u a r e s f i t a r e d i s t r i b u t e d n o r m a l l y 
w i t h z e r o mean and v a r i a n c e e q u a l t o t h e s a m p l e v a r i a n c e o f t h e e r r o r t e r m s . 
The h y p o t h e s i s t h a t t h e e r r o r s a r e d i s t r i b u t e d n o r m a l l y w i t h mean z e r o i s 
r e j e c t e d i f i s l a r g e r t h a n a c r i t i c a l v a l u e a t a g i v e n s i g n i f i c a n c e l e v e l s . 
A l l t h e s a m p l e s examined u n d e r chi-square t e s t a r e a l s o s u b j e c t e d t o K-S 
t e s t f o r n o r m a l i t y o f e r r o r s and t h e number r e j e c t i o n s o f t h e s e s a m p l e s 
a g a i n s t t h e n u l l h y p o t h e s i s h a s b e e n e v a l u a t e d a t s i g n i f i c a n t l e v e l s o t=0 .1 
and 0 . 0 5 . The number o f r e j e c t i o n s o f t h e n u l l h y p o t h e s i s b y K-S t e s t a t 
a=5% i s f o u n d t o b e f a r b e l o w t h a n t h e same b y c h i - s q u a r e t e s t . H e n c e , no 
a t t e m p t h a s b e e n made t o p r e s e n t K-S t e s t r e s u l t s i n d e t a i l f o r e a c h c a t e ­
g o r y o f d a t a s a m p l e s m e n t i o n e d e a r l i e r . T a b l e A . 1 6 s u m m a r i z e s t h e r e s u l t s 
o f K-S n o r m a l i t y 
T a b l e A . 1 6 . R e s u l t s o f K o l m o g o r o v - S m i r n o v T e s t f o r N o r m a l i t y o f E r r o r s 
D i s t r i b u t i o n 0 " ^ N o o f S a m p l e s N u m b e r o f r e j e c t i o n s 
Examined « = 0 .10 « = o . 05 




0. ,1735 324 4 2 
0. .2840 275 5 2 
0. ,6323 297 11 3 
G a m m a 0. .1000 367 4 1 
0. .1429 367 2 0 
0. .2000 323 0 0 
0. .3333 350 3 2 
G u m b e l 0. .1028 298 4 0 
0. .1828 325 0 0 
0. .4112 325 3 2 
0. .7311 349 20 9 
3949 64 25 
(1.6%) (0.6%) 
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t e s t o n e r r o r s o f l e a s t s q u a r e d f i t f o r t h e t h r e e d i s t r i b u t i o n s c h o s e n i n 
t h i s s t u d y . 
T h e r e s u l t s o f K - S t e s t i n d i c a t e t h a t o n t h e w h o l e , t h e n u l l h y p o t h e s i s 
c a n b e r e j e c t e d w i t h 0 1 = 0 . 1 0 s i x t y - f o u r o u t o f 3 9 4 9 c a s e s , o r i n a b o u t 1 6 % 
w h i l e w i t h c t = 0 . 0 5 o n l y 2 5 c a s e s o r a b o u t 0 . 6 % m u s t b e r e j e c t e d . O f a l l 
t h e s a m p l e s a t d i f f e r e n t l e v e l s o f a 2 , G u m b e l d i s t r i b u t i o n w i t h a 2 = 0 . 7 3 
s h o w e d r e l a t i v e l y l a r g e r p e r c e n t o f r e j e c t i o n s ; 2 . 6 % w i t h c c = 0 . 0 5 a n d 5 . 7 % 
w i t h a = 0 . 1 0 . D i s c a r d i n g o f n e g a t i v e v a r i a t e s g e n e r a t e d w i t h G u m b e l d i s ­
t r i b u t i o n , w h i c h a r e a b o u t 8 % a t a 2 = 0 . 7 , m i g h t h a v e l e d t o r e l a t i v e l y m o r e 
i r r e g u l a r e r r o r t e r m s a n d h e n c e r e l a t i v e l y m o r e r e j e c t i o n s o f n o r m a l i t y 
h y p o t h e s i s . 
T h e a b o v e r e s u l t s i n d i c a t e t h a t c o m p a r e d t o t h e c h i - s q u a r e t e s t t h e 
K o l m o g o r o v - S m i r n o v t e s t i s c o n s i d e r a b l y m o r e f a v o u r a b l e t o t h e n u l l h y p o ­
t h e s i s ( t h a t t h e e r r o r s a r e n o r m a l w i t h z e r o m e a n ) . S i n c e K - S t e s t i s 
m o r e e x a c t f o r s a m p l e s o f a n y s i z e w h i l e t h e c h i - s q u a r e t e s t i s a l a r g e 
s a m p l e t e s t i t m a y b e e m p h a s i z e d t h a t t h e K - S t e s t i s m o r e p r o p e r l y a p p l i ­
c a b l e t o t h e s m a l l s a m p l e s e n c o u n t e r e d i n t h i s w o r k a n d p r e f e r e n c e t o t h e 
c o n c l u s i o n s d r a w n f r o m i t m u s t b e g i v e n . A t t h e s a m e t i m e n o t e m a y b e 
t a k e n o f t h e f a c t t h a t o n l y i n 1 4 % o f t h e c a s e s t h e n u l l h y p o t h e s i s h a s 
b e e n r e j e c t e d b y t h e c h i - s q u a r e t e s t a n d t h u s t h e c h i - s q u a r e t e s t a l s o , i n 
g a n e r a l , f a i l s t o r e j e c t t h e n u l l h y p o t h e s i s . T h e p r o p e r c o n c l u s i o n t o b e 
d r a w n f r o m t h e a b o v e w o r k t h u s s e e m s t o b e t h a t t h e h y p o t h e s i s t h a t t h e 
r e s i d u a l e r r o r s o f t h e l e a s t s q u a r e s f i t ( m o r e s p e c i f i c a l l y t h e f i t b y t h e 
l e a s t s q u a r e s t e c h n i q u e o f t h e p r e s e n t w o r k ) a r e n o r m a l l y d i s t r i b u t e d 
w i t h a z e r o m e a n a n d u n k n o w n v a r i a n c e o 2 ( t h e s a m p l e v a r i a n c e o f e r r o r t e r m s 
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g i v e s an e s t i m a t e o f a , G r a y b i l l ( 1 9 6 1 ) w h i c h h a s b e e n a p p l i e d i n t h i s 
s t u d y ) c a n n o t b e r e j e c t e d b a s e d upon t h e r e s u l t s o b t a i n e d i n t h i s s t u d y . 
Thus t h e l e a s t s q u a r e s m e t h o d s t u d i e d h e r e i n may b e r e g a r d e d a s an 
a p p l i c a t i o n o f t h e c o n c e p t s o f maximum l i k e l i h o o d . 
S e c t i o n V: C o n c l u s i o n s 
The r e s u l t s o f t h e s t u d y on l e a s t s q u a r e s m e t h o d p r e s e n t e d i n t h i s 
a p p e n d i x a p p e a r t o s u b s t a n t i a t e t h e f o l l o w i n g o b s e r v a t i o n s and c o n c l u s i o n s : 
a ) The u s e o f l e a s t s q u a r e s m e t h o d i n h y d r o l o g y i s t h e o r e t i c a l l y 
s o u n d , and may b e r e g a r d e d a s an a p p l i c a t i o n o f t h e c o n c e p t s o f 
Maximum l i k e l i h o o d . 
b ) The l e a s t s q u a r e s e s t i m a t e s o f p a r a m e t e r s and p e r c e n t i l e s a r e , 
i n g e n e r a l , u n b i a s e d . 
c ) The l e a s t s q u a r e s e s t i m a t e s o f p a r a m e t e r s and p e r c e n t i l e s a r e , 
i n g e n e r a l , l e s s e f f i c i e n t t h a n t h e maximum l i k e l i h o o d e s t i m a t e s . 
d ) J u d i c i o u s c h o i c e s o f w e i g h t i n g f u n c t i o n s may i m p r o v e t h e 
e f f i c i e n c y o f l e a s t s q u a r e s e s t i m a t e s . 
e ) For t h e two p a r a m e t e r l o g n o r m a l , gamma and Gumbel d e n s i t y f u n c ­
t i o n s , t h e p a r t i c u l a r c h o i c e o f w e i g h t s r e p r e s e n t e d by t h e e q u a t i o n 
g i v e n b e l o w h a s i m p r o v e d t h e e f f i c i e n c y o f l e a s t s q u a r e s e s t i m a t e s 
and e l i m i n a t e d t h e b i a s o f t h e e s t i m a t e s w h e r e o b s e r v e d . 
w(x ;o t , 6 ) = f ( x ; o t , 6 ) ^ 
w h e r e f ( x ; o t , $ ) r e p r e s e n t s t h e p r o b a b i l i t y d e n s i t y f u n c t i o n and h a s 
a v a l u e i n t h e r a n g e o f 0 . 7 5 t o 1 . 0 0 . 
f ) When a p p l i e d t o g r o w i n g s a m p l e s t h e l e a s t s q u a r e s and maximum 
l i k e l i h o o d m e t h o d s d i d n o t show any p a r t i c u l a r a d v a n t a g e s o v e r 
e a c h o t h e r . 
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S e c t i o n V I ; A S u g g e s t e d P r o c e d u r e f o r u s e o f N o n l i n e a r L e a s t S q u a r e s 
Method i n H y d r o l o g y . 
S e c t i o n I I I p r e s e n t s t h e m a t h e m a t i c s o f n o n l i n e a r l e a s t s q u a r e s 
m e t h o d t o e s t i m a t e p a r a m e t e r s o f a t w o - p a r a m e t e r p r o b a b i l i s t i c m o d e l . 
By a p p l y i n g t h i s m e t h o d t o f i t LN, GA and GU, P D F ' s t o t h e i r r e s p e c t i v e 
d a t a i t w a s f o u n d t h a t 
( i ) When u n i t a r y w e i g h t s w e r e a p p l i e d t o t h e e r r o r t e r m s i . e . , 
w^ = 1 i n E u q a t i o n A. 30 (<j> = 0 . i n E q u a t i o n s A. 33 t h r o u g h A. 4 1 ) t h e 
l e a s t s q u a r e s m e t h o d p r o d u c e d b i a s e d e s t i m a t e s o f p a r a m e t e r s i n some 
c a s e s , b u t no i n a l l c a s e s . The e f f e c t o f t h i s b i a s , i n g e n e r a l , i s 
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t o p r o d u c e u n d e r e s t i m a t e s ( a _ / S , < 1 . 0 ) o f h y d r o l o g i c e v e n t s ( f o r 
F k. 
d i f f e r e n t r e t u r n p e r i o d s ) . 
( i i ) U s e o f w e i g h t w i t h <f> = 0 . 2 5 t o 1 . 0 0 ( E q u a t i o n s A. 3 3 t h r o u g h A. 4 1 ) 
v i r t u a l l y e l i m i n a t e d t h e b i a s m e n t i o n e d i n ( i ) . H o w e v e r , u s e o f w e i g h t 
i n c a s e o f s a m p l e s w h o s e r e s u l t s w e r e u n b i a s e d w i t h u n i t a r y w e i g h t s 
p r o d u c e d a b i a s i n t h e p a r a m e t e r e s i t m a t e s w h i c h r e s u l t e d , i n g e n e r a l , 
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i n o v e r - p r e d i c t i o n ( ° " F / S ^ > 1 » 0 ) o f h y d r o l o g i c e v e n t s ( s e e T a b l e s A. 7 
t h r o u g h A . 9 ) . 
The a b o v e two r e s u l t s i n d i c a t e t h a t u s e o f LS m e t h o d i n a s p e c i f i c 
f or m ( i . e . , w i t h a recommended v a l u e o f <J>) c a n n o t b e g e n e r a l i z e d . To 
o b t a i n a n u n b i a s e d s o l u t i o n b y ( w e i g h t e d ) LS m e t h o d some v a l u e o f <f> i n 
t h e r a n g e o f <J> = 0 . 0 t o 1 . 0 n e e d s t o b e u s e d i n t h e ( w e i g h t e d ) LS E q u a t i o n s . 
The s p e c i f i c v a l u e o f <J> w h i c h g i v e s an u n b i a s e d LS s o l u t i o n c a n b e d e t e r ­
m i n e d o n l y b y a c o m p a r i s o n o f r e s u l t s w i t h t h e p a r e n t PDF. 
The two ( e x t r e m e ) c a s e s o f w e i g h t e d L S , i . e . , w i t h <J> = 0 . 0 and w i t h 
<J> = 1 . 0 , a r e d e n o t e d i n t h i s t h e s i s a s LS m e t h o d ( s i n c e ; u n i t a r y w e i g h t s a r e 
a p p l i c a b l e t o e r r o r t e r m s ) and MCS m e t h o d ( s i n c e w i t h <J> = 1 . 0 t h e w e i g h t e d 
242 
LS m e t h o d r e d u c e s t o t h e minimum c h i - s q u a r e ' ' m e t h o d d e s c r i b e d i n C h a p t e r 
I I ) , r e s p e c t i v e l y . N e v e r t h e l e s s , i n v i e w o f r e s u l t s ( i ) and ( i i ) d e s ­
c r i b e d a b o v e b o t h LS and MCS m e t h o d s may p r o d u c e u n b i a s e d r e s u l t s i n some 
c a s e s and b i a s e d r e s u l t s i n some c a s e s . H o w e v e r , i n g e n e r a l , t h e b i a s 
i n LS p r o d u c e s u n d e r - e s t i m a t e s and t h e b i a s i n MCS p r o d u c e s o v e r - e s i t m a t e s 
o f h y d r o l o g i c e v e n t s , when d a t a a r e f i t t e d t o t h e p a r e n t PDF. T h u s , when 
a p p l y i n g l e a s t s q u a r e s m e t h o d t h e LS (<f> = 0 . 0 ) and MCS (<j> = 1 . 0 0 ) s h o u l d 
n o t t o v i e w e d a s two s e p a r a t e m e t h o d s , b u t s h o u l d b e v i e w e d a s t h e two 
e x t r e m e c a s e s o f t h e same m e t h o d n a m e l y , w e i g h t e d l e a s t s q u a r e s , (WLS). 
The u n b i a s e d s o l u t i o n by WLS i s o b t a i n e d by t r i a l and e r r o r ( t o d e t e r m i n e 
t h e opt imum <j> v a l u e ) i n w h i c h LS and MCS may a i d . I n a r e a l s i t u a t i o n 
s i n c e p o p u l a t i o n s a r e n o t known _a p r i o r i , t h e f o l l o w i n g p r o c e d u r e i s 
s u g g e s t e d t o a p p l y WLS t o d a t a s a m p l e s , b i t h a s a p a r a m e t e r e s t i m a t i o n 
m e t h o d , and a s a m e t h o d t o d i s c r i m i n a t e P D F ' s . 
( i ) Assume t h a t t h e c r i t e r i o n g i v e n by E q u a t i o n 5 . 1 d e t e r m i n e s t h e 
p a r e n t PDF. 
( i i ) C h o o s i n g an a p p r o p r i a t e PDF, c o m p u t e t h e v a r i a n c e r a t i o s 
t h e g i v e n d a t a s a m p l e , 
( i i i ) I f t h e r a t i o s c o m p u t e d i n s t e p ( i i ) d i f f e r g r e a t l y f r o m 1 . 0 i n 
/ S , and o M r c / S ( s e e C h a p t e r IV f o r t h i s n o t a t i o n ) f o r 
t h e same d i r e c t i o n t h e PDF c h o s e n i s n o t t h e b e s t PDF f o r t h e 
s a m p l e . The h y d r o l o g i s t / e n g i n e e r may s e l e c t a n o t h e r PDF and 
( i v ) 
F o r t h i s c a s e t h e a p p r o p r i a t e v a l u e o f <\> l i e s b e t w e e n 0 . 0 and 1 . 0 
The s o l u t i o n b y WLS may b e d e t e r m i n e d by c h o o s i n g <j> s u c h t h a t 
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° F , W L S / S k 1 3 ^ 
( v ) I f t h e two r a t i o s c o m p u t e d i n s t e p ( i i ) d i f f e r f rom 1 . 0 i n t h e 
same d i r e c t i o n , b u t o n e o f t h e r a t i o s i s c l o s e t o l . o t h e PDF 
c h o s e n i s p o s s i b l y t h e ' b e s t ' PDF f o r t h e s a m p l e , b u t may n o t 
b e t h e b e s t . I f b o t h t h e r a t i o s a r e l e s s t h a n 1 . 0 , b u t 
2 . 2 
Qp, j^Qg/S^ i s c l o s e r t o u n i t y s u c h a r e s u l t m i g h t h a v e o c c u r r e d 
due t o t h e p o s i t i v e b i a s o f MCS m e t h o d . On t h e o t h e r h a n d , 
2 2 
i f b o t h t h e r a t i o s a r e g r e a t e r t h a n 1 . 0 , b u t a_, T C / S i s c l o s e r r , Lb k 
t o u n i t y s u c h a r e u s l t m i g h t h a v e o c c u r r e d d u e t o t h e n e g a t i v e 
b i a s o f L S . At t h i s s t a g e r e s u l t s g i v e n b y o t h e r P D F ' s a s w e l l 
a s ML s o l u t i o n ( w h e r e a v a i l a b l e ) s h o u l d b e e x a m i n e d i n m a k i n g 
t h e s e l e c t i o n o f a PDF. 
( v i ) I f t h e b e s t PDF i s n o t f o u n d i n s t e p s ( i i i ) t h r o u g h ( v ) and t h e 
h y d r o l o g i s t / e n g i n e e r w i s h e s t o c h o o s e o n e o f t h e P D F ' s t r i e d by 
2 2 
h i m i n s t e p ( i i i ) h e may c h o o s e t h a t PDF f o r w h i c h L g / M C S ^ k 
i s c l o s e r t o u n i t y . ( N o t e t h a t , i n t h i s c a s e e i t h e r LS o r MCS 
w i l l g i v e t h e s o l u t i o n f o r w h i s h t h e v a r i a n c e r a t i o w i l l b e c l o s e r 
t o u n i t y ) . 
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APPENDIX B 
THE TWO-PARAMETER LOGNORMAL DISTRIBUTION 
The t w o - p a r a m e t e r l o g n o r m a l d i s t r i b u t i o n i s d e f i n e d by t h e 
f o l l o w i n g r e l a t i o n : 
- 1 / 2 [ l n x - a t 
p ( x ; v o ) 1 e L cr- U , x > 0 , B . l 
y 7 x cr y /27T y 
w h e r e y = l n x , = mean o f y , and CTy = s t a n d a r d d e v i a t i o n o f y . 
The l o g n o r m a l d i s t r i b u t i o n i s p o s i t i v e l y s k e w e d . The m e a n , 
v a r i a n c e , s k e w n e s s c o e f f i c i e n t and t h e k u r t o s i s c o e f f i c i e n t o f t h i s 
d i s t r i b u t i o n a r e g i v e n i n T a b l e 3 . 1 . For u s e i n LS m e t h o d ( s e e A p p e n d i x A) 
t h e d e r i v a t i v e s o f p w i t h r e s p e c t t o ti y and cr~y may b e w r i t t e n a s 




"(lnx - M y ) 2 - J _ 
O y 3 ^ y 
P ( x ; u y i o r ) B . 3 
I n t h e f i n i t e f o r m , t h e l o g n o r m a l d i s t r i b u t i o n and i t s d e r i v a t i v e s 
w . r . t . p a r a m e t e r s §i and <Ty may be w r i t t e n , r e s p e c t i v e l y a s 
2 4 5 
P < V I ; / V <ry) = _ - U / l 1 
/ y y <T-JUT J T 
v i - l / 2 f l n x 
— 
y 
o- U dx B . 4 
v i - l 
v i 
^ P ( v ± ; / t , 6") = / ( l n x ) p ( x ; / 4 , e r ) dx B .5 
7 v i - l 
and 
v l 
3 p ( V i ; A , crn) = y^lnx - / * T ) 2 - j j ) p ( x ; / / , c r ) d x B . 6 
E q u a t i o n s B . 4 t h r o u g h B . 6 a r e t h e n e a s i l y e v a l u a t e d u s i n g a 
n u m e r i c a l i n t e g r a t i o n t e c h n i q u e . I n t h i s w o r k , t h e t e c h n i q u e u s e d was 





The moment e s t i m a t e s , jU o f t h e p a r a m e t e r s/U„ and or, 
*/*-   ^ ' y y 
a r e g i v e n by 
JU = 2 1 n x - 1 / 2 l n ( S S M ) B . 7 
' ym 
and 
<5^m = Y I N ( S S M ) - 2 l n x B . 8 
n n 
2 where x = Zl x i » and SSM = 1 F̂"_ x^ 
n i = l n i = l 
A A . 
The maximum l i k e l i h o o d e s t i m a t e s LL _ and o"~ , o f t h e p a r a m e t e r s 
' yml yml 
2 4 6 
jf^l and cT^ a r e g i v e n by 
and 
A 
AC = 1 y l n x . B . 9 
' yml - •—'-, i 
J n 1 = 1 
- l ZL ( i n ^ ) 2 - 0 V > 2 B - 1 0 
v n i = l 
For s u b s t i t u t i o n i n t h e LS n o r m a l e q u a t i o n s ( s e e A p p e n d i x A) t h e 
p a r a m e t e r s / X y and cT a r e t r e a t e d a s OC and / 3 , r e s p e c t i v e l y . 
247 
APPENDIX C 
THE TWO-PARAMETER GAMMA DISTRIBUTION 
The t w o - p a r a m e t e r gamma d i s t r i b u t i o n i s d e f i n e d by t h e r e l a t i o n 
JD D - l - C x n ' 
, _ n v C x e x > 0 C . l p ( x ; C , D) = ^ 
= 0 , o t h e r w i s e , 
w h e r e T(D) i s t h e gamma f u n c t i o n d e f i n e d b y 
00 
T(D) = | x ^ e ^ d x , f o r D > 0 C .2 
I n t e g r a t i o n o f E q u a t i o n C . l l e a d s t o t h e r e c u r s i v e r e l a t i o n s h i p 
T(D) = (D - 1 ) T ( D - 1 ) C . 3 
I f 3 i s a p o s i t i v e i n t e g e r , t h e n 
T(D) = (D - 1 ) ! C .4 
I n E q u a t i o n C . l t h e p a r a m e t e r D i s c a l l e d t h e s h a p e p a r a m e t e r and 
C i s c a l l e d t h e s c a l e p a r a m e t e r . T h e r e i s a c l o s e r e l a t i o n s h i p b e t w e e n 
t h e e x p o n e n t i a l d i s t r i b u t i o n and gamma d i s t r i b u t i o n . I n f a c t , i f D = 1 . 0 , 
t h e gamma d i s t r i b u t i o n r e d u c e s t o t h e e x p o n e n t i a l d i s t r i b u t i o n . The 
e q u a t i o n s o f m e a n , v a r i a n c e , s k e w n e s s c o e f f i c i e n t and t h e k u r t o s i s c o ­
e f f i c i e n t o f t h e gamma d i s t r i b u t i o n a r e g i v e n b y T a b l e 3 . 1 . 
F o r u s e i n LS m e t h o d ( S e e A p p e n d i x A . ) t h e d e r i v a t i v e s o f p w i t h 
r e s p e c t t o C and D may b e w r i t t e n a s 
| £ = ( | - x ) p ( x ; C,D) C . 5 
and 
(D) 
I n t h e f i n i t e f o r m , t h e gamma d i s t r i b u t i o n and i t s d e r i v a t i v e s 
3D ( — z ~ r + InC + l n x ) p ( x ; C , D ) . C .6 
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w . r . t . C and D may b e w r i t t e n , r e s p e c t i v e l y a s 
v . 
n n x C r 1 D - l - C x , r , 
p ( v ± ; C, D) = y^-yj- } x e d x , C.7 
V i - 1 
_ v ^ f£ ( v . ; C, D) = / - x ) p ( x ; C, D) d x C.S 
and 
v 
f£ ( v . ; C , D ) - / { + InC + l n x ) p ( x ; C, D) dx C . 9 
V i - 1 
E q u a t i o n s C.7 t h r o u g h C.9 a r e t h e n e a s i l y e v a l u a t e d u s i n g a n u m e r i ­
c a l i n t e g r a t i o n t e c h n i q u e . I n t h i s w o r k , t h e t e c h n i q u e u s e d was a s i m p l e 
t r a p e z o i d a l r u l e w i t h 16 s u b i n t e r v a l s on [v ^ , v ] . 
Most c o m p u t e r s h a v e s u b - r o u t i n e s t o e v a l u a t e i n c o m p l e t e gamma 
f u n c t i o n s . 
To c o m p u t e t h e d e r i v a t i v e s o f t h e gamma f u n c t i o n , o n e f i r s t n o t e s 
t h a t 
d n T> / M ( x ) dx £lnr<x>l = TOO cio 
( x ) 
The f u n c t i o n ^ >. i s known a s t h e P s i f u n c t i o n , and i s d i s c u s s e d 
r ( x ) 
i n A b r a m o w i t z and S t e g u n ( 1 9 6 4 ) . I t was g i v e n by t h e s e r i e s e x p a n s i o n 
4,(1 + z) " M i t 1) - " E u + z * - 1 ' " 2 - • • • c - n 
n = l 
Where Eu i s E u l e r ' s c o n s t a n t ( 0 . 5 7 7 2 . . . ) . H o w e v e r , t h e i n f i n i t e 
s e r i e s i n E q u a t i o n C . l l c o n v e r g e s v e r y s l o w l y and t o o b t a i n a c c u r a c y o f 
s i x p l a c e s , s u m m a t i o n o f on t h e o r d e r o f a m i l l i o n t e r m s w o u l d b e r e q u i r e d , 
a n o b v i o u s i m p r a c t i c a l i t y . B a s e d on a m e t h o d by K a n t o r v i c h and K r y l o v 
( 1 9 5 8 ) , a n e q u i v a l e n t s e r i e s h a v i n g b e t t e r c o n v e r g e n c e p r o p e r t i e s i s 
2 4 9 
g i v e n by ( G r a n t , 1 9 7 3 ) 
00 OO 
Y = z ( l . 6 4 4 3 9 4 - 1 . 2 0 2 0 5 1 z + 1 . 0 8 2 3 2 3 z 2 - z 3 y k } . ) C . 1 2 L- n n ( n + l ) % n H ( n + z ) n = l n * l 
A s i m i l a r h a n d l i n g o f t h e t e r m s o f t h e e x p r e s s i o n ( A b r a m o v i t z and 
S t e g u n , 1 9 6 4 ) f o r 
00 _̂  
¥'(z) = j L ^ ^ 2 (z * °» _ i » ~2» c-12 
y i e l d s t h e e q u i v a l e n t s e r i e s e x p r e s s i o n 
* T ( z ) = - Y + 1 . 6 4 4 3 9 4 - 2 . 4 0 4 1 0 2 z + 3 . 2 4 6 9 6 9 9 z 2 -
C . 1 3 
,3 \ 4 j + 3z 
E q u a t i o n s C . 1 2 and C . 1 3 w e r e u s e d t o c o m p u t e t h e v a l u e s o f ¥ and 
i n t h i s s t u d y . The f i r s t 1 0 0 t e r m s o f i n f i n i t e s e r i e s i n v o l v e d i n 
E q u a t i o n s C . 1 2 and C . 1 3 w e r e c o n s i d e r e d and t h e r e s t o m i t t e d . 
by 
and 
The moment e s t i m a t e s C and D o f t h e p a r a m e t e r s C and D a r e g i v e n 
m m 
n m 
C = y x . / y ( x . - x ) 2 C . 1 4 
1 = 1 / 1 = 1 
C . 1 5 D = C x 
m m 
- 1 n 
Where x = — Y x , , ( n = s a m p l e s i z e ) . 
i = l 
The maximum l i k e l i h o o d e s t i m a t e s a r e c o m p u t e d a s f o l l o w s : 
The l i k e l i h o o d f u n c t i o n o f a s a m p l e o f s i z e n w o u l d b e 
T C n D I D - l - C x . r l f i 
o r InL = nDtnC - n l n T(D) + (D - 1 ) J I n x - cj x . . 
i-i 1 M 1 
2 5 0 
S e t t i n g t h e d e r i v a t i v e s o f InL w . r . t C and D e q u a l t o z e r o , o n e 
o b t a i n s 
8 InL nD ? r> 
_ i = l 
o r C = D / x C . 1 7 
and 
^ — ^ = n InC - n £ ( I n T ( D ) ) + J I n x . = 0 
1 = 1 
o r InC - | j ( l n T ( D ) ) + J l n X j = 0 
i = l n 
_ - n -
o r InD - I n x - l n T (D) + £ X j = 0 C . 1 8 
i = l n 
S o l v i n g E q u a t i o n s C . 1 7 and C . 1 8 f o r C and D o n e o b t a i n s t h e ML 
e s t i m a t e s C ^ and D ^ o f p a r a m e t e r s C and D , r e s p e c t i v e l y . H o w e v e r , no 
e x p l i c i t s o l u t i o n f o r D i s p o s s i b l e f rom E q u a t i o n C . 1 8 . S t a r t i n g from 
an i n i t i a l v a l u e D q ( s a y , t h e moment e s t i m a t e o f D ) , E q u a t i o n C . 1 8 may 
b e r e c u r s i v e l y s o l v e d by N e w t o n ' s m e t h o d t o o b t a i n an opt imum v a l u e o f 
D. The v a l u e t h u s o b t a i n e d i s t r e a t e d a s D._ and C._ i s c o m p u t e d by 
ML ML 
^ /\ 
C = D x C . 1 9 
ML ML 
F o r s u b s t i t u t i o n i n t h e LS n o r m a l e q u a t i o n s ( S e e A p p e n d i x A . ) t h e 
p a r a m e t e r s ( C , D) o f GA PDF a r e t r e a t e d a s ( a , 3 ) . 
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APPENDIX D 
THE TWO-PARAMETER GUMBEL DISTRIBUTION 
The t w o p a r a m e t e r Gumbel o r t h e t y p e I a s y m p t o t i c v a l u e d i s t r i b u t i o n 
o f l a r g e s t v a l e s , i s d e f i n e d b y t h e r e l a t i o n 
f . - a ( x - u ) , N - a ( x - u ) - e ^ ^ p ( x ; a , u ) = a e - 0 0 - x - 0 0 D . l 
I n E q u a t i o n D . l t h e p a r a m e t e r f a f i s a m e a s u r e o f d i s p e r s i o n and 
i s o f t e n c a l l e d t h e s h a p e o r d i s p e r s i o n p a r a m e t e r , u i s t h e mode o f 
t h e d i s t r i b u t i o n and a l s o c a l l e d t h e s c a l e p a r a m e t e r . 
The e q u a t i o n s o f t h e m e a n , v a r i a n c e , s k e w n e s s c o e f f i c i e n t and 
t h e k u r t o s i s c o e f f i c i e n t o f Gumbel d i s t r i b u t i o n a r e g i v e n b y T a b l e 3 . 1 . 
F o r u s e i n LS m e t h o d ( S e e A p p e n d i x A . ) d e r i v a t i v e s o f p w i t h r e s p e c t t o 
a and u may b e w r i t t e n a s 
[ ( x - u ) ( e " a ( x " u ) - 1 ) +^]p(x; a, u) D . 2 
oa a 
and 
9 P M - a ( x - u ) - , f m \ x\ Q 
-f- = a [ l - e ] p ( x a , u ) . D . 3 
D U 
I n t h e f i n i t e f o r m , t h e Gumbel d i s t r i b u t i o n and i t s d e r i v a t i v e s 
w . r . t p a r a m e t e r s a and u may b e w r i t t e n , r e s p e c t i v e l y , a s 
v- . . \ - a ( x - u ) 
p ( v . ; a , u ) = a / e d x , D . 4 
1 1/ 
1 
| | ( v ± ; a , u ) = / [ ( x - u ) ( e a ( x u ) - 1 ) + ^ ] p ( x ; a , u ) d x , D . 5 
2 5 2 
and 
T^-(V ; a , u ) = a / [ l - e a X ~ u ; ] p ( x ; a , u ) dx D . 6 
d u 1 
E q u a t i o n s D . 4 t h r o u g h D . 6 a r e t h e n e a s i l y e v a l u a t e d u s i n g a 
n u m e r i c a l i n t e g r a t i o n t e c h n i q u e . I n t h i s w o r k , t h e t e c h n i q u e u s e d w a s 
a s i m p l e t r a p e z o i d a l r u l e w i t h 16 s u b - i n t e r v a l s on ( v . .. , v . ) . 
l - l l 
The moment e s t i m a t e s a and u of t h e p a r a m e t e r s a and u a r e 
m m v 
g i v e n by 
1 . 2 8 2 _ _ 
a = D. 7 m /SSM - (x)2 
and 
w h e r e 
0 . 5 7 7 2 _ _ 
u = x — D . 8 
m a 
— 1 * x = —Yx . 
n f , i 
and 
nr, i 
SSM - 2 
No a t t e m p t h a s b e e n made t o e v a l u a t e t h e maximum l i k e l i h o o d 
e s t i m a t e s o f p a r a m e t e r s a and u a s t h e i t e r a t i v e p r o c e d u r e s i n v o l v e d 
w o u l d add c o n s i d e r a b l y t o t h e l i m i t e d c o m p u t e r t i m e a v a i l a b l e f o r t h i s 
s t u d y . H a r t e r and Moore ( 1 9 6 7 ) o b t a i n e d an e x p l i c i t e x p r e s s i o n f o r 
t h e maximum l i k e l i h o o d e s t i m a t o r o f l o c a t i o n p a r a m e t e r u and t h e e x a c t 
d i s t r i b u t i o n o f t h e e s t i m a t o r by a s s u m i n g t h a t t h e s c a l e p a r a m e t e r a 
i s known. 
F o r s u b s t i t u t i o n i n t h e LS n o r m a l e q u a t i o n s ( S e e A p p e n d i x A . ) 
t h e p a r a m e t e r s ( a , u ) of GU PDF a r e t r e a t e d a s ( a , 3 ) . 
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APPENDIX E 
GENERATION OF SYNTHETIC VARIATES 
I n t h i s a p p e n d i x a r e d i s c u s s e d c e r t a i n t e c h n i q u e s by w h i c h s a m p l e s 
o f i n d e p e n d e n t random v a r i a b l e s w i t h t h e g i v e n f r e q u e n c y d i s t r i b u t i o n a r e 
g e n e r a t e d . The b a s i c a p p r o a c h t o s i m u l a t e s a m p l e s o f i n d e p e n d e n t random 
v a r i a t e s h a v i n g a c e r t a i n f r e q u e n c y d i s t r i b u t i o n c o n s i s t s o f t r a n s f o r m i n g 
t h e i n d e p e n d e n t n u m b e r s o f a u n i f o r m d i s t r i b u t i o n on i n t e r v a l ( 0 , 1 ) t o 
r e p r o d u c e t h e r e q u i r e d f r e q u e n c y d i s t r i b u t i o n . The m e t h o d i s g r a p h i c a l l y 






SCALE OF t SCALE OF V 
F i g u r e E . l T r a n s f o r m a t i o n o f U n i f o r m Random Numbers i n t o Random Numbers o f PDF, f ( v ) 
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The c u m u l a t i v e d i s t r i b u t i o n f u n c t i o n s , (CDF) o f t h e u n i f o r m d i s ­
t r i b u t i o n and t h e f r e q u e n c y d i s t r i b u t i o n t o w h i c h t h e u n i f o r m l y d i s t r i b ­
u t e d random v a r i a b l e s a r e t o b e t r a n s f o r m e d a r e r e p r e s e n t e d b y F i g u r e 
E . l a ) and F i g u r e E . l b ) , r e s p e c t i v e l y . The p r i n c i p l e i s t h a t t h e p r o b a ­
b i l i t i e s o f v ^ and t a r e e q u a l , o r t h a t t h e y h a v e o n e t o o n e c o r r e s p o n ­
d e n c e ( Y e v j e v i c h , S t o c h a s t i c P r o c e s s e s i n H y d r o l o g y , 1 9 7 2 ) . I t may b e 
n o t e d t h a t a l l p o s s i b l e o u t c o m e s o f t ^ h a v e e q u a l p r o b a b i l i t y o f o c c u r ­
r e n c e . The t r a n s f o r m a t i o n i s a c h i e v e d b y t h e r e l a t i o n 
P ( t < t . ) = P ( v < v . ) ( E . l ) 
— 1 — l 
t h a t i s , b y e q u a t i n g CDF o f t o t h a t o f v . S i n c e t h e CDF o f 
t ^ i s n u m e r i c a l l y e q u a l t o t i t s e l f ( S e e F i g . E . l a ) t h e r e l a t i o n g i v e n 
b y E q u a t i o n E . l may b e w r i t t e n a s 
t i = F ^ v i ^ ( E * 2 ) 
The a b o v e t r a n s f o r m a t i o n i s u s u a l l y e x p r e s s e d a s an i n v e r s e 
t r a n s f o r m a t i o n f u n c t i o n g i v e n b y 
_1 
v = F ( t ) ( E . 3 ) 
E q u a t i o n E . 3 s h o u l d b e u n d e r s t o o d i n t h e S e n s e o f E q u a t i o n E . 2 . 
E q u a t i o n E . 3 i s e a s i l y p r o g r a m m a b l e on a d i g i t a l c o m p u t e r f o r some 
f r e q u e n c y d i s t r i b u t i o n s . 
From t h e f o r e g o i n g p a r a g r a p h s i t i s s e e n t h a t t o s i m u l a t e random 
v a r i a t e s o f a g i v e n f r e q u e n c y d i s t r i b u t i o n a s e q u e n c e o f i n d e p e n d e n t 
random n u m b e r s u n i f o r m l y d i s t r i b u t e d on i n t e r v a l ( 0 , 1 ) i s t o b e f i r s t 
g e n e r a t e d . One o b v i o u s s o u r c e o f o b t a i n i n g s u c h random numbers i s b y 
o b s e r v a t i o n o f a n y random p r o c e s s i n n a t u r e , s u c h a s e m i s s i o n o f p a r t i c l e s 
f rom r a d i o a c t i v e m a t e r i a l . H o w e v e r , s u c h s o u r c e s a r e n o t r e a l l y s a t i s ­
f a c t o r y s i n c e t h e numbers g e n e r a t e d w o u l d h a v e t o b e r e c o r d e d , t h e n r e a d 
i n t o t h e c o m p u t e r and s t o r e d i n v a l u a b l e memory l o c a t i o n s ; t h e e n t i r e 
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p r o c e s s w o u l d b e e x p e n s i v e . I n s t e a d , c o m p u t e r p r o g r a m s w h i c h u s e t h e 
a r i t h m e t i c c a p a b i l i t i e s o f a c o m p u t e r t o g e n e r a t e u n i f o r m l y d i s t r i b u t e d 
random numbers a r e n o t a v a i l a b l e . B u t , c o m p u t e r s a r e d e t e r m i n i s t i c 
m a c h i n e s i n t h a t , g i v e n i d e n t i c a l i n p u t s t h e y p r o d u c e i d e n t i c a l r e s u l t s . 
A d e t e r m i n i s t i c m a c h i n e u s i n g a d e t e r m i n i s t i c a l g o r i t h m o r c o m p u t a t i o n a l 
s c h e m e i s i m p o s s i b l e t o g e n e r a t e t r u l y "random" n u m b e r s . C o m p u t e r s c a n , 
h o w e v e r , g e n e r a t e " p s e u d o r a n d o m " n u m b e r s , w h i c h a r e s e q u e n c e s o f numbers 
c a r e f u l l y ( d e t e r m i n i s t i c a l l y ) c o n s t r u c t e d t o m a i n t a i n t h e i m p o r t a n t 
p r o p e r t i e s o f t r u l y random s e q u e n c e s ( F i e r i n g and J a c k s o n , 1 9 7 1 ) . 
One p r o c e d u r e f o r g e n e r a t i n g p s e u d o r a n d o m u n i f o r m l y d i s t r i b u t e d 
n u m b e r s by d i g i t a l c o m p u t e r s i s t h e m i x e d l i n e a r c o n g r u e n t i a l m e t h o d t h a t 
o p e r a t e s a s f o l l o w s . S e l e c t some s t a r t i n g v a l u e X > 0 , a m u l t i p l i e r 
o — 
a >̂  0 , a n i n c r e m e n t C _> 0 and a m o d u l u s ( o r d i v i s o r ) m w h i c h i s l a r g e r 
t h a n X a , and C. U s e X a s t h e f i r s t e l e m e n t i n t h e s e q u e n c e . L e t 
o o 
X. = (aX + C) mod (m) ( E . 4 ) 
1 o 
w h e r e t h e 'mod m' n o t a t i o n means t o t a k e t h e q u a n t i t y a X + C , 
o 
s u b t r a c t m a s many t i m e s a s p o s s i b l e w i t h o u t d r i v i n g t h e r e s u l t n e g a t i v e 
and t h e n s e t X , e q u a l t o t h e r e s u l t . I n an e q u i v a l e n t form X i s t h e 
r e m a i n d e r . When aX Q +C i s d i v i d e d by m. At e a c h s u b s e q u e n t s t e p x n i s 
g e n e r a t e d f r o m t h e p r e v i o u s v a l u e X ., by t h e f o r m u l a 
n—1 
X = (aX .,+C) mod (m) ( E . 5 ) n n—1 
I f C=0 i n E q u a t i o n E . 5 , t h e g e n e r a t o r i s c a l l e d l i n e a r c o n g r u e n t i a l . 
Knuth ( 1 9 6 9 ) d i s c u s s e s r u l e s t h a t s h o u l d b e a p p l i e d i n s e l e c t i n g a , 
m and C v a l u e s s o a s t o make t h e s e q u e n c e a s random a s p o s s i b l e . I n c a s e 
o f b i n a r y c o m p u t e r s m i s s e t e q u a l t o 2 ^ , w h e r e p i s t h e word l e n g t h o f 
t h e m a c h i n e i n q u e s t i o n . T h u s , t h e p s e u d o r a n d o m n u m b e r s g e n e r a t e d w i l l 
b e u n i f o r m l y d i s t r i b u t e d on i n t e r v a l ( 0 , 2 P - 1 ) . U s u a l l y 2 P i s an e x t r a -
257 
/ ZTT e x p ( - Z z / 2 ) dz ( E . 6 ) 
0 0 
By t h e r e l a t i o n g i v e n by E . 3 , o n e o b t a i n s 
y = a y cf)"1 ( t ) + u y ( E . 7 ) 
and t h e l o g n o r m a l l y d i s t r i b u t e d v a r i a t e , X i s s i m p l y g i v e n b y 
X=exp ( y ) ( E . 8 ) 
A l l n u m e r i c a l s t e p s t h r o u g h E q u a t i o n E . 7 i n t h e a b o v e p r o c e d u r e 
a r e c o m p u t e d b y t h e s u b p r o g r a m RANDN o f UNIVAC 1 1 0 8 f o r g i v e n and a . 
T h i s s u b p r o g r a m f i r s t o b t a i n s u n i f o r m l y d i s t r i b u t e d p s e u d o r a n d o m n u m b e r s 
on ( 0 , 2 3 5 - l ) f rom t h e NRAND r o u t i n e and d i v i d e s them b y t o c o n v e r t them 
o r d i n a r i l y l a r g e number ( t y p i c a l l y p = 3 2 , 2 3 2 = 4 , 2 9 4 , 9 6 7 , 2 9 6 ) and t h e 
p r o b a b i l i t y o f r e p e t i t i o n o f a s e q u e n c e o f p s e u d o r a n d o m n u m b e r s g e n e r a t e d 
i s v e r y r e m o t e . I t i s t h i s f a c t t h a t makes p s e u d o r a n d o m number g e n e r a t o r s 
u s a b l e . 
The s p e c i f i c p r o c e d u r e s u s e d t o g e n e r a t e i n d e p e n d e n t random 
s y n t h e t i c v a r i a t e s o f t h e t h r e e f r e q u e n c y d i s t r i b u t i o n s s t u d i e d i n t h i s 
work ( i . e . , l o g n o r m a l , gamma, and Gumbel) a r e d e s c r i b e d b e l o w . 
L o g n o r m a l Random S y n t h e t i c V a r i a t e s 
I t may b e r e c a l l e d t h a t i f t h e random v a r i a b l e X i s l o g n o r m a l l y 
d i s t r i b u t e d , t h e n t h e t r a n s f o r m e d random v a r i a t e Y = l n X , i s n o r m a l l y d i s ­
t r i b u t e d w i t h mean u and s t a n d a r d d e v i a t i o n a . C o n v e r s e l y , i f Y i s 
y y 
n o r m a l l y d i s t r i b u t e d w i t h mean u and s t a n d a r d d e v i a t i o n a , t h e t r a n s -
y y 
formed v a r i a t e X=Exp(Y) i s l o g n o r m a l l y d i s t r i b u t e d . T h i s p r o p e r t y w a s 
u s e d i n t h i s w o r k t o g e n e r a t e l o g n o r m a l s y n t h e t i c v a r i a b l e s . 
L e t y ~ N ( y y , O y 2 ) 
and t b e u n i f o r m l y d i s t r i b u t e d on ( 0 , 1 ) 
Now, (J>, t h e s t a n d a r d n o r m a l c u m u l a t i v e d i s t r i b u t i o n f u n c t i o n i s 
g i v e n by ., 
ry __1 
<Ky) = . 
2 5 8 
a = 2 . 5 1 5 5 1 7 
o 
a± = 0 . 8 0 2 8 5 3 
a 2 = 0 . 0 1 0 3 2 8 
b 1 = 1 . 4 3 2 7 8 8 
b 2 = . 1 8 9 2 6 9 
b 3 = . 0 0 1 3 0 8 
u n i f o r m l y random on ( 0 , 1 ) . Then i t u s e s a STAT-PACK f u n c t i o n s u b p r o g r a m 
TINORM t o a c c o m p l i s h i n v e r s e n o r m a l d i s t r i b u t i o n ( S e e UNIVAC L a r g e S c a l e s 
S y s t e m s S t a t - P a c k , 1 9 7 0 ) . 
The i n v e r s e o f t h e n o r m a l c u m u l a t i v e d i s t r i b u t i o n f u n c t i o n ( E q u a t i o n 
E . 6 ) c a n n o t b e e x p r e s s e d i n c l o s e d f o r m . The f o l l o w i n g a p p r o x i m a t i o n was 
made i n t h e s u b p r o g r a m TINORM ( A b r a m o v i t y and S t e g u n , 1 9 6 4 ) . 
a + a p+a p 2 y = P - -9-1—S T (E*9) 
l + b l P + b 2 p + b 3 p 
w h e r e 
p = 1 1 / t 2 i f 0 < t < 0 . 5 
n — 
P X n ^ ( l - t ) 2 l f ' 5 < t < 1 
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GAMMA RANDOM SYNTHETIC VARIATES 
The i n v e r s e o f gamma c u m u l a t i v e d i s t r i b u t i o n f u n c t i o n c a n n o t b e 
e x p r e s s e d i n c l o s e d form f o r u s e i n e q u a t i o n E . 3 . 
An a p p r o x i m a t e f o r m u l a b y w h i c h random n u m b e r s o f gamma p o p u l a t i o n 
w i t h p a r a m e t e r s a and 3 ( s e e A p p e n d i x C ) , w i t h 3 i n t e g r a l , may b e g e n e r ­
a t e d i s g i v e n b y ( N a y l o r , T . H . ; e t a l . , 1 9 6 6 ) 
1 3 
v . = - — ( I n TT t , n ) ( E . 1 0 ) l a , - l k 
k - 1 
w h e r e t form a d o u b l e s e q u e n c e o f n u m b e r s u n i f o r m and random on 
( 0 , 1 ) . 
E q u a t i o n E . 1 4 w a s u s e d i n t h i s s t u d y t o g e n e r a t e p s e u d o r a n d o m 
gamma v a r i a t e s . To g e n e r a t e u n i f o r m l y d i s t r i b u t e d p s e u d o r a n d o m n u m b e r s 
on ( 0 , 1 ) f o r u s e i n E q u a t i o n E . 1 0 a s u b p r o g r a m RANDUJ was w r i t t e n . The 
s u b p r o g r a m RANDUJ o b t a i n s , f i r s t , p s e u d o r a n d o m n u m b e r s u n i f o r m l y d i s t r i ­
b u t e d on ( 0 , 2 3 5 ^ ) by MRAND s u b r o u t i n e and d i v i d e s them b y 2 3 5 t o make 
them u n i f o r m l y d i s t r i b u t e d p s e u d o r a n d o m n u m b e r s on ( 0 , 1 ) . 
GUMBEL RANDOM SYNTHETIC VARIATES 
The C u m u l a t i v e D i s t r i b u t i o n F u n c t i o n CDF, o f Gumbel d i s t r i b u t i o n 
( s e e A p p e n d i x D) i s g i v e n b y 
F ( v ) = e x p [ - e " a ( v " w ) ] ( E . l l ) 
L e t Y fee t h e r e d u c e d v a r i a t e , g i v e n b y y = a ( v - u ) ( E . 1 2 ) 
The CDF o f Gumbel d i s t r i b u t i o n i n t e r m s o f r e d u c e d v a r i a t e , Y . , i s 
g i v e n b y 
F ( y ) = e x p ( - e " Y ) ( E . 1 3 ) 
I n E q u a t i o n E . 1 3 , t h e v a l u e o f Y e a n b e e a s i l y e v a l u a t e d f o r t h e 
known v a l u e o f F ( y ) . The known v a l u e s o f F ( y ) a r e t ^ , i = l , 2 . . . n w h i c h 
a r e u n i f o r m l y d i s t r i b u t e d random numbers o n ( 0 , 1 ) . H a v i n g e v a l u a t e d 
2 6 0 
f o r g i v e n t t h e Gumbel random v a r i a t e s w i t h p a r a m e t e r s a and u may 
b e c o m p u t e d by t h e f o r m u l a 
V. = y i + u ( E . 1 4 ) 
a 
I n t h i s work u n i f o r m p s e u d o r a n d o m numbers o n ( 0 , 1 ) o b t a i n e d 
from s u b p r o g r a m RANDU o f UNIVAC 1 1 0 8 w e r e t r a n s f o r m e d t o Gumbel p s e u d o ­
random v a r i a t e s o f p a r a m e t e r s a and u by E q u a t i o n s E . 1 3 and E . 1 4 . The 
s u b p r o g r a m RANDU f i r s t o b t a i n s u n i f o r m p s e u d o r a n d o m numbers o n ( 0 , 2 3 5 - l ) 
by RANDU r o u t i n e and d i v i d e s them by 2 3 5 t o c o n v e r t them u n i f o r m l y 
random o n ( 0 , 1 ) . 
S i n c e Gumbel d i s t r i b u t i o n h a s -°° a s i t s l o w e r l i m i t i t i s l i k e l y 
t h a t some n e g a t i v e v a l u e s o f may b e g e n e r a t e d . The p r o g r a m m i n g w a s 
d o n e s u c h t h a t t h e n e g a t i v e V ^ ' s g e n e r a t e d w e r e a l w a y s d i s c a r d e d and t h e 
g e n e r a t i o n p r o c e d u r e c o n t i n u e d u n t i l t h e s a m p l e c o n t a i n e d t h e r e q u i r e d 
number o f p o s i t i v e v a r i a t e s . The number o f n e g a t i v e v a l u e s g e n e r a t e d 
w i t h e a c h s a m p l e was r e c o r d e d . 
'GROWING' a SAMPLE 
To ' g r o w ' a s a m p l e , by w h i c h i t was meant t h a t t h e l a r g e r s a m p l e 
r e t a i n e d t h e d a t a i n t h e s m a l l e r s a m p l e , t h e p s e u d o r a n d o m n u m b e r s w e r e 
g e n e r a t e d a s s e t s o f v a r i a t e s i n c l u d e d i n t h e l a r g e s t s a m p l e . The f i r s t 
n v a r i a t e s o f e a c h s e t a r e t h e n u s e d a s t h e s a m p l e . F o r e x a m p l e , a s s u m e 
t h a t s a m p l e s o f i n i t i a l s i z e 25 a r e t o b e ' g r o w n ' t o s a m p l e s o f s i z e s 
5 0 , 7 5 and 1 0 0 , r e s p e c t i v e l y . The p r o c e d u r e c o n s i s t s o f g e n e r a t i n g s e t s 
o f 1 0 0 v a r i a t e s and c h o o s i n g t h e f i r s t 2 5 , 5 0 , 75 o f t h e 1 0 0 members 
o f e a c h s e t a s t h e s a m p l e s . T h u s , i t w a s i n s u r e d t h a t d a t a i n l a r g e r 
s a m p l e s c o n t a i n e d t h e d a t a o f s m a l l e r s a m p l e s . 
APPENDIX F 
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A DESCRIPTION OF THE COMPUTER PROGRAM 
I n t h i s a p p e n d i x i s g i v e n a u s e r o r i e n t e d d e s c r i p t i o n o f t h e 
c o m p u t e r p r o g r a m d e v e l o p e d f o r t h e l e a s t s q u a r e s (LS) maximum l i k e l i h o o d 
(ML) and moments (MO) f i t t i n g o f L o g n o r m a l (LN),gamma ( G A ) , a n d Gumbel 
(GU) (ML i s n o t a v a i l a b l e f o r t h i s PDF) P D F ' s ( a l l t w o p a r a m e t e r ) t o 
a g i v e n d a t a s a m p l e . 
P u r p o s e o f t h e Program 
T h i s p r o g r a m i s d e s i g n e d t o a c c e p t r e a l s a m p l e s o r g e n e r a t e d a t a 
s a m p l e s o f LN, GA o r GU d i s t r i b u t i o n s and f i t t h e d a t a s a m p l e s t o a LN, 
GA o r GU d i s t r i b u t i o n by t h e m e t h o d s o f MO, ML ( n o t a v a i l a b l e f o r GU) and 
L S . The p r o g r a m a l s o e v a l u a t e s p r e d i c t e d v a l u e s f o r t h e r e t u r n p e r i o d s 
1 0 , 2 5 , 5 0 , 1 0 0 , 2 0 0 , 5 0 0 and 1 0 0 0 y e a r s b y ML and LS m e t h o d s f o r LN and 
GA f i t s and b y LS and MO m e t h o d s f o r GU f i t . The p r o g r a m p e r f o r m s c h i -
s q u a r e and K o l m o g o r o v - S m i r n o v g o o d n e s s - o f - f i t t e s t s f o r LS f i t and a l s o 
p e r f o r m s c e r t a i n s t a t i s t i c a l t e s t s on t h e L e a s t S q u a r e s e r r o r s t e r m s and 
on t h e p a r a m e t e r e s t i m a t e s . 
L a n g u a g e and Computer R e q u i r e m e n t s 
T h i s p r o g r a m i s c o d e d i n F o r t r a n V and w a s d e s i g n e d f o r o p e r a t i o n 
on t h e UNIVAC 1 1 0 8 u n d e r EXEC 8 m o n i t o r . The p r o g r a m r e q u i r e s 1 2 7 1 9 
d e c i m a l l o c a t i o n s i n t h e i n s t r u c t i o n bank and 1 5 4 8 4 d e c i m a l l o c a t i o n s i n 
t h e d a t a b a n k . I / O i s by t h e s t a n d a r d i n p u t and o u t p u t d e v i c e s o n l y . No 
t e m p o r a r y o r p e r m a n e n t f i l e s o r s t o r a g e a r e r e q u i r e d f o r o p e r a t i o n o f t h e 
p r o g r a m . U s e i s made i n t h e p r o g r a m o f e l e m e n t s o f t h e UNIVAC L a r g e s c a l e 
s y s t e m s MATH-PACK/STAT-PACK p r o g r a m g r o u p . 
2 6 2 
D a t a I n p u t Format 
I n p u t i n a l l c a s e s i s a c c o r d i n g t o t h e f o l l o w i n g f o r m a t ( s e e 
C h a p t e r V f o r t h e d e s c r i p t i o n o f a r u n ) : 
Card Format V a r i a b l e s 
1 , 2 , 3 16A5 TITLE1 
4 2 1 5 I 0 P T , J 0 P T , 
5 5 1 5 ITER,NCYCLE,NRETR, NEMPT,NPE 
6 7 F 1 0 - 2 RETP 
7 7 F 6 - 4 PE 
00
 7 F 1 0 - 6 RE TV 
9 5 F 1 0 - 3 P A R ( l ) , P A R ( 2 ) , TEST, WEIGHT 
10 3 F 1 0 - 4 RNI,WSCALE,PVA 
The f o l l o w i n g c a r d s a r e r e q u i r e d i f IOPT=0 
1 1 - 1 8 X , I 3 , 1 7 A 4 NX,TITLE 
1 1 - 2 8 X , l l F 6 - 0 VT(NX) 
R e p e a t 1 1 - 2 u n t i l a l l VT(NX) a r e a c c o m m o d a t e d 
R e p e a t 1 1 - 1 and 1 1 - 2 NCYCLE number o f t i m e s f o r t h e NCYCLE 
number o f R e a l d a t a s a m p l e s . 
The a b o v e v a r i a b l e s h a v e t h e f o l l o w i n g m e a n i n g s : 
TITLE1 - D e s c r i p t i o n o f t h e r u n ( 3 c a r d s ) 
I0PT - a c o n t r o l v a r i a b l e 
IOPT=0 R e a d s R e a l d a t a 
1 G e n e r a t e s L o g n o r m a l v a r i a t e s 
2 G e n e r a t e s Gamma v a r i a t e s 
3 G e n e r a t e s Gumbel v a r i a t e s 
JOPT - a c o n t r o l v a r i a b l e 
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JOPT - 1 L o g n o r m a l PDF i s f i t t o d a t a 
2 Gamma PDF i s f i t t o d a t a 
3 Gumbel PDF i s f i t t o d a t a 
NX - s a m p l e s i z e ( F o r s y n t h e t i c d a t a NX=100xGSF 
ITER - t h e maximum number o f i t e r a t i o n s p e r c y c l e f o r t h e i t e r a t i o n o f 
l e a s t s q u a r e s p r o c e d u r e . I f c o n v e r g e n c e o f t h e l e a s t s q u a r e s 
p r o c e d u r e i s n o t o b t a i n e d w i t h i n ITER i t e r a t i o n s , t h e c a s e i s 
a b a n d o n e d and c o m p u t a t i o n s b e g u n on t h e f o l l o w i n g c a s e . 
NCYCLE - t h e number o f s y n t h e t i c d a t a s a m p l e s t o b e g e n e r a t e d o r t h e 
number o f r e a l s a m p l e s i n p u t . 
NRETP - t h e number o f r e t u r n p e r i o d s f o r w h i c h p r e d i c t i o n s a r e t o b e 
e v a l u a t e d (< 7) 
NEMPT - t h e number o f empty c l a s s e s t o b e a d d e d t o t h e d a t a h i s t o g r a m 
o f LS f i t (NEMPT=0 f o r t h e p r e s e n t s t u d y ) 
NPE - NPE=NRETP 
RETP - R e t u r n p e r i o d s i n y e a r s NRETP number o f v a l u e s a r e t o b e i n p u t 
PE - P r o b a b i l i t y o f e x c e e d e n c e c o r r e s p o n d i n g t o e a c h r e t u r n p e r i o d 
u n d e r RETP NRETP number o f v a l u e s , o n e f o r e a c h RETP i n t h e same 
o r d e r a r e t o b e i n p u t . 
RETV - The p o p u l a t i o n p r e d i c t i o n s f o r e a c h r e t u r n p e r i o d u n d e r RETP. 
NRETP number o f v a l u e s , o n e f o r e a c h RETP i n t h e same o r d e r a r e 
t o b e i n p u t . ( L e a v e RETV b l a n k i f IOPT=0) 
P A R ( l ) , P A R ( 2 ) - a and 3 , r e s p e c t i v e l y o f t h e p o p u l a t i o n s e l e c t e d (LN, 
GA o r GU) . L e a v e P A R ( l ) and PAR(2) b l a n k i f IOPT=0. 
TEST - t h e l i m i t i n g v a l u e o f t h e p a r a m e t e r c o r r e c t i o n s i n l e a s t s q u a r e s 
1 / 2 
f i t . I f ( A a 2 + 3 2 ) £ TEST, c o n v e r g e n c e i s d e c l a r e d . 
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HOUSE KEEPING 
READ T I T L E 1 , 1011', J O W , 
ITER, NCYCLE, NREPT, NEMPT, 
NPE,RETP,PE,RETV,PAR,PVA, 
TEST , WE IGHT, GSF . RNI , WSCALE 
COMPUTE AND SET UP AN ARRAY 




COMPUTE IRN2, IRN3 
SET UP MRAND. COMPUTE 
AND SET UP AN ARRAY OF 




0 - READ NX, T ITLE 
REAL DATA(VT) 





DRAW 1ST NX OF ( ICY + 1)TH 
1 0 0 NORMAL RANDOM NUMBERS 
FROM THE ARRAY. COMPUTE 
NX LN VARIATES(VT). 
IOPT 
IOPT = 2 
DRAW 1ST NX OF 
( I C Y + 1)TH 100 
GAMMA VARIATES 
FROM THE ARRAY 
(VT) 
1 
RNI = RNI + RNI 
COMPUTE 300 UNIFORM RANDOM 
NUMBERS(DISCARD 1ST 1 5 0 ) . 
COMPUTE GUMBEL VARIATES. 
DISCARD NEGATIVE VARIATES. 
STOP WHEN NX POSITIVE 
VARIATES COMPUTED ( V T ) . 
COUNT THE NUMBER OF NEC 
VARIATES DISCARDED 
WRITE or, 0, ICY, WEIGHT, RNI 
COMPUTE MEAN 
WRITE DATA OF SAMPLE 
AND SAMPLE MEAN 
ARRANGE DATA I N 
ASCENDING ORDER FOR 
USE I N K-S TEST 
I 
COMPUTE RANGE 
GROUP DATA INTO HISTOGRAM 
OUTPUT HISTOGRAM 
COMPUTE MEAN, WRITE 
MEAN AND DATA. TRANSFORM 
REAL DATA INTO DIMENSIONLESS 
VARIABLES AND WRITE 
DIMENSIONLESS DATA 
SUBROUTINES 
RANGE & HIST 
COMPUTE AND OUTPUT 
SAMPLE VARIANCE 
F i g u r e F . 1 F l o w C h a r t o f M a i n P r o g r a m 
265 
0 
JOPT = 1 JOPT = 3 
JOPT = 2 
PAKTL 
LOGNORMAL ANALYSIS 
COMPUTE AND OUTPUT 
MO AND MIJ ESTIMATES 
OF a AND ft 
COMPUTE AND OUTPUT 
LS ESTIMATES OF 





COMPUTE AND OUTPUT 
W AND ML ESTIMATES 
OF a AND fi 
COMPUTE AND OUTPUT 
LS ESTIMATES OF 
a AND fi 
GUMBEL ANALYSIS 
PARTL3 
COMPUTE AND OUTPUT 
MO ESTIMATES OF a AND fi 
COMPUTE AND OUTPUT 
LS ESTIMATES OFa ANDfi 
PERFORM A" AND K-S TESTS ON LS F I T 
PERFORM X 2 A N D K-S TESTS FOR NORMALITY 
ON LS ERRORS. COMPUTE AND OUTPUT 
FREQUENCY DATA. OTWIE AND OUTPUT 
VARIANCE RATIOS, < f c 2 / S £ 
SAVE VARIOUS RESULTS FOR LATER ANALYSIS 
OUTPUT SUMMARY OF: PARAMETER ESTIMATES, 
V*"AND K-S STATISTICS OF LS F I T , SSE, 
MEAN AND VARIANCE OF SAMPLES, VARIANCE 
RATIOS 
NO 
ur i. w 
PERFORM X * A N D K-S TESTS OF NORMALITY 
ON PARAMETER ESTIMATES AND OUTPUT RESULTS 
OUTPUT A TABLE OF K VALUES(PREDICTIONS) 
FOR DIFFERENT RETURN PERIODS BY MO, 
ML(GU EXCEPTED) AND LS METHODS FOR 
THE REAL/SIMULATED SAMPLES 





[I = IBG I 
COMPUTE 
= S i , $g = So 
da dP 
AT v m 
SUBROUTINE 
GAPDF 









MODIFY C ARRAY BY 
METHOD OF LEVENBURG 





WRITE ERROR MESSAGE 
SET ERROR FLAG 
RETURN 
COMPUTE 
SUM SQUARED ERRORS 
PARAMETER ESTIMATES 





Note: Subroutines PARTL and PARTL3 are 
similar to GPARTL with minor changes. 
l /<"l /2< | 
COMPUTE 




WEIGHT - t h e e x p o n e n t <j> o f t h e w e i g h t f a c t o r i n t h e e x p r e s s i o n 
[ P ( v . ; ( * , & ) ] - * • 
GSF - Growing S a m p l e F a c t o r ; t h e f a c t o r b y w h i c h 1 0 0 i s t o b e 
m u l t i p l i e d t o o b t a i n s a m p l e s c o n t a i n i n g t h e f i r s t ( 1 0 0 ) x 
(GSF) o f d a t a i t e m s o f s a m p l e s w i t h 1 0 0 a s s a m p l e s i z e 
( N o t e : 0 < GSF £ 1 . 0 . I f t h e s a m p l e s i z e i s 1 0 0 , GSF = 
1 . 0 . L e a v e GSF b l a n k i f I O P T = 0 . ) 
RN1 - t h e i n i t i a l number from w h i c h t h e s y n t h e t i c d a t a a r e 
g e n e r a t e d ( L e a v e b l a n k i f I O P T = 0 ) . 
WSCALE - t h e c o r r e c t i o n f a c t o r b y w h i c h S t u r g e s ' c l a s s i n t e r v a l i s 
t o b e m u l t i p l i e d ( s e e A p p e n d i x A, S e c t i o n - ) 
PVA - t h e p o p u l a t i o n v a r i a n c e o f s y n t h e t i c d a t a (LN, GA o r GU) 
( L e a v e b l a n k i f IOPT=0) 
TITLE - t h e t i t l e f o r r e a l d a t a s a m p l e 
VT - v a l u e s o f r e a l d a t a t o b e a n a l y z e d . NX number o f v a l u e s 
a r e t o b e i n p u t . 
F low c h a r t s o f t h e m a i n p r o g r a m , w h i c h d i r e c t s t h e l o g i c a l f l o w 
o f t h e p r o g r a m , and o f s u b r o u t i n e GPARTL, w h i c h p e r f o r m s t h e l e a s t 
s q u a r e s f i t t i n g o f GA d e n s i t y f u n c t i o n t o t h e h i s t o g r a m , a r e g i v e n i n 
F i g u r e F . l and F . 2 , r e s p e c t i v e l y . A l i s t o f o t h e r s u b r o u t i n e s r e q u i r e d 
( e x c l u s i v e o f t h o s e s u b r o u t i n e s i n t h e s t a n d a r d FORTRAN l i b r a r y ) and a 
b r i e f d e s c r i p t i o n o f t h e i r m e t h o d s and f u n c t i o n s i s g i v e n i n T a b l e F . l . 
O u t p u t and r u n t i m e v a r y w i t h t h e s i z e o f s a m p l e s b e i n g a n a l y z e d . 
Run t i m e s h o u l d a v e r a g e b e t w e e n two t o t h r e e s e c o n d s o f c o m p u t e r CPU 
t i m e p e r c a s e f o r n o r m a l s a m p l e s o f s i z e 1 0 0 o r l e s s . 
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TABLE F . l . DESCRIPTION OF COMPUTER SUBROUTINES 








P S I 
PSIP 










F u n c t i o n and M e t h o d s 
The a u x i l a r y random number 
g e n e r a t o r ( s e e A p p e n d i x E ) . 
G e n e r a t e s n o r m a l l y d i s t r i ­
b u t e d random numbers 
G e n e r a t e s u n i f o r m random 
numbers on ( 0 , 1 ) b y t h e u s e 
o f t h e m e t h o d s of A p p e n d i x 
E . 
Computes t h e r a n g e o f a 
s a m p l e . 
Groups a g i v e n s e t o f d a t a 
i n t o a h i s t o g r a m and p r i n t s 
t h e h i s t o g r a m o n t h e p r i n t e r . 
P e r f o r m s l e a s t s q u a r e s f i t ­
t i n g o f LN d e n s i t y f u n c t i o n 
t o t h e h i s t o g r a m ( s e e 
A p p e n d i x A, S e c t i o n ) . 
P e r f o r m s l e a s t s q u a r e s f i t ­
t i n g o f GU d e n s i t y f u n c t i o n 
t o t h e h i s t o g r a m ( s e e 
A p p e n d i x A, S e c t i o n ) . 
Computes ( l n T ( x ) ) ( s e e 
A p p e n d i x E ) . 
d 2 
Computes ~ 2 ( l n T ( x ) ) ( s e e 
A p p e n d i x E ) . 
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TABLE F . l . DESCRIPTION OF COMPUTER SUBROUTINES 







PARTL, GPARTL, PARTL3 
GAPDF 
GROUP* HIST 
F u n c t i o n and M e t h o d s 
E v a l u a t e s t h e i n c o m p l e t e 
gamma f u n c t i o n . 
P e r f o r m s a c h i - s q u a r e 
t e s t f o r n o r m a l i t y ( s e e 
A p p e n d i x A, S e c t i o n ) . 
P e r f o r m s a K o l m o g o r o v -
S m i r n o v t e s t f o r n o r m a l ­
i t y ( s e e A p p e n d i x A, 
S e c t i o n ) . 
E v a l u a t e s t h e l o g n o r m a l 
d i s t r i b u t i o n and i t s 
d e r i v a t i v e s ( s e e A p p e n d i x 
B ) . 
E v a l u a t e s t h e gamma 
d i s t r i b u t i o n f u n c t i o n and 
i t s d e r i v a t i v e s ( s e e 
A p p e n d i x C ) . 
E v a l u a t e s t h e Gumbel d i s ­
t r i b u t i o n and i t s d e r i v a ­
t i v e s ( s e e A p p e n d i x D ) . 
I n v e r t s a 2X2 m a t r i x . 
E v a l u a t e s t h e c o m p l e t e 
gamma f u n c t i o n ( s e e 
A p p e n d i x B ) . 
Groups d a t a i n t o a h i s t o g r a m . 
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TABLE F . l . DESCRIPTION OF COMPUTER SUBROUTINES 






C a l l i n g P r o g r a m 
HIST 
KOLN 
F u n c t i o n and M e t h o d s 
P l o t s a l i n e o f s y m b o l s 
on t h e p r i n t e r . 
E v a l u a t e s t h e c u m u l a t i v e 
d i s t r i b u t i o n f u n c t i o n o f 
t h e n o r m a l d i s t r i b u t i o n . 
G e n e r a t e s i n t e g e r s random 
on ( 0 , 2 3 5 - l ) 
E v a l u a t e s t h e i n v e r s e o f 
t h e c u m u l a t i v e d i s t r i b u ­
t i o n f u n c t i o n o f a n o r m a l 
d i s t r i b u t i o n . 
E v a l u a t e s t h e c u m u l a t i v e 
d i s t r i b u t i o n f u n c t i o n o f 
t h e c h i - s q u a r e d i s t r i b u t i o n . 
* d e n o t e s s u b r o u t i n e s i n c l u d e d i n t h e U n i v a c l a r g e s c a l e s y s t e m s MATH-PACK/ 
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APPENDIX G 
DESCRIPTION OF COMPUTER RUNS 
I n t h i s a p p e n d i x i s g i v e n a l i s t o f t h e v a r i o u s s i m u l a t i o n r u n s 
made d u r i n g t h e c o u r s e o f t h i s s t u d y . T a b l e s G - l , G-2 and G-3 summar ize 
t h e r u n s f o r s a m p l e s o f LN, GA and GU P D F ' s , r e s p e c t i v e l y . D a t a s a m p l e s 
o f e a c h r u n s e r i e s h a v e t h e same p o p u l a t i o n p a r a m e t e r s ( i . e . , t h e same 
p o p u l a t i o n v a r i a n c e , a 2 ) . T a b l e 5 . 1 g i v e s t h e v a l u e s o f p o p u l a t i o n 
p a r a m e t e r s and p o p u l a t i o n v a r i a n c e f o r e a c h r u n s e r i e s . The o t h e r p a r a ­
m e t e r s o f t h e r u n s c o n s i s t e d o f t h e s a m p l e s i z e n , t h e v a l u e o f w e i g h t 
e x p o n e n t <j> o f t h e w e i g h t e d LS m e t h o d ( A p p e n d i x A) , t h e f i t t e d PDF and t h e 
i n i t i a l number RN1 from w h i c h t h e p s e u d o - r a n d o m numbers w e r e g e n e r a t e d b y 
t h e c o m p u t e r . A l l r u n s c o n s i s t e d o f 25 s a m p l e s o f s i z e n . 
I n t h e f o l l o w i n g t a b l e s t h e r u n s c o n s i s t i n g o f t h e same d a t a 
s a m p l e s w e r e g e n e r a l l y d e s i g n a t e d by a s i n g l e r u n number and t h e s p e c i f i c 
c o m b i n a t i o n s o f < | > - n - f i t t e d PDF' u s e d i n i n d i v i d u a l r u n s a r e g i v e n u n d e r 
'Run V a r i a t i o n ' . 4>=0.00 i n d i c a t e s a LS f i t and <J>=1.00 i n d i c a t e s t h e MCS 
m e t h o d . When n i s l e s s t h a n 1 0 0 t h e s a m p l e s c o n s i s t o f t h e ' f i r s t ' n 
d a t a i t e m s o f t h e s a m p l e s w i t h s i z e 1 0 0 o f t h e r u n w i t h t h e same r u n n u m b e r . 
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Table G.l. Parameters of the Simulation Runs - LN Data 
RUN RUN *N1 RUN FITTED 
S E R I E S MJi '^PR VARIATION PDF 
1 LM 1 LN 1 1 2 7 4 5 . A LN 0 . 0 0 1 00 
p LN 0 . 2 5 100 
C LN 0 . 5 0 100 
D LN 0 . 7 5 100 
1 L N ? 7 1 2 7 4 5 . A LN 0 .0G 100 
R LN 0 . 2 5 75 
c LN 0 .5C 5H 
D LN 0 . 7 5 25 
1 L N 7 5 7 . A 6A 0 . 0 0 1 00 
1 LN4 7 1 2 7 4 5 . A GA 0 . 0 0 100 
B GU 0 . 2 5 100 
C GU 0 . 5 0 100 
D LN 0 . 7 5 100 
1LN5 7 1 2 7 4 5 . A LN 0 . 0 0 100 
R LN 1 . 0 0 1 00 
C LN 0 . 0 0 100 
D LN 0 . 0 0 100 
F LN 0 . 0 0 100 
F L N 0 . 0 0 100 
G LN 1 . 0 0 100 
H LN 0 . 0 0 100 
I LN 1 . 0 0 100 
2LN1 2 3 4 5 6 . A LN 0 . 0 0 100 
R LN 0 . 2 5 100 
c LN 0 . 5 0 1 00 
D LN 0 . 7 5 i o n 
2LN2 3 2 3 4 5 6 . A LN 0 . 0 0 100 
B LN 0 . 2 5 1 0 0 
C LN 0 . 5 0 100 
r> LN 0 . 7 5 100 
E LN 0 . 0 0 75 
F LN 0 . 0 0 50 
G LN 0 . 0 0 2 5 
?LN7 7 2 3 4 5 6 . A LN 0 . 0 0 100 
R LN 0 . 2 5 100 
C LN 0 . 5 0 100 
D LN 0 . 7 5 100 
2 L N 4 3 3 3 7 3 3 . A I N 0 . 0 0 100 
?I.N5 1 1 1 1 1 . A IN 0 . 0 0 100 
B LN 1 . 0 0 100 
c. GA 0 . 0 0 1 00 
GA 1 . 0 0 100 
F GU 0 . 0 0 100 
p GU 1 . 0 0 100 
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Table G.l. Parameters of the Simulation Runs - LN Data(Continued) 
RUM RN1 ft U N F I T T E D 6 n j r K r P VARTAT ION PDF 
3LN1 3 4 5 6 7 . A LN n . o o 1 0 0 
R LN n . ? 5 1 0 0 
C LN 0 . 5 0 1 0 0 
D IM 0 . 0 0 7 5 
F. LN 0 . 0 0 5 0 
LN 0 . CO 2 5 
3 L N 2 3 3 A 5 6 7 . A LN 0 . 0 0 1 0 0 
R L N 0 . ? 5 1 0 0 
c LN 0 . 5 0 1 0 0 
D I N 0 . 7 5 1 0 0 
7 3 4 5 6 7 . A LN o . o o 1 0 0 
R: LN 0 . 2 5 1 0 0 
c LN n . s o 1 0 0 
!> LN 0 . 7 5 1 0 0 
7 L N 4 1 1 1 1 1 1 . A LN 0 . 0 0 1 0 0 
R LN 1 . 0 0 1 0 0 
C GA 0 . 0 0 1 0 0 
D GA 1 . 0 0 1 0 0 
F GU o . n o 1 0 0 
F GU 1 . 0 0 1 0 0 
AL M1 3 A 5 6 7 8 . A LM o . c o 1 0 0 
n LN 0 . 2 5 1 0 0 
c LN 0 . 5 0 1 0 0 
D LN 0 . 7 5 1 o n 
E LN 1 . 0 0 1 0 0 
ALN2 A 5 6 7 8 . A LN 0 . 0 0 1 0 0 
q LN 0 . 2 5 1 0 0 
C LN 0 . 5 0 1 0 0 
D LN 0 . 7 5 1 o n 
A L N 3 1 1 1 1 1 1 . A LN 0 . 0 0 1 0 0 
4 L w A 1 3 5 7 9 . A LN 0 . 0 0 1 0 0 
P LN 1 . 0 0 1 0 0 
C LN 0 . 0 0 7 5 
D LN 0 . 0 0 5 0 
F LN 0 . 0 0 2 5 
F GA 0 . 0 0 1 0 0 
G GA 1 . 0 0 1 0 0 
H GU 0 . 0 0 1 0 0 
I GU 1 . 0 0 1 0 0 
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Table G . 2 . Parameters of the Simulation Runs - GA Data 
RUN RUN RN1 RUN F I T T E D 
S E R I E S N (i v i- c r? V A R I A T I O N PDF 
1 G A 1 1 2 3 4 . A GA 0 . 0 0 1 0 0 
n G A 0 . 5 0 m o 
C GA 0 . 7 5 1 0 0 
1 G A 2 1 1 2 3 4 . A GA 0 . 0 0 1 0 0 
3 GA 0 . 5 0 1 0 0 
r GA 0 . 7 5 1 0 0 
1 G A 7 1 1 1 5 5 5 . A GA 0 . 0 0 1 0 0 
p GA 1 . 0 0 1 0 0 
1 G A 4 2 1 2 3 4 . A GA 0 . 0 0 1 0 0 
1GA5 2 ^ 4 5 . A GA 0 . 0 0 1 0 0 
P GA 1 . 0 0 1 0 0 
C GA 0 . 0 0 7 5 
D GA 0 . 0 0 5 0 
F GA o . o c 2 5 
F L N 0 . 0 0 1 0 0 
G LN 1 . 0 0 1 0 0 
H GU 0 . 0 0 1 0 0 
1 GU 1 . 0 0 1 0 0 
2GA1 1 2 ^ 4 5 . A GA 0 . 0 0 1 0 0 
B GA 0 . 7 5 1 0 0 
2GA2 3 3 3 7 7 7 . A GA 0 . 0 0 1 0 0 
P GA 1 . 0 0 1 0 0 
?G A3 1 1 1 1 1 . A GA 0 . 0 0 1 0 0 
?GA4 2 2 3 4 5 . A GA 0 . 0 0 1 0 0 
?G AS 2 3 4 5 . A GA 0 . 0 0 1 0 0 
R GA 1 . 0 0 1 0 0 
c GA 0 . 0 0 7 5 
D GA 0 . 0 0 5 0 
E GA 0 . 0 0 2 5 
F LN 0 . 0 0 1 0 0 
G LN 1 . 0 0 1 0 0 
H G l.J 0 . 0 0 1 0 0 
I GU 1 . 0 0 1 0 0 
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Table G . 2 . Parameters of the Simulation Runs - GA Data(Continued) 
RUN RM1 RUN F I T T E D 
w M E P V * * I A T I O N PDF n 
3GA1 3 A 5 6 . A GA 0 . 0 0 1 0 0 
P G A 0 . 7 5 1 0 0 
7 r, a ? 1 3 A 5 6 . A G A 0 . 0 0 1 0 0 
P GA 0 . 7 5 1 0 0 
7 G A 3 2 3 A 5 6 . A GA 0 . 0 0 1 0 0 
R GA 0 . 7 5 1 0 0 
3 G A A 5 5 5 9 9 9 . A GA 0 . 0 0 1 0 0 
R GA 1 . 0 0 1 0 0 
3 G A 5 2 3 A 5 6 . A GA 0 . 0 0 1 0 O 
3G A6 2 3 A 5 . A G A 0 . 0 0 1 0 0 
H GA 1 . 0 0 1 0 0 
c G A 0 . 0 0 7 5 
D GA 0 . 0 0 5 0 
c GA 0 . 0 0 2 5 
F LN 0 . 0 0 1 0 0 
G LN 1 . 0 0 1 0 0 
H GU 0 . 0 0 1 0 0 
T G U 1 . 0 0 1 0 0 
A G A 1 1 A 5 6 7 . A G A 0 . 0 0 1 0 0 
p. GA 0 . 7 5 1 0 0 
A G A ? 2 1 A 5 6 7 . A GA 0 . 0 0 1 0 0 
R GA 0 . 7 5 1 0 0 
A G A 7 4 5 * 7 . A GA 0 . 0 0 1 0 0 
n G A 0 . 7 5 1 0 0 
AGA A 7 7 9 9 1 1 . A GA 0 . 0 0 1 0 0 
P GA 1 . 0 0 1 0 0 
A G A 5 2 3 A 5 . A G A 0 . 0 0 1 0 0 
R GA 1 . 0 0 1 0 0 
C G A 0 . 0 0 7 5 
r. G A 0 . 0 0 5 0 
F GA 0 . 0 0 2 5 
F LN 0 . 0 0 1 0 0 
6 LN 1 . 0 0 1 0 0 
H CU 0 . 0 0 1 0 0 
I GU 1 . 0 0 . 1 0 n 
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Table G.3. Parameters of the Simulation Runs - GU Data 
R U N R r; 1 RUN FITTED n VARIATION P D F 
1 GU1 A GU 0 . 0 0 100 
P GU 1 . 0 0 100 
1 GU? 7 7 . A GU 0 . 0 0 1 on 
1 G11 7 5 5 5 7 7 7 . A f-U 0 . 0 0 100 
1 GUA 7 89 78 9 . A GU 0 . 0 0 100 
1 G (j 5 7 7 7 7 7 7 . A GU 0 . 0 0 1 00 
p G U 1 . 0 0 100 
C GU 0 . 0 0 7r^ 
P GU 0 . 0 0 50 
E G U 0 . 0 0 25 
F LN 0 . 0 0 100 
G LN 1 . 0 0 100 
H GA 0 . 0 0 i o n 
I GA 1 . 00 100 
2GU1 5 5 5 5 5 5 . A GU 0 . 0 0 100 
P GU 1 . 00 100 
2GU? 7 7 . A GU 0 . 0 0 1 On 
2 G U 3 5 5 5 7 7 7 . A GU 0 . 0 0 100 
? G U 4 9 8 7 9 8 7 . A GU 0 . 0 0 1 00 
P, GU 1 . 00 1 on 
c LN 0 . 0 0 100 
r> L.N 1 . 0 0 100 
F GA 0 . 0 0 100 
F G A 1 . 0 0 1 00 
°GU5 111111. A GU 0 . 0 0 100 
n GU 1 . 0 0 100 
c GU 0 . 0 0 75 
n GU 0 . 0 0 5 0 
E G U 0 . 0 0 25 
2CU6 3 3 3 3 3 3 . A GU 0 . 0 0 100 
n GU 1 . 0 0 10n 
277 
Parameters of the Simulation Runs - GU Data(Continued) 
R UN PN1 R U N F I T T E D 6 
' ' • I B F P V A R I A T I O N PDF n 
'(• G 1J1 3 7 3 3 3 3 . A G U 0 . 0 0 1 0 0 
n G U 1 . 0 0 1 00 
3 G U ? A G U 0 . 0 0 1 0 0 
3 G t I 3 5 5 5 7 7 7 . A G U 0 . 0 0 1 0 0 
7 G i.l A , " 9 7 * 9 7 . A G U 0 . 0 0 1 00 
7 G i. J :> 777777. A G U 0 . 0 0 1 O N 
p G U 1 . 0 0 1i30 
C G U 0 . 0 0 7 ^ 
R> G U 0 . 0 0 5 0 
F G U 0 . 0 0 ? 5 
F LN 0 . 0 0 1 0 0 
L N 1 . 0 0 1 0 0 
M G A 0 . 0 0 1 O N 
I G A 1 . 0 0 1 0 0 
"5 6 U 6 5 5 5 5 5 5 . A G U 0 . 0 0 1 O N 
o G U 1 . 0 0 1 0 ° 
A GUI 9 9 9 9 9 V . A G U 0 . 0 0 1 O N 
G U 1 . 0 0 1 00 
A G 1.1 ? 777777. A G U 0 . 0 0 1 0 0 
A G U ? 5 5 5 7 7 7 . A G U 0 . 0 0 1 0 0 
A G ' J A 7 8 9 . A G U 0 . 0 0 1 0 0 
AGU5 7 7 . A G U 0 . 0 0 1 O N 
D G 1.1 1 . 0 0 1 0 0 
r G U 0 . 0 0 7 5 
d G U 0 . 0 0 5<*> 
r G U 0 . 0 0 2 5 
F L N 0 . 0 0 1 0 0 
G LN 1 . N O 1 0 0 
M G A 0 . 0 0 1 0 0 
I G A 1 . 0 0 1 0 0 
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APPENDIX H 
SUMMARY OF REAL DATA 
I n t h i s a p p e n d i x i s g i v e n a summary o f r e a l d a t a u s e d i n t h i s s t u d y 
f o r v a r i o u s p u r p o s e s . The r e a l d a t a u s e d i n t h i s s t u d y c o n s i s t o f a n n u a l 
p e a k f l o w s f r o m 67 s t r e a m g a u g i n g s t a t i o n s l o c a t e d t h r o u g h o u t t h e U n i t e d 
S t a t e s . T h e s e d a t a w e r e t a k e n from U . S . G e o l o g i c a l S u r v e y Water S u p p l y 
P a p e r s Numbers 1 6 7 1 t h r o u g h 1 6 8 9 and Water R e s o u r c e s D a t a f o r v a r i o u s 
s t a t e s p u b l i s h e d by G e o l o g i c a l S u r v e y . 
T a b l e H . l s h o w s t h e 67 s t r e a m g a u g i n g s t a t i o n s i n t h e v a r i a n c e 
o r d e r o f d a t a . Columns a t h r o u g h d i n T a b l e H . l r e p r e s e n t t h e f o l l o w i n g : 
a S e r i a l number i n t h e v a r i a n c e o r d e r o f d a t a s a m p l e s . 
b , c The s t a t i o n p a r t number and s t a t i o n number ( i n v e n t o r y 
n u m b e r s ) u s e d by G e o l o g i c a l S u r v e y , r e s p e c t i v e l y . 
d Y e a r s o f f l o w r e c o r d . The f i r s t two d i g i t s r e p r e s e n t 
t h e b e g i n n i n g y e a r and t h e l a s t two d i g i t s r e p r e s e n t 
t h e e n d i n g y e a r o f f l o w r e c o r d u s e d i n t h e a n a l y s i s . 
LIST 
a b c d 
1 6A 375 1 14 70 
2 9 2 3 9 5 1 04 70 
3 4 7 7 0 1 12 69 
4 3A 5 1 0 1 08 70 
5 4 2 5 2 5 1 1 1 67 
6 3A 115 1 05 7 1 
7 10 1 2 8 5 1 05 70. 
8 9 8 5 0 1 06 70 
9 1 0 1 6 8 5 1 0 1 63 
10 1A 4 5 0 1 0 3 7 1 
1 1 3A 1 8 3 5 1 96 72 
12 IB 5 4 0 5 1 00 72 
13 4 735 1 9 8 72 
14 IB 3 2 1 0 1 12 67 
15 3A 1 5 5 1 10 70 
16 9 4 7 0 1 1 1 70 
17 IB 5 4 8 0 1 1 1 70 
18 3A 2 0 5 1 10 70 
19 2A 1 9 5 1 96 73 
20 3A 3 2 5 1 10 70 
2 1 3A 2 1 5 1 1 1 70 
22 4 2 1 6 5 1 13 67 
23 1A 3 1 5 1 03 73 
24 14 3 2 1 0 1 06 73 
25 10 1 7 0 0 1 99 63 
26 6B 7 0 7 0 1 09 70 
27 14 2 1 0 0 1 09 70 
28 IE 4 3 4 0 1 04 .67 
29 2A 8 3 5 1 06 7 1 
30 2B 4 7 9 0 1 05 73 
3 1 2B 2 2 3 5 1 94 7 3 
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TABLE H . l : 
OF STREAM GAGING STATIONS 
G a u g i n g S t a t i o n s 
MADISON RIVER NEAR W. YELLOWSTONE, MONT 
YAMPA RIVER AT STEAMBOAT SPRINGS, COLO 
WOLF RIVER AT KESHENA, WISC 
TYGARD VALLEY RIVER AT BELINGTON, W VA 
BLACK RIVER NEAR BOONVILLE, NY 
ALLEGHENY RIVER AT RED HOUSE, NY 
WEBER RIVER NEAR OAKLEY, UTAH 
ROARING FORK AT GLENWOOD SPRINGS, COLO 
BIG COTTONWOOD CREEK NEAR SALT LAKE CITY, UTAH 
DEAD RIVER AT THE FORKS, MAINE 
GREENBRIAR RIVER AT ALDERSON, W VA 
SUSQUEHANNA RIVER AT DANVILLE, PA 
FOX RIVER AT BERLIN, WISC 
SACANDAGA RIVER NEAR HOPE, NY 
BROKENSTRAW CREEK AT YOUNGSVILLE, PA 
BLUE RIVER AT DILLON, COLO 
N. BALD EAGLE CREEK AT BEECH CR. S T A . , PA 
OIL CREEK AT ROUSEVILLE, PA 
JAMES RIVER AT BUCHANAN, VA 
REDBANK CREEK AT ST. CHARLES, PA 
FRENCH CREEK AT CARTERS CORNERS, PA 
LITTLE TONAWANDA CREEK AT LINDEN, NY 
PISGATAQUIS RIVER NEAR DOVER-FOXCROFT, MAINE 
UMPQUA RIVER NEAR ELKTON, OREG 
MILL CREEK NEAR SALT LAKE CITY, UTAH 
N FORK S PLATTE RIVER AT S PLATTE, COLO 
CLACKAMAS RIVER NEAR CAZADERO, OREG 
DELAWARE RIVER AT PORT JERVIS, NY 
TAR RIVER AT TARBORO, NC 
PASCAGOULA RIVER AT MERRILL, MISS 
OCONEE RIVER AT DUBLIN, GA 
2 8 0 
TABLE H . l : 
a b c d G a u g i n g S t a t i o n s 
32 2B 3 3 5 0 1 03 70 CHATTAHOOCHEE RIVER NEAR NORCROSS, GA 
33 2B 3 9 2 0 1 92 73 ETOWAH RIVER AT CANTON, GA 
34 4 1 5 6 0 1 10 70 TITTABAWASSEE RIVER AT MIDLAND, MICH 
35 6A 6 2 5 1 1 5 70 TENMILE CREEK NEAR RIMINI, MONT 
36 13 3 1 9 0 1 04 70 GRANDE RIVER RONDE RIVER AT LA GRANDE, OREG 
37 7 725 1 05 6 8 BLACK RIVER AT BLACK ROCK, ARK 
38 2E 4 8 2 0 1 09 71 PEARL RIVER AT EDINBURG, MISS 
39 2B 3 4 9 5 1 0 5 70 FLINT RIVER AT MONTEZUMA, GA 
4 0 2A 5 5 0 1 97 73 ROANOKE RIVER AT ROANOKE, VA 
4 1 2B 4 4 1 5 1 93 73 TOMBIGBEE RIVER AT COLUMBUS, MISS 
4 2 4 1 1 3 0 1 0 1 72 GRAND RIVER AT LANSING, MICH 
43 8 6 6 0 1 0 3 69 TRINITY RIVER AT RIVERSIDE, TX 
44 IB 6 3 8 5 1 95 66 POTOMAC RIVER AT POINT OF ROCKS, MD 
45 IB 3 6 1 5 1 1 1 67 CATSKILL CREEK AT OAK HILL, NY 
46 1A 9 4 0 1 10 70 SOUHEGAN RIVER AT MERRIMACK, N . H . 
47 5 4 6 4 5 1 0 3 65 CEDAR RIVER AT CEDAR RAPIDS, IOWA 
48 2B 4 7 7 0 1 0 5 73 CHICKASAWHAY RIVER AT ENTERPRISE, MISS 
49 5 3 3 1 0 1 67 72 M I S S I S S I P P I RIVER AT ST. PAUL, MINN 
50 5 4 8 1 5 1 05 65 DES MOINES RIVER NEAR BOONE, IOWA 
51 2B 2 1 8 5 1 0 4 70 OCONEE RIVER NEAR GREENSBORO, GA 
52 IB 3 3 4 5 1 1 1 67 HOOSIC RIVER NEAR EAGLE BRIDGE, NY 
53 1 1 5 0 2 5 1 17 70 WILLIAMSON RIVER NEAR CHILOQUIN, OREG 
54 5 145 1 13 70 SWIFTCURRENT CREEK AT MANY GLACIER, MONT 
55 1 1 1 5 2 0 1 06 72 ARROYO SECO NEAR SOLEDAD, CALIF 
56 IB 6 6 8 0 1 0 8 73 RAPPAHANNOCK RIVER NEAR FREDRICKSBURG, VA 
57 8 3 3 5 1 04 69 NECHES RIVER NEAR ROCKLAND, TEX 
58 14 3 5 9 0 1 06 73 ROGUE RIVER AT RAYGOLD NEAR CENT. POINT, OREG 
59 10 1 7 2 0 1 0 2 63 EMIGRATION CREEK NEAR SALT LAKE CITY, UTAH 
60 9 4 0 6 0 1 10 7 1 VIRGIN RIVER AT VIRGIN, UTAH 
6 1 1 1 2 6 6 5 1 17 70 MERCED RV. AT POHONO BR. NEAR YOSEMITE, CALIF 
62 1 1 2 8 2 0 1 17 70 MID. TUOLUMNE RV. AT OAKLAND REC. CAMP, CAL 
63 1 1 2 7 5 0 1 16 70 FALLS CREEK NEAR HETCH HETCHY, CALIF 
LIST OF STREAM GAUGING STATIONS ( c o n t i n u e d ) 
2 8 1 
TABLE H . l : 
a b c d G a u g i n g S t a t i o n s 
64 1A 1 8 0 5 1 1 1 72 MIDDLE BR. WESTFIELD RV. AT GROSS HEIGHTS, 
65 1 1 4 0 9 5 1 1 1 69 OREGON CREEK NEAR NORTH SAN JUAN, CALIF 
66 1 1 2 0 3 5 1 02 65 TULE RIVER NEAR PORTERVILLE, CALIF 
67 11 9 8 0 1 14 72 ARROYO SECO NEAR PASADENA, CALIF 
LIST OF STREAM GAUGING STATIONS ( c o n t i n u e d ) 
2 8 2 
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P u b l i c a t i o n s , F o r t C o l l i n s , C o l o r a d o , U . S . A . , 1 9 7 2 . 
2 8 6 
VITA 
D o n t h a m s e t t i V e e r a b h a d r a Rao w a s b o r n o n J u n e 5 , 1 9 3 7 , i n 
Ramachandrapuram, E a s t G o d a v a r i D i s t r i c t , t h e S t a t e o f Andhra P r a d e s h , 
I n d i a . He i s t h e s o n o f l a t e D o n t h a m s e t t i C h a n d r i a h and D o n t h a m s e t t i 
Subbamma. ( I t i s c u s t o m a r y f o r t h e c i t i z e n s o f t h e S t a t e o f Andhra 
P r a d e s h , t o p l a c e t h e i r f a m i l y name i n f r o n t o f t h e g i v e n name i . e . , 
t h e f i r s t n a m e . The a u t h o r h a s p r e s e r v e d t h i s n a t i v e t r a d i t i o n . T h u s , 
' D o n t h a m s e t t i ' i s t h e a u t h o r ' s f a m i l y name w h i l e ' V e e r a b h a d r a R a o ' f o r m s 
h i s f i r s t n a m e ) . He r e c e i v e d B a c h e l o r ' s and M a s t e r ' s d e g r e e s i n C i v i l 
E n g i n e e r i n g f rom t h e I n d i a n I n s t i t u t e o f T e c h n o l o g y , K h a r a g p u r i n t h e 
y e a r s 1 9 5 9 and 1 9 6 0 , r e s p e c t i v e l y . He t h e n worked a s a t e a c h e r f o r 
t w e l v e y e a r s i n I n d i a ( S e n i o r F e l l o w , T e c h n i c a l T e a c h e r s ' T r a i n i n g 
Program 1 9 6 0 - 6 2 . L e c t u r e r i n Dam C o n s t r u c t i o n , I r r i g a t i o n and H y d r a u l i c s , 
C o l l e g e o f E n g i n e e r i n g , P o o n a , 1 9 6 2 - 6 6 . Head o f t h e D e p a r t m e n t o f A p p l i e d 
M e c h a n i c s , Government P o l y t e c h n i c , Khamgaon, 1 9 6 6 - 7 2 ) . He a t t e n d e d t h e 
G e o r g i a I n s t i t u t e o f T e c h n o l o g y s i n c e 1 9 7 2 , r e c e i v e d t h e d e g r e e o f M a s t e r 
o f C i v i l E n g i n e e r i n g i n 1 9 7 4 and w o r k e d t o w a r d t h e d e g r e e o f D o c t o r o f 
P h i l o s o p h y i n C i v i l E n g i n e e r i n g . He w a s m a r r i e d i n 1 9 6 4 t o t h e f o r m e r 
M i s s K a l e p u S r e e d e v i o f K a k i n a d a , Andhra P r a d e s h . He h a s t h r e e s o n s . 
